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High-Power Ferromagnetic Resonance without a Degenerate Spin-Wave Manifold
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(Received 20 October 1989)

The nonlinear dynamics of the main magnetoexchange branch of a circular thin l0.45 ttm) film of yt-
trium iron garnet are investigated at perpendicular resonance. Distinct "fingers of auto-oscillation" arise
from each magnetoexchange mode in the low-power spectrum. A set of equations of motion derived
from a microscopic Hamiltonian are integrated to compare with experiment. In the first finger, the mod-
el predicts the power for onset of auto-oscillation to within 1 dB of the experiment and the frequency to
within 15%.

PACS numbers: 76.50.+g, 05.45.+b

The topic of nonlinear mechanics has been and contin-
ues to be a growing area of research applicable across
many fields of science. In particular, nonlinear magnetic
systems have been a fruitful field of study in recent
years. In this paper, we report on the nonlinear behavior
of a normally magnetized magnetic thin film, and on a
model of this system which has produced results of
unprecedented precision.

A number of observations of auto-oscillations and
chaos have been reported in bulk ferromagnets under
parallel pumping and perpendicular pumping both at the
subsidiary resonance and at the main resonance. ' "
However, in all of these experiments an entire manifold
of degenerate spin waves is excited, severely complicat-
ing the dynamics of the system. ' The normal approach
to the analysis involves the S theory' of spin-wave in-

teractions which in turn is truncated by considering only
a selected few of the very large number of degenerate
modes available to the system. ' This produces a severe
limitation to the analysis and at best only qualitative
agreement is obtained between models and the experi-
mental data in bulk samples. ' ' '

In the case of a thin film magnetized normally to its
surface, however, the "uniform" precession mode falls at
the bottom of the spin-wave band and the normal modes
of the system are not a continuous spectrum of spin
~aves, but are magnetoexchange modes with discrete
frequencies due to the boundary conditions. ' By adjust-
ing the sample dimensions, the frequencies of the normal
modes can be adjusted to vary from a high density of
normal modes to a condition having a very low density of
well separated modes.

In this paper we report the results of investigations
into high-power resonance eff'ects in a thin-film sample
with a low density of normal modes. Then we will

present our theoretical model, which does not require the
severe truncation procedures associated with the S
theory, ' ' and show the favorable comparison of the
predictions of our model with the experiments.

Experiments have been performed on several samples
etched from a 3.0-pm-thick film of yttrium iron garnet
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FIG. 1. (a) Low-power spectrum of yttrium-iron-garnet film

0.45 pm thick and 0.6 mm in diameter. (b) Fingers of auto-
oscillation and chaos at higher powers. Hysteretic onset of
auto-oscillation is indicated by arrows and narrow lines within
the finger boundaries.

deposited on a gadolinium-gallium-garnet substrate.
The data described here come from experiments per-
formed on a circular sample with a diameter of 0.6 mm
and a thickness of 0.45 pm, inferred from the measured
diameter and the magnetoexchange-mode spacing in the
low-power spectrum. The sample was placed in a TEi02
cavity of a standard reflection-type spectrometer operat-
ing at 9.242 6Hz. The maximum microwave power
available at the cavity is 41 mW, and will be referred to
as 0 dB. The temperature of the cavity was stabilized at
285 K in a cryostat using liquid nitrogen.

The low-power absorption spectrum of the main mag-
netoexchange branch is shown in Fig. 1(a). Not visible
in this figure are two very weak resonances located 30
and 87 Oe downfield from the origin of the main branch
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which are interpreted as the n =2 and 3 exchange
branches. The weak intensities of these branches indi-
cate that the spins are nearly free at the surfaces of the
film, and the appearance of the n=2 branch indicates
that the pinning conditions are not identical at the two
surfaces of the film. The half-widths of the low-power
resonances in the main branch are about 0.3 Oe.

High-power effects in the magnetoexchange modes
were observed by sweeping the applied field at fixed
power levels separated by 0.5-dB intervals. As the pump
power is increased, the first indication of nonlinear be-
havior is the onset of foldover effects where individual
modes exhibit hysteretic absorption curves with two
stable states, one with a large precession amplitude and
the other with a precession amplitude as much as an or-
der of magnitude smaller. The onset of foldover can be
seen in the asymmetric line shape of the main mode in

Fig. 1(a).
At still higher pump power, the modes begin to auto-

oscillate in certain ranges of the applied field. In Fig.
1(b), the domain of time-dependent behavior is outlined.
In this study, no attempt was made to differentiate be-
tween regular oscillations and chaos, although both regu-
lar oscillations and broad-band chaos were observed.
The domain of time-dependent behavior is divided into
regions we have called "fingers" which are associated
with each mode in the low-power spectrum. The fingers
at lower applied fields are observed to go into auto-
oscillation at higher power levels as the intensities of the
associated modes are weaker.

The onset of auto-oscillation along the low-field boun-
daries of the fingers is often hysteretic in a manner simi-
lar to that of foldover. For example, at —10 dB with in-

creasing applied field, oscillations in the second finger
are not observed until the thinner line with the rightward
pointing arrow is crossed at about 5066.8 Oe. If the ap-
plied field is then decreased, the oscillations persist until
the line with the leftward pointing arrow is crossed at
about 5066.2 Oe.

The first (highest field) finger has a behavior quite
different from the rest of the fingers in that it is only ob-
served when the main resonance is in a low-amplitude
foldover state. At the high-field boundary of the first
finger, the first mode makes a transition to a high-
amplitude foldover state and the oscillations cease. If
the field is then decreased, the oscillations are not ob-
served until the first mode drops back to its 1ow-

amplitude state, usually well downfield from the first
finger. Auto-oscillation frequencies and pumping powers
at the onset of auto-oscillation in the first four fingers are
listed in Table I.

Within 1 or 2 dB of the onset power in a finger, the
character of the oscillation does not usually change
dramatically. At higher power levels, however, smaller
domains with quite different behavior are observed
within the region outlined in Fig. 1(b). Transitions be-
tween these diff'erent smaller domains occur as the ap-

TABLE I. Auto-oscillation frequencies and incident power
levels at onset for the fingers observed in the experiment and in

the model.

Finger No.
Frequency (MHz)

Expt. Model
Onset power (dB)

Expt. Model

4.61
5.22

16.2
15.0

3.97
4.07

12.3
3.74

—13.5
—13
—12
—9.5

—14.3
—7.6
—9.0

—10.3

plied field or the pumping power is varied, and are some-
times hysteretic, making complete characterization of
the system difficult at the highest powers.

The Hamiltonian, )V, is made up of the following
terms:

M+ M, +iM~ a(2yM, —
y aa*) '

M, M, —yaa*,

(2)

(3)

where y is the gyromagnetic ratio, 16.7 & 10 6 ' s
This is the classical analog of the Holstein-Prirnakoff
transformation. ' Of course, a will have some spatial
dependence and therefore it is expanded in terms of or-
thogonal functions m;(r) for the ith mode appropriate to
the sample geometry, so that

a am;r (4)

and

drm;*(r)m, (r) =Ub';, ,

~here v is the volume of the sample. When the Hamil-
tonian is written in terms of this expansion of a, and an
integration is performed over the sample volume, the first
three terms of the Hamiltonian become

/f =const+ yg(Ho —4~M, +D;; )a;*a;

+2zy ~Afjkra; aj akaI,
ij kl
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+Zee+ demag+ +dd+ +pump ~

The first term, Pz„=—HOM, is the interaction of the
magnetization, M, with the static applied field, Ho,
which is applied perpendicular to the surface of the film
in a direction that we will define to be the z direction.
The second term, )Yd,m, g 2+M, , is the interaction of
the magnetization with the shape demagnetization field
in the film. The third term represents the magnetostatic
and exchange splitting of the magnetoexchange modes,
and the fourth term represents the interaction with the
microwave-frequency pumping field.

The Hamiltonian is written in terms of the canonical
variables a and a*, defined by
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where -5

1
+ijkl = J~ dr m;*(r)m~ (r)mq (r)mI(r)

I7 v
(7)

It is convenient to make a transformation to a slowly

varying set of unitless variables, c;, such that
a; (M, /2y) '~ c;e '"'. Making this change of variables
and ignoring terms which oscillate at angular frequencies
of 2', the equations of motion become

dc;

dt

h~= —i y (H o
—H;"' —i I )c; + I,*

and D;; represents the resonant field shift of mode i due
to magnetostatic and exchange splitting.

The equations of motion of the variables a, can be
found from the Hamiltonian by the relation

a; = i 8i'H—/8a;* .
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FIG. 2. Fingers of auto-oscillation in a model of the first
four modes appearing in the low-power spectrum. The
resonant-field values, ofTset by 5062.3 Oe, are indicated by the
vertical arrows. The frequency of auto-oscillation at the onset
of the first finger is within 15% of the experimental frequency.

+ 2&M, QA;Jl /CJ*CI, CI
jkl

(9)

where H;"' ro/y+4zM, D;;, I is th—e half-width of the
low-power resonances included to model damping, h~ is

the amplitude of the linearly polarized pumping field,
and

(lo)

is the normalized transverse dipole moment of the ith
mode.

These are the equations of motion which are used to
model the behavior of the interacting magnetoexchange
modes. All of the parameters in these equations can be
obtained from first principles and compared with the
low-power resonance curves, or calculated from the spa-
tial dependence of the various modes.

Using parameters appropriate for the sample, the
equations of motion for the first four modes visible in the
low-power spectrum were integrated numerically using a
Runge-Kutta fifth- and sixth-order algorithm. The
linewidths and resonant fields of the modes were taken
from the low-power spectrum, and the resonant fields

were oAset by 5062.3 Oe, recognizing that only field
diff'erences are important in Eq. (9). The interaction pa-
rameters and mode intensities were calculated assuming
that the modes have Bessel-function spatial dependence.
The equations of motion exhibit foldover at moderate
powers, and time-dependent behavior in fingers at higher
powers. A plot showing the domain of time-dependent
behavior in the model is shown in Fig. 2. Hysteresis of
the type shown in Fig. 1(b) along the downfield boun-

daries of the fingers is observed, but for simplicity, the
domain of time-dependent behavior is indicated only for
increasing applied field.

The frequencies and input power levels at the onset of
auto-oscillation in the model are listed with the experi-
mental values in Table I. The frequencies of the first

two fingers are within 15% of the experimental frequen-
cies, and the power level of the first finger is in excellent
agreement with the experiment. Results of similar quali-
ty have also been obtained for the first finger of auto-
oscillation in other thin-film samples with similar aspect
ratios. However, the agreement between experiment and
theory on onset power levels does not extend to the other
fingers. Comparison with a three-mode model shows
that the presence of a fourth mode suppress' auto-
oscillation in the third finger, suggesting that the low on-
set power of the fourth and possibly the third finger in

the model may be an eA'ect of truncating the model to a
few modes.

Because of the limited number of modes in a thin film
with frequencies near the main resonance, the task of
modeling the system is much simpler than the corre-
sponding task in the bulk samples, and this is reflected in
the quality of the results. The model predicts foldover
and auto-oscillations which, for the first time, are in the
correct frequency range and in the correct range of
pumping po~er. The first finger appears to be particu-
larly well modeled with an onset power within 1 dB and
a frequency within 15% of the experimental values. We
believe this to be the most accurate calculation of an
auto-oscillation frequency in a magnetic system yet pub-
lished.

From the somewhat higher onset powers predicted
from the model for the lower-field fingers, it is clear that
the model is not yet complete. The model has not incor-
porated those normal modes of the film that belong to
the main branch, but do not couple to the driving field.
These modes, which have a higher density at lower fields,
may contribute to the dynamics through a process analo-
gous to a second-order Suhl instability. ' For example, a
pair of modes with resonant fields between the first and
second modes in the low-power spectra may account for
the splitting observed in the first finger and other modes
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may account for the difference between our model and

experiment in the other fingers. Research in this area is

underway.
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