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Test of the Inverse-Square Law of Gravitation Using the 300-m Tower at Erie, Colorado
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Gravity was measured at eight diAerent heights on a 300-m meteorological tower using LaCoste and
Romberg gravimeters. The observed values were adjusted for tides, drift, and gravimeter screw errors,
and tested for systematic eA'ects due to tower motion. These results are compared with values predicted
using Newton s inverse-square law from surface gravity. The diA'erences exhibit no systematic trends
and their rms value is only 10&10 ms, well within the estimated errors of the experiment. This re-
sult places new constraints on the possible strength and range of any non-Newtonian force.

PACS numbers; 04.90.+e, 04.80.+z

Recent midrange tests of the inverse-square law have
been protnpted by the reported results of Stacey and co-
workers' and Fischbach et al. The first group measured
the change in gravity down a mine shaft and found a
value for G which diIfered from the accepted laboratory
value by —1%; the second group reanalyzed the results
of the test of the weak equivalence principle of Eotvos,
Pekar, and Fekete and proposed a new midrange
composition-dependent "fifth force." Although the hy-
pothesized fifth force is composition dependent, for ex-
periments sensitive to its range and strength only, we

may write the potential energy of two point test masses
due to the new force as

V5 ———GM ~ M2a e ' /r,
where k is the range and a is the strength parameter of
the interaction. The original results of Stacey and co-
workers suggested a= —0.007+ 0.004 and X-200 m.

Ander et a1. performed a measurement using a bore-
hole in the Greenland ice cap. However, the advantages
of the homogeneity of the ice were somewhat outweight-
ed by the uncertainty in the density of the underlying
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bedrock. The results of this experiment, which at first

appeared to give evidence of non-Newtonian gravity,
now seem to be inconclusive.

Eckhardt et al. avoided the problems associated with

downward continuation by measuring gravity up a to~er.
In this scheme, data from a comprehensive gravity sur-

vey and knowledge of the topography around the tower
are used to predict gravity at each level. They initially
reported an anomaly which could have been attributed to
a Yukawa term with a =+0.02 and with a range A, =300
m, but also noted that their result is consistent with that

of Stacey and co-workers if a model with two Yukawa
terms is assumed.

Many have questioned the results of Eckhardt et aI.
including Thomas et al. who, in an independent tower

experiment, found no evidence for non-Newtonian gravi-
ty. More recently, Eckhardt et al. have revised their
analysis and now their results appear consistent with

Newtonian gravity. %e decided that an independent ex-
periment would help clarify the situation, and undertook
to perform a tower test of gravity. The Erie tower, al-
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though shorter than the WTVD and BREN towers, is

located near our laboratory, has comprehensive meteoro-
logical monitoring, is stable, and stands on nearly flat
(out to 20 km) and easily surveyed terrain.

Because of concerns about possible systematics due to
tower vibration, an investigation of the stability of the
tower was undertaken first. Measurements of the motion
of the tower at wind speeds of 2.4 ms ', and calcula-
tions, led us to assign a systematic uncertainty of
5x10 ms for the 295-m gravity value. All of the
measurements were taken with wind speeds less than 5
ms ' during the hours between 10 p.m. and 6 a.m. Two
LaCoste-Romberg G-type gravimeters (G115 and G139)
with electrostatic feedback were employed. These me-

ters were calibrated using seven gravity stations in

Colorado which include the range of gravity values on

the tower. The uncertainty in the calibration factors led

to an uncertainty of 9 x 10 m s over the range of the
tower. The precise heights of each tower (given in Table
I) were determined using an electronic distance-
measurement device (EDM) which we calibrated our-
selves. The uncertainty is ~ 5 mm (equivalent to
15X10 ms ).

The raw gravity data were adjusted for Earth tides,
and values of gravity for each tower level sampled within

a measurement loop were calculated using a least-

squares fit with a linear drift model. Corrections were

made for the cyclical screw errors, temperature, and

drift; together these amounted at most to 20X10
ms

The next step is to predict Newtonian gravity values at
the tower platform heights using surface measurements.

Gravity measurements, digital elevations, and the height

of the sea-level surface (geoid) above the ellipsoidal

reference surface are used in the modeling. The gravity
data were obtained from the Defense Mapping Agency
(DMA) gravity library but we supplemented these with

a local survey of 265 stations within 8 km of the tower

(191 within 800 m and 70 within 60 m). We also sur-

veyed the positions and elevations of our stations within

the 800-m radius. In total we used about 26000 stations

in a 4'X5' area, 2640 in a 1'&&1' area, and 402 in a

10'x 1 1' area centered on the tower. The digital eleva-
tions were generally DMA's Digital Terrain Elevation
Data (DTED), but within 2.5 km of the tower these
were replaced with 3"x 3" mean elevations read from the
United States Geological Survey 7.5'X7.5' quadrangle
sheets contoured at 10-ft intervals. The geoid heights
were generated from satellite-derived geopotential mod-
els and comparisons between leveled heights and those
determined by satellite positioning.

In the computation of gravity values at the tower plat-
forms, the Earth's field is treated as the sum of a global
model and a residual. The global models —consisting of
a satellite-derived spherical-harmonic potential function
of degree and order eight, centrifugal acceleration, and
five sets of point masses —were evaluated directly at the
platforms (with a correction for the Earth's atmosphere)
while the residual field is continued up to their levels by
means of the Poisson integral. ' The granularities of the
finest mass sets (1' in model 1, 30" in model 2) were
chosen after consideration of the behavior of the Poisson
kernel, so that the residual field could be neglected
beyond a radius of 20 km from the tower.

The observed gravity values are reduced to Bouguer
anomalies by (1) subtraction of the value given by an el-
lipsoidal model on its surface at the latitude of the sta-
tion, (2) a correction equal to the station elevation times
the free air gradient of 0.3086X10 s, and (3) sub-
traction of the attraction of the mass of the topography
above sea level calculated at constant density. The latter
is computed as the attraction of an infinite slab of thick-
ness equal to the station elevation, minus the terrain
correction which accounts for departures of the actual
topography from a level surface. The terrain correction
is computed on a regular grid using fast Fourier trans-
forms" and interpolated to the station positions. The
value of each gravity station is then checked by compar-
ing the Bouguer anomaly with a value predicted from its
neighbors using least-squares collocation, ' and by com-

paring its elevation with a value interpolated from
DTED. After elimination of suspect data, Bouguer
anomalies are predicted at the centers of 2.5'&&2.5' ele-

ments, and these are averaged to 5'X5' mean values.

TABLE I. Comparison between measurements and Newtonian predictions.

Observation
height

(m)
Measured hg
(1O 'ms ')

Model 1

(1O 'ms ')

Predicted hg
Model 2

(1O 'ms ')

Measured —predicted
average

(10 ' ms ')

8.198
21.912
48.568
97.323

149.136
197.896
249.718
295.438

—2.556 ~ 0.009
—6.789+ 0.010

—14.986 ~ 0.010
—30.000 ~ 0.010
—45.908 + 0.011
—60.892 ~ 0.012
—76.800 ~ 0.013
—90.816 ~ 0.014

—2.550+ 0.010
—6.782+ 0.010

—14.994 + 0.011
—29.990+ 0.012
—45.913+ 0.015
—60.888 ~ 0.018
—76.800+ 0.021
—90.835 ~ 0.023

—2.553 + 0.010
—6.783 ~ 0.010

—14.992 ~ 0.011
—29.983 + 0.012
—45.904+ 0.015
—60.876 ~ 0.018
—76.785 + 0.021
—90.817 + 0.023

—0.005
—0.007

0.007
—0.014

0.001
—0.010
—0.008

0.010

+ 0.013
+ 0.014
+ 0.015
+ 0.016
~ 0.019
+ 0.022
+ 0.025
+ 0.027
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The mean topographic attractions computed from the
mean elevations and the mean terrain corrections are
then added back to produce mean free air anomalies.
Reduction to Bouguer anomalies improves the accuracy
of the gravity field interpolation because most of the
gravity variation over typical interstation distances in
uneven terrain is directly due to the topography. These
5'X5' mean free anomalies are averaged further into
15'X15', I'X I', and 5'X5' blocks. These are used to
generate the point mass sets. In addition, mean Bouguer
anomalies were computed for 30"x 30" and 3"x 3" ele-
ments within 20 and 2.5 km of the tower, respectively,
and these were converted back to gravity values using
the mean elevations and topographic attractions.

The five mass sets of the global model are located, at
depths equal to their mean horizontal spacing, directly
beneath the centers of areas bounded by lines of constant
latitude and longitude spaced at 5', 1', 15', 5', and ei-
ther 1' (model 1) or 30" (model 2), respectively. All sets
are centered on the tower and they are of 60'&60',
26'x26', 7.5'X9', 4'&5', and 25'x40' extent, respec-
tively.

In flat areas the actual vertical gradient of gravity is
close to that of the ellipsoidal model, so the gradient of
the free air anomaly is small and the mean anomalies on
the geoid can be taken to be the same as those on the to-
pographic surface. In rough terrain the vertical gradient
departs significantly from the ellipsoidal model and this
departure is correlated with elevation in a manner that
causes mean free air anomalies on the geoid to differ sys-
tematically from those on the topographic surface.
These systematic differences are removed by application
of a reduction correction. "Representative geoidal gravi-
ty values for the 5', 1', 15', and 5' elements are then
computed by adding back the attraction of the ellipsoidal
model.

Mean attractions computed from the spherical-
harmonic potential function and centrifugal acceleration
are then subtracted from the mean gravity values repre-
senting the 5' elements, and the masses in the 5' set ad-

justed to make the attraction of this set, averaged over
the 5 elements, rnatch these differences. The average
attractions of the spherical-harmonic model, centrifugal
force, and the 5 mass set are then evaluated at the 1'
elements, subtracted from the representative 1 values,
and so on down to the finest granularity. For the first
four sets the matching is done at the geoid; the fifth set
may lie above the geoid and the matching is done at the
topographic surface. Finally, the attraction derived from
the spherical-harmonic potential function, centrifugal ac-
celeration, and all five mass sets is evaluated at the tower
platforms and at the centers of the 30" and 3" elements
near the tower (within 20 km). These latter attractions
are subtracted from the estimated representative gravity
values to determine the residual that is to be continued
upward by Poisson integration. The gravity residuals are
continued analytically from the topographic surface into

a plane through the base of the tower using Fourier-
series techniques' prior to the integration. For proper
discretization of the Poisson integral the 6x 8 array of 3"
values around the tower were splined to 0.3"X0.3" reso-
lution: The splined values at the inner 20x30 points of
the 0.3" grid were improved by use of the dense local
data.

Our estimates of gravity values on the surface, made

by interpolating Bouguer anomalies and then removing
mean Bouguer reductions computed from the elevation
data, will produce errors in these estimates if there are
inconsistencies between the station elevations and the di-

gital databases. Normally these errors are small com-
pared with those that would occur if gravity were inter-
polated directly from the station values. Near the tower,
however, they are significant and were corrected; within

800 m we had a sufficient density of surveyed stations so
that we could determine the inconsistencies and correct
the gravity estimates in the individual 3" blocks. There
are too few stations for us to estimate corrections be-
tween 800 m and 2.5 km. The estimated mean height in-
consistency there corresponds to ( —23 ~ 28) x 10
ms in surface gravity; a constant value of —23x10
m s would propagate to —5 x 10 m s over the
height of the tower. No correction was made but the
variance and correlation length of the height inconsisten-
cies were estimated and their influence propagated sta-
tisticaily's through the Poisson integral to estimate their
contribution to the error of the prediction ( ~ 6.5 x 10
ms 2 at the top). The mean inconsistency between the
elevations at 361 gravity stations and the DTED between
2.5 and 25 km from the tower is 1.77~0.57 m, corre-
sponding to (163 +' 53) x 10 m s in our estimate of
the difference to be propagated in the Poisson integra-
tion. This difference is statistically significant and a
correction was made, amounting to 15 x 10 m s at
the top of the tower. Also, statistical propagation of the
height uncertainties in this area contributed + 16X10
ms to our estimate of the prediction error at the top
of the tower.

It was not possible to make a realistic statistical esti-
mate of the errors in interpolating the Bouguer anom-
alies near the tower but the anomalies vary smoothly and
the deviations of the estimated values from a quadratic
trend were taken as an estimate of the error and pro-
pagated to the platforms; this was done separately for
the 3" and 30" areas. In addition, we estimated that
there could be a 10 ms inconsistency between the
modeled field and the base station at the base of the
tower. The final error estimates are the root square sum
of all the individual errors. No account was taken of er-
rors in the global model outside the 30" area as their
contribution to the gradients up the tower is very small.

Predicted gravity intervals for both models are given
in Table I. Agreement of the measured values with the
Newtonian predictions is clearly excellent and the validi-
ty of the inverse-square law under the conditions of the
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FIG. 1. The dotted line corresponds to the Newtonian pre-
diction. The BREN-tower result is from data in Ref. 7. The
WTVD-tower points shown are from the initial report (Ref. 5)
that motivated this work, and from their latest work (Ref. 8).
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experiment is confirmed. The residuals of the present
experiment are shown together with those of other tower
experiments in Fig. 1.

A Yukawa potential of the type in Eq. (I) would pre-
dict a difference in acceleration between a point at
height z and a point on the ground equal to
2trGpak(e '+ —I ), for A, « (radius of the Earth), where

p is the density of the Earth's surface. Figure 2 illus-

trates the constraints placed by this experiment on such
an interaction. Also shown are the constraints placed by
other recent experiments.
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FIG. 2. Excluded strengths (a) and ranges (k) for a single
Yukawa model are in the area above the curves at the lo level.
(a) The logip(a) graph is for an attractive force; (b) the
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sent this work; curves B are from data in Ref. 7 (note that
Thomas et al. use the opposite-sign convention for a in their
paper); curves C are from data in Ref. 8; curves D-G are from
Refs. 16-19, respectively. The tower-experiment curves are
calculated by fitting the Yukawa potential with the residuals
plus or minus the la uncertainties.
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