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Fractional Giant Shapiro Steps and Spatially Correlated Phase Motion in 2D Josephson Arrays
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We have applied radio-frequency signals to 1000 by 1000 arrays of Josephson junctions and observed
giant Shapiro steps at voltages 1000 times that expected for a single junction. When a perpendicular
magnetic field is applied, fractional giant steps appear at voltages directly related to the number of flux
quanta per unit cell. A phenomenological model is proposed that utilizes the spatial arrangement of the
vortices in a superlattice relative to the underlying array to explain these novel steps.

PACS numbers: 74.50.+r, 74.40.+k, 74.60.Ge, 85.25.Dq

When a radio-frequency (rf) current, i, tsin(2ttvt), is

applied to a single 3osephson junction, Shapiro steps
occur in the dc I-V characteristics at voltages V„

nbv/2e, where n is an integer W.e have observed giant
Shapiro steps in large square arrays of supercon-
ducting-normal-superconducting (SNS) junctions, and
novel fractional giant steps when a magnetic field is ap-
plied. In zero field, the giant steps occur at voltages

V„n Nhv
n 0, 1,2, . . . ,

2e

where our arrays consist of N by N junctions with
N 1000. This indicates that substantially all of the
junctions are on the nth step at the same time and that
the junctions are tending to phase-lock to the rf current.
In the presence of a uniform perpendicular magnetic
field, these giant Shapiro steps are drastically altered
when the vortex superlattice created by the field is com-
mensurate with the underlying junction lattice. The
most prominent commensurate states in a square array
occur when the applied magnetic field is such that the
number of flux quanta per unit cell, f p/tI (where p
and q are integers), is f —,', —,', 2, —,', . . . . When the
vortex superlattice is in one of these states and an rf
current is applied, we observe fractional giant steps at
voltages

have the same normal-state resistance (-2 mQ), deter-
mined primarily by the copper. Using a four-point mea-
surement circuit with a lock-in amplifier, the dynamic
resistance, dV/dI, of the array was measured versus dc
voltage for different external magnetic fields, rf frequen-
cies, rf amplitudes, and temperatures. The rf power cou-
pled into the sample is limited by its low impedance and
by high-frequency noise filtering. The critical current of
the array at a given temperature, 1,(T), is taken as the
current where -the dynamic resistance is a maximum
from the measured d V/dI vs I curve.

Two-dimensional (2D) arrays have been extensively
studied as model systems for the Kosterlitz-Thouless
(KT) transitions' (f integer) and the fully frustrated
XY model (f & ). At other values of f, the commen-
surability of the magnetic-field-induced vortex superlat-
tices with the underlying array geometry causes the tran-
sition temperature and critical current ' to be compli-
cated functions of magnetic field that are periodic with
integer f and symmetric about f —,'. These quantities
have sharp maxima when the vortex superlattice is
strongly commensurate with the underlying junction ar-
ray. We show below that the rf effects in the presence of
commensuration have a similar dependence on magnetic

Vn -n Nhv
n 0, 1,2, . . . .

q2e
(2)

In this Letter we will describe the behavior of these giant
Shapiro steps and show that the novel fractional giant
steps of Eq. (2) are the result of the broken spatial sym-
metry caused by fluxoid quantization.

The arrays are similar to arrays reported earlier, but
are made with 0.2-pm-thick niobium islands on 0.3-pm-
thick copper films deposited on a sapphire substrate.
The cross-shaped niobium islands are formed by reactive
ion etching and have a 2-pm separation defining the
junction length and a lattice constant of 10 pm. Two
single junctions with the same geometry as the junctions
in the array are made concurrently on the same sub-

strate. Both the single junctions and the square arrays
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FIG. 1. A typical dynamic resistance vs normalized voltage
curve in zero field for a 1000 by 1000 array. The data were
taken at T 3.0 K, where I, 0.79 mA, with v 0.73 MHz
(0 Nhv/2eI, R 1.0) and I,f—I, . Inset: I-V curve measured
with the same parameters.
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field.
We consider first the effect of rf currents when f is an

integer and there are no field-induced vortices in the ar-
ray. Figure 1 shows a typical dV/dI vs V curve for f-0
at a temperature below the KT transition (TxT —3.5 K
for this sample). The voltage axis has been normalized
to Nhv/2e, so that 2eV/Nhv n when the array is on the
nth giant step. The measured I-V curve is included as an
inset. These data are representative, and clearly show
minima in the dynamic resistance corresponding to giant
steps at voltages in agreement with Eq. (1). This behav-
ior indicates that the N junctions in each row across the
array are all on the same step and attempting to lock to
the rf current. Similar data are found for other integer

f, thereby establishing the periodicity of this effect.
Figure 2 shows the dynamic resistance versus normal-

ized voltage when f 0, —,', and 3 at T 2. 1 K, all for

the same rf frequency and amplitude. The minima in

the dynamic resistance occur at the voltages given by Eq.
(2). For example, when f —,', steps are observed when

2eV/Nhv —,', 3, 1, 3, . . . . We have also observed frac-
tional giant steps for f —,', 5, —,', —,', —', , and

confirming the q dependence of the fractional steps. The
fractional steps at f —', are at voltages identical to those
for f —,', thereby establishing the symmetry about

f —,
' of the fractional giant steps.

The voltages of these novel field-induced fractional gi-
ant steps can be explained by a simple picture incor-
porating the motion of vortices arranged in superlattices
with qxq unit cells on a periodic "egg-carton" pinning
potential "due to the junction array. When a magnetic
field is applied, the vortices arrange themselves into these

q xq unit cells so as to be commensurate with the pin-

ning potential and to satisfy fluxoid quantization and
current conservation. Our model for the fractional steps
does not attempt to describe the detailed motion of the
vortices, but only to present a qualitative picture that

3-'

would result in a total phase slip across the array of
2zNn/q per rf drive cycle and thus give the experimen-
tally discovered voltages. Dynamical simulations on ar-
rays of resistively shunted junctions are required to
determine the vortex motion in more detail. We will use
the f —,

' case to describe the model and then generalize
for other magnetic fields.

In the zero-temperature ground state for f= —,
'

(q
2), the vortices are distributed in a checkerboard su-

perlattice [see Fig. 3(a)]. The dc and rf bias currents
exert a Lorentz force on these vortices; the force on the
clockwise vortices is opposite to the force on the counter-
clockwise vortices. These forces cause the ground-state
configuration to deform. Our picture is that the Lorentz
force due to the external currents causes pairs of adja-
cent clockwise and counterclockwise vortices to inter-
change positions. When all the clockwise and counter-
clockwise vortices have interchanged positions, the vortex
superlattice has, effectively, moved one array unit cell,
which causes a phase slip of xN across the array. When
this happens once every rf cycle, then the voltage is given

by Eq. (2), with n 1 and q 2. A giant step occurs at
this voltage because the slipping motion of the superlat-
tice locks to the periodic pinning potential of the junction
array. If the dc current is increased sufficiently, then
two successive interchanges occur per rf cycle, effectively
moving the vortex superlattice through two array unit
cells, a distance of 2a. This causes a total phase slip of2' per rf cycle and gives the n 2 giant step for q=2.
For this second case, the configuration of the f —,

' vor-

tex superlattice is also periodic in time, repeating itself
once every rf cycle. This will give the same voltage as
the n 1 giant step in zero field because all the junctions
in the array are phase slipping by 2m per rf cycle. Al-

though it is conceptually simple to think of the entire su-

perlattice as literally moving, such a picture is ambigu-
ous in the f —,

' case because of the equal number of
clockwise and counterclockwise vortices: Half of the vor-
tices move one way, the other half the other way. For all
other magnetic fields, there is no such ambiguity.

2-
E

f=1/3
f=1/2

0-
0

2eV/Nhv a) f= 1/2 b) f=1/3

Dynamic resistance vs normalized voltage for
different magnetic fields, corresponding to f-0, —,', and

The data were taken at T 2. 1 K, where I, 7.9 mA, and with

the same rf frequency, v 0.73 MHz (A Nhv/2eI, R 0.1),
and amplitude, I,f-0.75I„for each curve.

FIG. 3. Unit cells for vortex superlattice ground-state
(T 0) configurations with zero transport current. Arrows in-

dicate the direction of current flow. Shaded unit cells are re-

gions of positive vorticity. (a) f —,', q 2; currents equal

i, sin(x/4); (b) f —, , q 3; currents equal i, sin(a/3).
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In general for f=p/q, the vortices lie in q x q superlat-
tice cells (see Fig. 3), so that the ratio of the number of
array unit cells moved per rf cycle, n, relative to the vor-
tex superlattice unit cell size, q, determines the voltage
at each step. For example, if the superlattice moves one
array unit cell per rf cycle, the voltage is given by Eq.
(2) with n= 1. When the number of array unit cells
moved is not a multiple of the vortex superlattice cell
size, then n/q is a fraction and the voltage across the ar-
ray will be a fractional giant step. It is the commensura-
bility of the vortex superlattice with the periodic pinning
potential of the array of junctions that is essential for
producing the fractional giant steps. When n/q is an in-

teger, the vortex superlattice returns to a configuration
which is identical to its starting configuration in each rf
cycle. In this latter case, the Josephson frequency
vJ 2eV/Nh of each junction is a harmonic of the drive

frequency, that is, vJ/v n/q is an integer, and all the
junctions phase slip by 2 ntr/q per rf cycle. These "har-
monic" giant steps occur at the same voltage as the giant
steps in zero field.

The behavior of the zero-field giant Shapiro steps is

primarily determined by the characteristics of the single
junctions in the array. The characteristic frequency of a

single overdamped junction ' is v, 2ei, (T)R/h, where
R is its normal state resistance and i, (T) is its
temperature-dependent critical current (without fiuctua-
tions). v, marks the crossover between the effectively ac
voltage-biased (v & v, ) and ac current-biased (v ( v, )
regimes, and is used to define the reduced drive frequen-

cy, 0 v/v, . We measured the I-V curves of our single
junctions and found the rf frequency and amplitude
dependence of the step widths to be in excellent agree-
ment with the simulations of Russer. '

We wish to emphasize that no "subharmonic" steps
have been observed in the single junctions. This agrees
with theory, since it has been proven' that the resistive-

ly shunted junction equation without capacitance and
with a purely sinusoidal current-phase relation does not
produce subharmonic steps. Since no subharmonic giant
steps have been observed in the array at zero field, we

conclude that the junctions in the array also behave like
resistively shunted junctions. The fractional giant steps
must then be entirely due to the collective behavior of
the junctions.

The Shapiro steps in our single junctions appear flat at
the lowest attainable temperatures (1.38 K), indicating
that the junctions are then truly phase locked to the rf
current. The giant steps of the array could not be quan-
titatively compared with those of the single junctions, be-
cause the giant steps are more rounded and dV/dI does
not always go completely to zero at each step. The giant
steps become flatter at lower temperatures, but the steps
are not completely flat even at the lowest measurable
temperature (2. 1 K). (The single junctions cannot be
measured at the same temperature and characteristic

frequency as the arrays because the single-junction steps
are completely washed out by thermal fluctuations at 2. 1

K. The arrays cannot be measured effectively below 2. 1

K because the available I,f is insufficient to induce ob-
servable steps as a result of the larger critical currents at
lower temperatures. ) This experimental evidence sug-
gests that the rounded giant steps in the 2D array are
primarily a result of thermally induced vortices and
thermally activated phase slip. This view is consistent
with theory, since the ratio of the energy barrier to the
temperature, central to the Ambegaokar-Halperin
theory' for noise rounding due to thermally activated
phase slip, is -85 times larger for one of our junctions
at 1.38 K than at 2. 1 K. Nonuniform current flow due
to the sample size being larger than the perpendicular
penetration depth, or due to differences in single-junction
critical currents throughout the array, may also contrib-
ute to rounding.

The rf frequency and amplitude dependence of the gi-
ant step widths in the array at zero field qualitatively fol-
lows the behavior of the single junctions for the same re-
duced drive frequency 0 v/v„ if we use the critical
current of a single junction in the array, i, (T)

I, (T)/N, in the definition of v, . Since i, is strongly
temperature dependent, v, is also, so that we can explore
a wide range of frequencies [note the different values of
0 for the different l, (T) in Figs. 1 and 2]. Despite the
rounding effects, we have observed giant steps in our 2D
arrays in the frequency range 90 kHz-50 MHz, and up
to 1 GHz in a 1000-junction series array. The observa-
tion of the giant steps in the 2D arrays at higher fre-
quencies appears to be limited only by the larger
I,f Ni, f necessary to achieve sizable steps. The sample
size (1 cmx 1 cm) is much smaller than the shortest
wavelength of applied rf radiation (for 1 GHz).

The dependence of the field-induced fractional steps
on rf frequency and amplitude is still under investigation,
but some interesting qualitative features have been ob-
served. The step widths have a complicated dependence
on rf amplitude, particularly for I,f-I, . The frequency
dependence of the step widths, in general, qualitatively
follows the behavior for single overdamped junctions, '

in that they get smaller as 0 gets smaller. The field-
dependent critical currents, I,(f), for commensurate vor-
tex superlattices, appear to influence the absolute step
width for these states; experimentally we find that
1,(f——,

' ) & l, (f —, ) and that the giant step widths for

f —,
' are greater than those for f= —,

' . We propose that
the fractional step widths may scale with I,(f), and that
the characteristic frequency describing the response of
the array in the presence of a commensurate field is
scaled by 1,(f) instead of I, (f 0).

These novel phenomena in large overdamped arrays
are relevant to other fields. Superradiance, ' the
coherent phase locking of multiple junctions to their own

radiation, has been sought by many authors. ' Hadley'
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has shown that critically damped series and 2D arrays
could possibly emit coherent radiation. Even though the
impedance and characteristic frequency of our arrays are
much too low for use in practical devices, these results
show that phase locking to externally applied rf fields is
possible in very large 2D arrays.
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Note added. —After this work was submitted, we per-
formed dynamical simulations' that confirm the model
proposed above. Independent simulations, stimulated by
these experiments, have been carried out by Lee, Stroud,
and Chung, and also reproduce the fractional giant
Shapiro steps.
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