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Optical Wavelet Transform of Fractal Aggregates
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Wavelet transformations (WT’s) of two-dimensional fractal aggregates are carried out using coherent
optical spatial-frequency filtering. The ability of optical WT’s to reveal the construction rules of fractals
and to resolve local scaling properties through the determination of local pointwise dimensions is demon-
strated. This fast method paves the way to time-resolved studies of dynamical phenomena.
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In the past decade, much effort has been devoted to
the characterization of fractal aggregates arising in a
variety of theoretical and experimental situations.'?> In
early studies,? most of the descriptions have focused on a
few particular meaningful dimensions:® the fractal or
capacity dimension Dy, the information dimension D,
and the (two-point) correlation dimension D,. These di-
mensions can be measured using numerical methods.*
On the other hand, optics and, more generally, radiation
diffraction are known to be a cheap and fast way of cal-
culating spatial Fourier spectra and have proved power-
ful in experimental studies of various fractals.” Howev-
er, the estimate of Dy, D, or D, provides only limited in-
formation on the structural complexity of fractals. Re-
cently, attention has been paid to the computation of the
whole spectrum of generalized fractal dimensions® D,.
These dimensions are closely related to the f(a) spec-
trum® of singularities of strength a. According to these
mathematical concepts, fractals can be classified into two
families: (i) uniform (globally self-similar) fractals for
which all the D,’s coincide, i.e., their f(a) spectrum is
concentrated on a single point @ =Dy; and (ii) multifrac-
tals,® which are usually characterized by a monotonic
decreasing dependence of D, vs ¢, and in which case, a is
no longer unique and f(a) turns out to be a single-
humped function of maximum D,.

Measurements of the D,’s and f(a) curves only pro-
vide a global statistical information about the scaling
properties of fractals. In fact, these quantities do not
fully characterize the local self-similarity of fractals
since they do not keep track of the spatial location of the
singularities. A known method which comes close to
satisfying this requirement is the wavelet transform’
(WT). This mathematical technique has been intro-
duced in a recent analysis® of seismic data and acoustic
signals to overcome the inability of the Fourier analysis
to locate the underlying frequencies. Since then, this
“time-frequency” analysis has been applied in many
different fields.” In particular, the WT has been em-
phasized to be a natural tool for investigating the self-
similar properties of fractal objects at different length

scales.””'! Very recently, this multiscale analysis has

been further extended to multidimensional signals'''?
and its efficiency has been tested'® on fractals such as
snowflakes and diffusion-limited aggregates (DLA).
However, the implementation of the two-dimensional
WT on a computer can be time consuming when a high
resolution is required. An alternative method consists of
using a coherent optical trick to perform the WT in real
time. In this Letter, we describe a setup which optically
performs the WT and we demonstrate the capability of
this technique to characterize the local scaling properties
of fractals.

The WT of a one-dimensional signal consists in
decomposing the signal into elementary contributions,
the so-called wavelets, which are constructed from one
single function g by means of dilations and transla-
tions.”® The generalization to higher dimensions in-
volves rotations as well.'> Hence, let us consider a frac-
tal represented by a real function f over R”", and let
du(x) =f(x)d"x be the measure with density f(x) (in
practice, a mass density); let g be a regular complex-
valued function over 72" that is localized around the ori-
gin and some of whose moments are zero [g should be at
least of zero mean, fd"x g(x) =0, for the wavelet to be
admissible]l. The WT of f with respect to the wavelet g
is defined as

T,(a,r,b)=a _"fg*(a_'r_'(x—'b))f(x)d"x (1a)

= [evg* (ar ~1q)f(@)d"q , (1b)

where the asterisk denotes the complex conjugate and
the caret the Fourier transform; a, r, and b are the dila-
tion parameter (a>0), the n-dimensional rotation
operator [R’g(x) =g(r ~'x)], and the displacement vec-
tor, respectively. Whenever g is admissible, no informa-
tion about f is lost since this transformation is likely to
be invertible '? for a large class of functions f. T, is gen-
erally a complex-valued function. This transformation
can be seen as a “‘mathematical microscope”®~'""!3 whose
position and magnification are b and 1/a, respectively,
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and whose optics is given by the choice of the analyzing
wavelet g. Of course, this microscope is isotropic only if
g is radially symmetric. A very popular analyzing wave-
let in R? is the so-called radial Mexican hat,''"'"?
g(x) =02 —x2e "*2 In the following, we will restrict
the discussion to radially symmetric WT’s (in fact, only
basically isotropic procedures have been used in most
calculations of local dimensions®). The possibility of us-
ing nonradial wavelets, however, looks very attractive to
study fractals which do not scale isotropically.

A typical property of fractals is that they are asymp-
totically self-similar at small length scales.! Local self-
similarity means that the fractal measure u scales
around the point xg as

1 (B(xo,16)) ~1“% 4 (B(xo,¢)) , )

where B(xo,€) is an e-ball centered at xo. The wavelet
transform of g in turn scales as'®'"!3

Ty (ha,x0) ~1"™ ""T,(a,x0) . ()

Thus, from the power-law behavior of T, one can extract
the strength a(xo) of the singularities located at xo.

In terms of computer time, high-resolution two-dimen-
sional numerical WT’s are expensive. Equation (lb)
shows that the WT just amounts to filtering the Fourier
spectrum of f by g(aq). Performing the WT optically
then just needs a proper coherent optical filtering of the
aggregate, at task which can be easily achieved in a clas-
sical double Fraunhofer diffraction geometry. Figure 1
shows our optical wavelet transform (OWT) setup. The
beam of a linearly polarized He-Ne laser (wavelength
A =632.8 nm, power~10 mW) is focused by a micro-
scope lens M| onto a small pinhole P (12.5 um in diame-
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FIG. 1. Experimental setup. The intensity of the He-Ne
laser is tuned by means of a half-wave plate associated with a
Glan-prism (GP) polarizer, and monitored by means of a
powermeter. f: fractal sample. (a) The Fourier transform
2(q) of the analyzing wavelet; (b) the corresponding analyzing
wavelet g(x).
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ter). P is located in the front focal plane of the lens L
(f1=1 m, diameter=5 cm). A large-diameter nearly
parallel and uniform beam comes out of L;. The sample
to be wavelet transformed is in the form of a 35-mm
slide. The ones used in this preliminary study were built
starting from computer-generated fractals, which were
first drawn with a laser printer and photographed using a
high-resolution 35-mm black and white film. The slide is
located after L), in the front focal plane of a second con-
verging lens Lj, of same characteristics as L;. The elec-
tromagnetic field distribution at any point u in the rear
focal plane of L, is proportional to f(q=Q2x/Af))u).
The filtering [Eq. (1b)] is carried out in this plane. Fi-
Iters used up to now are just transparent rings, which
select spatial frequencies q such that ¢, <aq <gq,. q,
and ¢, are constants, which can be chosen arbitrarily
[see Fig. 1(a)]. Notice that such a filtering is a binary
approximation of the Fourier transform of the radial
Mexican hat.'""!> The filters were built using the same
photographic procedure as for the samples. The parame-
ter a defines the scale of the OWT. The filter is located
in the front focal plane of a third lens L3 (f3=0.3 m),
which images the filtered sample, i.e., its wavelet trans-
form, in its rear focal plane. Performing the whole
wavelet transform [Eq. (1)] just amounts to repeating
the same operation with different values of a, in practice
with a stack of up- and down-scaled versions of one par-
ticular filter. The maximum value anax of a is limited by
the size of the focal spot given by L,. api, is limited by
the size of the lattice on which the fractals are generat-
ed. The filtered image is sent to a charge-coupled device
(CCD) camera and to a Pericolor 2001 image processor.
Since the camera is a quadratic detector, the setup in
fact gives | T,(a,b) |2 The intensities of the OWT’s are
kept within the range of linearity of the camera by ad-
justing the power of the He-Ne beam.

If the mass density of the fractal scales around the
point xo with the local exponent a(xo) [Eq. (2)], then
the intensity recorded at this point on the CCD camera
will behave like

1(ka,x¢) =| T, (ha,xo) |2~k2[“(x°)—2] | Tg(a,xo) >, (4)

i.e., with a scaling exponent B(x¢) =2[a(x) —2].

In Figs. 2(b)-2(d) we present an overview of the
OWT of the snowflake fractal'? shown in Fig. 2(a). The
OWT is shown for decreasing values of the scale param-
eter a. This OWT “zooming” provides conspicuous in-
formation about the construction rule of the snowflake.
At large scale, one observes a single object of length size
a*. In the next step, this object is divided into nine iden-
tical pieces, each of which is a reduced version of the
original object with length scale a*/3 [Fig. 2(b)]; four
among the nine pieces are removed, while the central
piece with the four pieces at each corner are retained. '
Then the same procedure is repeated in the next step for
each of the five remaining pieces [Fig. 2(c)]l. The
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FIG. 2. (a) Snowflake fractal, and its OWT’s at different
scales: (b) a=a*/3, (c) a*/3?% and (d) a*/33. Pictures show
rescaled intensities S(a,b)=a "#I(a,b); B=2(asr—2), asr
=log5/log3.

snowflake [Fig. 2(a)] is indeed obtained by applying the
same rule subsequently [Fig. 2(d)] ad infinitum.'> Be-
sides its edge-detection ability, the OWT provides clear
evidence for the global self-similarity of snowflake frac-
tals; at each point b of the aggregate, the OWT displays
a power-law behavior with an exponent B8=2(asr—2)
independent of b. The values of this exponent at two
different points of the aggregate were determined from
the graph shown in Fig. 4, where the intensity I is plotted
versus a in a log-log scale representation. Disregarding
finite-size effects and despite intrinsic oscillations'®!!!3
in the log-log procedure due to the lacunarity of the
snowflake, the OWT provides an estimate of the ex-
ponent asf in good agreement with the theoretical pre-
diction asr=log5/log3, and previous numerical wavelet
transform analysis. '

Figure 3 shows the OWT of a DLA cluster of mass
M =13000 particles through different panels corre-
sponding to increasing values of the magnification a ~'.
This aggregate [Fig. 3(a)]l was computed with the
random-walker model of Witten and Sander.'> As ex-
pected from our previous OWT analysis of snowflake
fractals, this method provides insight into thinner and
thinner internal details in the shape of DLA patterns.
At large scale [Figs. 3(b) and 3(c)], DLA clusters look
very much like viscous fingers? observed in Hele-Shaw
experiments. When looking at smaller scales, the main
fingers split into fingers of smaller width [Fig. 3(c)] and
successive generations of fingers show up [Fig. 3(d)],
leading to the arborescent structure of DLA clusters
[Fig. 3(a)l. But what is remarkable in Fig. 3 is that suc-

FIG. 3. (a) DLA fractal, and its OWT’s at different scales:
(b) a=a*, (c) a*/3°'°, and (d) a*/3°°. The intensity of the
laser was tuned so as to keep the intensity maxima nearly in-
dependent of the filter size.

cessive generations appear at the same rate when the
magnification is increased (in logarithmic scale). This
observation strongly suggests that DLA clusters are very
likely to display global invariance. In Fig. 4, the intensi-
ty I of the OWT is plotted versus a in a log-log represen-
tation. To the previously mentioned experimental diffi-
culties encountered at small and large scales, additional
theoretical difficulties (intrinsic aperiodic oscillations in
the log-log procedure) inherent to these chaotic frac-
tals'3 make the measurement of the local scaling index
B=2lapLa(b) —2] more demanding.'® The data col-
lected for two points of the DLA cluster [Fig. 3(a)l, to-
gether with a mean value of the intensity of the OWT
over the whole aggregate, confirm the conclusion of pre-
vious numerical studies'>'” and bring direct evidence for
the self-similarity of DLA clusters with a unique scaling
exponent app A~ 1.60.

To summarize, we have presented an experimental ar-
rangement which performs the OWT of two-dimensional
objects. This optical transform was tested on globally
self-similar fractal aggregates, and a remarkable agree-
ment was found with the results of previous numerical
studies.'? Further analysis of multifractal aggregates are
currently in progress and some opening does exist in
three dimensions. The ability of the OWT to operate in
real time provides a very efficient method for character-
izing not only static situations but also dynamical phe-
nomena. The application of the OWT to a variety of ex-
perimental situations, e.g., percolation, colloidal aggre-
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FIG. 4. Intensities of the OWT’s of the snowflake and DLA
clusters vs the filter size, in log-log representation. ® and A :
data collected when pointing the OWT at two different points
of the aggregate [see Figs. 2(a) and 3(a)]; O: average of the in-
tensity / over the whole aggregate. Different arbitrary units
have been used for the different sets of intensities since only
slopes are relevant. The solid lines correspond to the theoreti-
cal prediction B=2(asr —2)=—1.07 for the snowflake (as¢
=log5/log3), and to a previous numerical estimate (Ref. 13)
B=2(apLa —2) = —0.8 for the DLA cluster (apLa=1.60).

gation, growth phenomena, fracture patterns, nucleation,
two-dimensional melting, and turbulent flow,'® looks
very promising.
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FIG. 1. Experimental setup. The intensity of the He-Ne
laser is tuned by means of a half-wave plate associated with a
Glan-prism (GP) polarizer, and monitored by means of a
powermeter. f. fractal sample. (a) The Fourier transform
£(q) of the analyzing wavelet; (b) the corresponding analyzing
wavelet g(x).



FIG. 2. (a) Snowflake fractal, and its OWT’s at different
scales: (b) a=a*/3, (¢) a*/3?, and (d) a*/3°. Pictures show
rescaled intensities S(a,b)=a "#I(a,b); B=2(asr—2), asr
=log5/log3.



FIG. 3. (a) DLA fractal, and its OWT’s at different scales:
(b) a=a*, (c) a*/3°'°, and (d) a*/3*°. The intensity of the
laser was tuned so as to keep the intensity maxima nearly in-
dependent of the filter size.



