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Tricritical Behavior in the Laser with a Saturable Absorber
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Nonequilibrium continuous and discontinuous phase transitions in the laser with a saturable absorber
have been observed. A novel feature of these measurements is the observation of the tricritical behavior.
The adequacy of the perturbative approach to describe saturation eA'ects is discussed in light of these
measurements.
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Although the lasers with intracavity saturable ab-
sorbers (LSA) have been used for a long time in fre-
quency stabilization and Q-switching schemes, their fluc-
tuation properties' have received much less experimental
attention. It is known that the laser with a saturable
absorber provides several outstanding examples of non-
equilibrium phase transitions. ' 6 Depending on its
operating parameters the LSA is capable of exhibiting
both continuous (second-order) and discontinuous (first-
order) phase transitions. In this paper we wish to de-
scribe a laser with an intracavity saturable absorber
where this discontinuous phase transition has been ob-
served. A novel feature of these measurements is the ob-
servation of the associated tricritical point behavior. A
tricritical point s is the terminus of a line of first-order
phase transitions in the parameter space. It is also the
junction of a line of first-order phase transitions and a
line of second-order phase transitions.

The experimental setup consists of a 40-cm-long opti-
cal cavity containing two gas discharge cells with Brew-
ster windows and operating at 632.8 nm. The gain cell is
a 10-cm-long cold-cathode discharge tube with a 1-mm
bore containing a 7:1 mixture of He: Ne at a total gas
pressure of 3.5 Torr. The hot-cathode absorber cell is 20
cm long with a 2-mm bore and contains pure Ne at a
pressure of 0.3 Torr. The discharge current in the ab-
sorber tube could be varied from 10 to 30 mA. The out-
put mirror with 0.3% transmissivity was mounted on a
piezoelectric transducer (PZT) that allowed the cavity
mode frequency to be adjusted relative to the center fre-
quencies of the atomic gain and absorption profiles.
With the cavity frequency tuned close to the center of
atomic lines the laser operated in a single longitudinal
and single transverse mode.

Under the condition of fixed relative detuning between
the cavity mode and the atomic gain and absorption
profiles, the equation of motion for the dimensionless
slowly varying complex field amplitude E of the laser is

E -E(a+b
I
E I'

I E I )+q(t), (1)

where q(t) represents spontaneous-emission noise. The
dimensionless parameters a and b are related to the gain

and absorption per pass A and A and the losses per pass
Cby

a a'(1 —A/A —C/A )n

b -b'(sA/A —1)n, '

The coefficients a' and b' vary little in the region of in-
terest. For the laser used here they are approximately —,

'

and 4, respectively. The saturation photon number n,
for the atoms in the gain cell is of the order of 10 for
our laser. The Doppler linewidth for both the gain and
absorber atoms is about 1.5 GHz and pressure-
broadened homogeneous linewidths are 270 and 30
MHz, respectively, for the gain and absorber atoms.
The ratio s of the saturation photon numbers for the
atoms in the gain and absorption cells is determined by
pressure broadening and is 9 for our case. A and A are
proportional to the discharge currents in the two cells.
This means that the parameters a and b can be varied in-
dependently by varying the discharge currents in the two
cells and/or losses in the cavity.

Equation (1) can be converted into a Fokker-Planck
equation for the probability density P(E) of the complex
field amplitude. The steady-state solution 'P, (E) of this
equation reads

P, (E) constxe

U(E) ——,
' a I E I

—
—,
' b I E I

+ —,
'

I E I

This distribution may exhibit one or two peaks9 de-
pending on the values of a and b These p.eaks corre-
spond to highly probable states of the laser. For positive
values of b this distribution has a single peak correspond-
ing to zero-field amplitude (r-

I E I, r =
I E I

=I) at
r=0 in the range —~ &a & b /4. In the ra—nge

b2/4 & a & 0, the —LSA exhibits bistability and the dis-
tribution has two peaks corresponding to zero and
nonzero field amplitudes r =0 and r =r+, with
r+ [1+(1+4a/b )'I jb/2. For negative values of b
the probability distribution has only a single peak which
is located at r 0 for a & 0 and at r r+ with
ry [ —1+(1+4a/b )' ) I b I/2 for a &0. The maxi-
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FIG. 1. Phase diagram for the laser with a saturable ab-
sorber. The dashed line is the line of first-order phase transi-
tions and the thick line is the line of critical points. Point 8 is
the tricritical point.

mum value of the distribution corresponds to the most
probable value r of the field amplitude. If r is treated
as the order parameter (analog of magnetization) and
—a as the analog of the "temperature" of a system in

thermodynamic equilibrium, the LSA exhibits the ana-
logs of discontinuous (first-order) and continuous
(second-order) phase transitions in a ferromagnet. The
phase diagram for the LSA is shown in Fig. 1. The
dashed line a = —3b /16 is the first-order coexistence
curve and the thick line a =0 with b &0 is the line of
(second-order) critical points. For a fixed positive value
of b, the order parameter r changes discontinuously
from r =0 to r =r+ at a = —3b /16. The behavior of
r as a function of a for b =2 is shown by the dashed
curve in Fig. 2(a). The discontinuity in r decreases as
b decreases until at b =0 it vanishes and the order pa-
rameter changes continuously from r =0 to r =

~
a

~

'

at a =0. Point 8 (a =O=b) is an example of a tricriti-
cal point where the first-order line meets the line of criti-
cal points. For b &0 the LSA undergoes a second-
order phase transition where the order parameter
changes smoothly from r =0 to r ~ = [ —1+(1+
4a/b ) ' ]

~
b ~/2 at a =0. The dashed curve in Fig. 2(b)

shows the variation of r for the tricritical case. Figure
2(c) shows the same behavior for the ordinary laser.
Note that for the ordinary laser b = —

1 and the sixth-
order term in Eq. (3) is absent.

The stability requirements on the LSA are at least 1

order of magnitude more stringent than those on the con-
ventional laser. This is because in the ordinary laser the
parameter a —(1 —C/A)n, ' = (1 —C/A) X 10, where-
as in the LSA

a —(1 —A /A —C/A )n, ' = (1 —A/A —C/A )2 x 10

and this means that the LSA is 10 times more sensitive
to any variation of gain and loss. Similarly, the mode
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FIG. 2. Measured dimensionless mean light intensity com-
pared with the square of the order parameter (dashed curve)
for (a) b 2, corresponding to a discontinuous first-order phase
transition, (b) b 0, corresponding to the tricritical behavior,
and (c) with the absorber tube turned off. Case (c) corre-
sponds to the ordinary-laser threshold (second-order) transi-
tion. The solid curve is the mean intensity calculated from Eq.
(3).

frequency must be kept fixed relative to the centers of
the atomic gain and absorption profiles. The effect of
any frequency drift on A and A is very different.
Coefficient 8 is a very sensitive function of detuning be-
cause of the narrow natural linewidth (about 30 MHz)
of atoms in the absorber cell. In view of these require-
ments the laser cavity was constructed from Invar and
aluminum to compensate for temperature expansion.
The whole laser assembly was enclosed in a tem-
perature-controlled oven of large heat capacity. Once
thermal equilibrium is reached, the laser frequency drifts
no more than 5 MHz over a period of 5 min. This was
determined by turning the absorber tube off and watch-
ing the laser intensity drift with detuning. It was as-
sumed that the same stability was achieved with the ab-
sorber tube on. Another problem that one has to con-
tend with is the plasma discharge noise. This was es-
timated' to be less than 0.05 of the intrinsic noise.

Independent variation of the parameters a and b was
achieved by keeping the pumping in the gain cell fixed.
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The parameter b could then be varied by changing the
absorption-cell current and for a fixed absorber-cell
current the parameter a could be varied by changing the
position of a movable knife edge that partially obstructed
the laser beam inside the cavity. Slow drifts of laser
light intensity were corrected by means of a feedback
amplifier with a time constant of several seconds. This
long time constant was chosen to ensure that the feed-
back electronics do not interfere with the free evolution
of the laser. This was found to be satisfactory for all

operating regimes reported here.
The main beam was allowed to fall on a 500-kHz

photodetector-amplifier combination whose output was

proportional to the incident light intensity. The linearity
was checked by using a stabilized broadband thermal
light source. The detector output was sampled for 100
ns at regular intervals separated by 60 ttts. The sampled
values are transferred to the appropriate bins of a mul-

tichannel analyzer and a histogram of laser light intensi-

ty is built up. For each value of absorber current, mea-
surements for several different working points of the
laser were made by varying the losses. Each measure-
ment took 10 s and consisted of 10 samples. From the
measured histograms mean light intensity (I) in units

of channel number and its relative variance rc2

=((I—(I)) )/(I), which is independent of units chosen
for I, were calculated. The procedure for determining a
and b is similar to that used in Ref. 10. The scale factor
that relates channel number to light intensity was ob-
tained from the x2 vs logip(I) curve. This scale factor
corresponds to a translation along the logip axis. The pa-
rameter b was then estimated by plotting the measured
relative variance x2 against logip(I) and comparing with

theoretically computed curves derived from Eq. (3). A

single value of b fits the x2 vs logip(I) curve quite well for
a fixed current in the absorber cell. This means that the
variation of a' and b' was small over the range of operat-
ing points reported here. For fixed values of 2 and A

(fixed amplifying and absorbing currents) the relative
change

~
hC

~ /Cp in C needed to vary a from —5 to + 5

is, from Eq. (2),

)~C(/Cp=[(~a )/a'(1 W/W)]n, —"'=10 '.
Here Cp=l —A/A is the value of C for a=0. For this
change in C both a' and b' can be treated as constants.
Once b was known the pump parameter a was deter-
mined from the knowledge of x2. This procedure was

found satisfactory except for very low intensities
a & —5, where electronic noise begins to introduce large
uncertainties. '' Test runs with a thermal light source in-

dicated that over the intensity range reported (about a
decade) about 90% of the counts fell in two channels.
With the laser on, the counts were spread over more than
75 channels.

The results of the experiment are shown in Fig. 2. In
lasers the order parameter r is not directly observable.
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FIG. 3. A comparison of the laser intensity distribution at
the tricritical point and at the ordinary-laser threshold. The
points are experimental results and the curves are theoretical
predictions. In order to facilitate a direct comparison between

the two cases we have chosen the intensity scale factor for the
LSA to be the same as that for the ordinary laser and the prob-

ability density for the LSA has been appropriately scaled.

From the data it was not possible to extract the most
probable intensity with good accuracy. This is especially
the case in the region where one expects flat distribu-
tions. An example is shown in Fig. 3. For this reason we

focused on the mean light intensity which can be deter-
mined with greater reliability. Mean light intensity has
different meaning in different regimes. Above threshold,
relative amplitude fluctuations decrease rapidly as a is

increased. Therefore, above threshold, the average in-

tensity is just the square of the order parameter r ex-

cept in the immediate neighborhood of threshold. Below
threshold the mean light intensity represents the mean-

square fluctuations of the field amplitude and is analo-

gous to the mean-square fluctuation of the magnetiza-
tion. The mean intensity therefore behaves as the zero-
field susceptibility of a ferromagnet.

Figure 2(a) shows the behavior of mean light intensity
for b 2 where the LSA is expected to undergo a first-

order phase transition. Above threshold the mean light

intensity quickly follows the predicted behavior of r
(dashed curve). The change in the curvature of (I) vs a
in passing the threshold is clearly visible. This change in

curvature and steplike behavior becomes more pro-
nounced as we move away from the tricritical point. "
For large values of a we expect r~-a' . As b is de-

creased this discontinuous transition changes into a con-
tinuous transition at b =0 as shown in Fig. 2(b). The

2p
dashed curve is r+ = ~a ~

' with tricritical exponent p,
=

4 . Once again, except for the region near threshold,
this dependence is well confirmed. Figure 2(c) shows the
behavior of mean light intensity when the absorber tube
is turned oA'. In this case the dashed line represents
r =r+ =

~
a

~

p with the critical exponent p= —,
' and this
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is the dependence expected for the ordinary laser which

undergoes a second-order phase transition. ' In all cases
the mean-field phase transitions seem to describe the
changes that laser fluctuations undergo in the LSA very
well. The rounding eff'ect near threshold is due to the
finite size of the laser. It is well known that fluctuations
cause deviations from the predictions of mean-field
theory. The behavior of the mean light intensity below
threshold is analogous to the behavior of the zero-field
susceptibility of a ferromagnet. Measurements of zero-
field susceptibility are difficult to make in systems in

thermodynamic equilibrium because the region of large
fluctuations is not easily accessible. The dependence of
(I) on a away from threshold in each case can be de-
scribed by (I)—

~
a

~
"with mean-field exponent y

= l.
The tricritical behavior observed here is also interest-

ing from the point of view of the theory of oscillators.
The LSA with b 0 provides a physical example of a
sextic oscillator. At the tricritical point the effects of
quantum fluctuations are expected to be enhanced com-
pared to the ordinary-laser threshold. This enhancement
is clearly reflected in the increased width of the light in-
tensity (I

~
E

~
) distribution P, (l) in Fig. 3, where the

behavior of this distribution at the tricritical point and at
the ordinary-laser threshold is compared. The tricritical
behavior in simple terms means that in the region under
investigation laser power does not increase linearly with
net gain as is the case for the ordinary laser; rather it in-
creases as the square root of the net gain. The tricritical
behavior in the LSA has also received a great deal of at-
tention from another point of view. Since quantum fluc-
tuations are amplified near the tricritical point, they may
render the fifth-order treatment of saturation effects in
the LSA inadequate. ' The differences that arise when a
more exact theory of saturation effects is used have been
carefully investigated by Englund. ' In the present ex-
periments with n, —10 and n, = 10 we find that, at
least in the region of threshold, a fifth-order treatment is
adequate. This is also confirmed by a detailed analysis
of higher-order statistics measured in the experiment. "

The LSA is one of the few nonequilibrium systems
that exhibit a sequence of phase transitions both continu-
ous and discontinuous and is rather unique in that it ex-
hibits the tricritical behavior that is accessible to experi-

mental measurements.
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