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The onset of chaos is investigated for excited, rapidly rotating nuclei, utilizing a schematic two-body

residual interaction added to the cranked Nilsson Hamiltonian. Dynamical eff'ects at various degrees of
mixing between regularity and chaos are studied in terms of fragmentation of the collective rotational
strength. It is found that the onset of chaos is connected to a saturation of the average standard devia-

tion of the rotational strength function. Still, the rotational-damping width may exhibit motional nar-

rowing in the chaotic regime.

PACS numbers: 24.60.Ky, 05.45.+b

Studying how a quantum-mechanical system behaves
when the corresponding classical system changes from
regular to a chaotic behavior is a subject of great current
interest. The nuclear many-body problem may then be a
particularly interesting case. While a severe suppression
of dynamical effects takes place in low-dimensional
quantum-mechanical systems, as compared to the corre-
sponding classical chaotic systems, quantum systems
with higher dimensions seem to behave more similar to
the corresponding classical one. For example, diffusion
of the momenta is severely suppressed in one kicked ro-
tor ' while the momenta diffuse much more classical-like
in a system consisting of two sufficiently strongly coupled
rotors. One might therefore expect that the many cou-

pled nucleons in the atomic nucleus (in some respect) ex-
hibit chaos in a more classical-like way.

It would be most interesting if one could study experi-
mentally the onset of chaos in the nucleus. At present, it
is hardly possible to measure all discrete energy states,
with assigned spin and parity, the first few MeV above
the yrast line and study the level statistics. Instead, one

may look for other variables. An important question is
then how the onset of chaos affects different measurable
observables, static as well as dynamical. In this Letter
we shall discuss how the onset of chaos in rapidly rotat-
ing nuclei affects particularly the strength function for
collective E2 transitions.

To address these questions we study the Hamiltonian

H =H)+H„,$,

consisting of a one-body part Hl and a residual interac-
tion H„„. The pairing interaction is believed to be of
minor importance and is therefore ignored. The one-
body part is obtained in a microscopic way from the
cranked Nilsson model, h =hN;~„,„(e,e4, 'f) coj, . The
cranked ground state

~ O, co) is calculated at the appropri-
ate, self-consistent minimum deformation, e, e4, and y,
and at the rotational frequency co corresponding to the
desired spin value Io. This "ground state" of the nucleus

may thus be a yrast state or a shape-isomeric high-spin
state. Excited states are obtained at the fixed deforma-

tion as many-particle-many-hole (np-nh) excitations:

~It, co)=+a', ct,; ~o, co).
i

(2)

The corresponding energies, angular momenta, and mo-
ments of inertia are simple additive quantities:

E„(co)-Ep+ g (e —e, ),
i~1

1„=Ip+g (j —jj ),
where e~ (eI) and j (jl) are energies and angular mo-
menta, respectively, of single-particle (-hole) states. In
the same way the parity and the signature are obtained
for each excited state. The second-derivative moment of
inertia is numerically calculated as S„AI„loco. Fi-
nally, the energy for a given spin value is calculated by
extrapolation along the rotational band:

(3)

Since the deformation is kept fixed, all the states (2) are
orthogonal. A drawback of keeping the deformation
constant is, however, that the excited states are not self-
consistent solutions to H~ To minimi. ze this deficiency
we shall only study nuclei with deep and stable poten-
tial-energy minima. The two cases considered here,
' 'Yb at e=0.25 and ' Dy at e=0.58 (2:1 deforma-
tion), obey this criterium. s

By Eq. (3) we have performed a transformation from
a system with constant rotational frequency and disper-
sion in angular momentum, to the physically more realis-
tic system with constant angular momentum but with

dispersion in rotational frequency cx„. This dispersion is

shown in Fig. 1 for the two considered cases. The quali-
tative behavior can be quite well described by the analyt-
ical estimate by Lauritzen, Dressing, and Broglia, o.„
crE,'l, l/e, though this result was obtained for the pure
harmonic oscillator with its unrealistic alignment proper-
ties.
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FIG. 1. Dispersion in rotational frequency vs excitation en-

ergy above the yrast state E... for '68Yb (e 0.25) and '"Dy
(e 0.58), at spin I' 24+ and 50+.

Figure 2 shows the average energy distance between
2p-2h neighboring states d2~ 2h (= I/p2~ 2q), at spin 50+
as a function of the excitation energy. Only the one-

body part of the Hamiltonian is included. Because of the

large negative shell energy, particularly for the superde-
formed '

Dy, the average level distance is quite large.
Since chaos is expected to set in when the average level

distance is of the order of the coupling matrix element,
one may expect chaos to set in at a considerably higher
excitation energy for the superdeformed ' Dy than for
the normal-deformed ' Yb, providing the two-body cou-

pling strength has a similar size in the two cases.
Next we add the residual interaction. The significant

part of H„„=H2+H3 is the two-body part,

H2= g V2(ml m2 Jl J2)
mlmglJ2

x&L~INi~mgaJi~fpil O, z +,a 0

In the present calculations we assume all matrix ele-
ments to have the same absolute value, V2 = + 6, where
6 is treated as a parameter, and the sign is chosen ran-

domly in order to avoid coherent eff'ects. The three-
body force is included in order to account for truncation
eff'ects. Its strength is, rather arbitrarily, taken to be V3
= + 0.001k. The diagonalization is performed including
the lowest 500 states at given spin (thus given signature)
and parity. These states cover the energy region 0-3.6
and 0-2.3 MeV above the yrast state in the superde-
formed ' Dy and the normal-deformed ' Yb, respec-
tively (for I"=50+ ).

One of the aims is to study the system at various exci-
tation energies. However, due to computational limita-
tions excitation energies above -3.5 MeU cannot be
studied. Instead one may utilize an approximative scal-
ing property of the system. The states resulting from the

0 I I I I I I
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FIG. 2. Average energy distance between 2p-2h neighboring
rotational bands vs excitation energy at I" 50+.

diagonalization of Eq. (I) mix over an energy region of
unperturbed states I „ that is rather well described by
Fermi's "golden rule, " I „=2nd, pq~ 2h(E,„,); i.e. , an in-

crease of the coupling length is obtained either by an in-

crease in h, or in E,„,. In the Fermi-gas model the level

density of 2p-2h neighbors is p2~ 2h tx E,„,. We may
thus study the system at the "scaled" energy s =5
xEP„and an increase of the excitation energy can be
approximately simulated by an increase in the strength
of the two-body interaction 6 in such a way that s is kept
constant. The study may then be performed at energy
intervals where the level statistics is good. Although this
procedure presumably does not account for all possible
excitation-energy eff'ects, it is simple and feasible for nu-

merical calculations.
After unfolding the spectrum by a Strutinsky type of

smearing procedure, various fluctuation properties are
studied. ' In Fig. 3 the h3 statistics is shown for ' Dy
at I"=50+ and E,„,=3-3.5 MeV for diff'erent values of
the strength of the residual interaction. As a comparison
the h3 behavior for Poisson and Gaussian-orthogonal-
ensemble (GOE) fluctuations are shown. Note how the
curves smoothly change from Poisson to GOE as 5 in-

creases. For large-h, values the fluctuations follow the
GOE behavior also for large-L values, and there is no

tendency for deviations from the generic behavior, that
has been reported, e.g. , for the H atom in a strong mag-
netic field, '' and for a model calculation by Guhr and
Weidenmiiller. In the H-atom case the deviations can
be understood in terms of short periodic orbits. ' ' In the
present nuclear case we hardly expect deviations from
the generic behavior due to periodic orbits. This map be
seen from the estimate L,„=ph/ T;„-80M '

plot

-8000, for the case studied in Fig. 3. The deviations
from generic behavior at large-L values obtained in Ref.
7 were explained as due to a limited extension of the
wave function. The size of the wave function's localiza-
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FIG. 4. As a function of the two-body coupling strength,
three variables are shown: mixing parameter q between Pois-
son (q 0) and GOE (q 1) statistics (left-hand scale); aver-

age standard deviation of E2 strength function c7~p, and half-
width of E2 strength function I „i (right-hand scale).
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FIG. 3. h, 3 statistics for diA'erent strengths 5 of the two-
body force. The calculation has been performed for the super-
deformed '

Dy at I' 50+ for rotational states in the
excitation-energy interval 3-3.5 MeV above yrast (about 250
bands).

tion is given by 1 „. Correlations outside 1 „, or in terms
of L, L values larger than L,„. „g,-pt, tI „, may thus be
different than for smaller-L values. For the '

Dy case
we would expect a nongeneric behavior above L„,„s,-0.35 -4, 13, and 61 for 5 =4, 7, and 15 keV, respec-
tively. Tendencies for a nongeneric behavior may indeed
be seen in Fig. 3 for the smaller values of 5 in the sense
that the h, 3 curves conserve the unperturbed behavior.

DiH'erent recipes exist for describing the spectrum
properties of a mixed ordered and chaotic system; see,
e.g. , Ref. 11. Generally, it seems to be difficult to get a
good description of mixed nearest-neighbor spacing dis-
tributions. Assuming a mixed spectrum the h3 distribu-
tion becomes '

&3(L;q) =~3""'"[(1 —q)L 1+~P"(qL), (4)

exhibiting the limiting values q =0 and 1 for Poisson and
GOE distributions, respectively. By comparing q values
fitted from Eq. (4) with the classical phase-space part
covered by chaotic trajectories, Honig and Wintgen ob-
tained a very good agreement for the hydrogen atom in a
strong magnetic field. " We shall therefore also calcu-
late here a mixing ratio by fitting the calculated h3
curves with Eq. (4), and in Fig. 4 we show the q values
corresponding to the distributions of Fig. 3. Note the
smooth transition from Poisson to GOE at around 6 =15
keV for the considered energy interval, 3-3.5 Mev. In
the normal-deformed ' Yb the transition occurs around
h, =15 keV for the energy interval 1.5-2 MeV (cf. Fig.
2).

Next we shall study a dynamical property of the mod-
el, namely, how the strength function of the collective ro-
tational decay fragments. By performing the above de-
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scribed calculation at two consecutive spin values, I and
I —2, the distribution of the reduced matrix elements for
the E2 decay is calculated. Matrix elements between
the unperturbed rotational states ip, l) are taken as
(p, I i

p', I—2) ce b„,„. The rotational strength functions
for each mother state in an energy interval are added,
after they have been shifted to the same average transi-
tion energy. In Fig. 4 we show the average standard de-
viation ozq for the superdeformed ' Dy for 50+ states
in the energy interval 3-3.5 MeV. c7pq increases
smoothly from 0 at 5 0 up to a saturated value of
about 60 keV around 6=15 keV. Particularly, we note
the extremely close correspondence between the dynami-
cal property c7qq and the chaoticity parameter q, ob-
tained from the static spectra. (Also in Ref. 13 the onset
of chaos was discussed to be related to a fragmentation
of the transition strength. ) A close correspondence be-
tween q and crqq is also seen in the calculations at other
excitation-energy intervals in '

Dy, as well as for
Yb. ' The saturated value of o~q in Fig. 4 is close to

twice (AI 2) the spread in rotational frequency 2v
shown in Fig. 2.

With an increasing value of 6 the eigenfunctions of
(1) will contain a mixing of an increasing number of np
nh configurations. At 5 0 each wave function corre-
sponds to a pure np nh state wi-th a given rotational fre-
quency, but with increasing 6, i.e., increasing degree of
chaoticity q, more and more frequencies become in-
volved. This means that the wave function of a typical
mother state with spin I contains components with
different moments of inertia, and a spreading arises in
the corresponding E2 strength function (I I 2). At-
most the wave function can contain the full spread in ro-
tational frequency a„; i.e., the spread in the E2 strength
function saturates at 2'„.

The shape of the strength function is found to change
from Gaussian to Breit-Wigner form as 6 increases.
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Therefore the half-width may change, although the stan-
dard deviation cd~2 stays constant. In Fig. 4 we show
how this width I „t first increases in accordance with cd~2

and then decreases. This phenomenon ("motional nar-
rowing") has been predicted for the rotational strength
function to occur for I „&&2a„. With our microscopi-
cally calculated level density and spread in rotational
frequency for the case shown in Fig. 4, we get I „=2a.
at 5= 12 keV, and motional narrowing is seen to set in

already at this point. The predicted 6 dependence of the
width in the region of motional narrowing, I „„
=2(2o ) /I „=17500/6, agrees nicely with the micro-
scopic calculation of Fig. 4. Note, however, that the on-
set of chaos and motional narrowing are not immediately
correlated. Chaos sets in when 6 = dq~ qh while motional
narrowing sets in when 4 = (dq~ 2ho„/tr) '

It is to be noted that the widths shown in Fig. 4 relate
to (the average) E2 fragmentation of one mother state.
If the strength functions for each mother state are added
without a shift to the same average transition energy, the
standard deviation of this E2 strength function becomes
approximately independent of 6 and equals 2cr . Thus,
to experimentally detect the onset of chaos one has to
study a quantity sensitive to the widths of individual
states as shown in Fig. 4. (In the chaotic regime the two
strength functions become the same. ) One possibility is
to study correlations between two consecutive 7 rays in
an E2 cascade, E„~ and E,2 (y-y correlations). At low
excitation energies (or small 5) the width of the
E„~ E„2 streng—th distribution is small since most transi-
tions occur along well-defined rotational bands. In the
two considered examples, ' Dy at E„,=3-3.5 MeV
and ' Yb at E,„,=1.5-2 MeV, the width of the y-y
strength distribution increases from, respectively, 16 and
33 keV at 6 0, to approximately 120 and 300 keV
when chaos sets in (5=15 keV); i.e., the valley in the
y-y plot has more or less disappeared. A more detailed
discussion on these matters will be published else-
where. '

In conclusion, we have utilized a "realistic" nuclear
model to study the onset of chaos in rapidly rotating nu-
clei. GOE distributions ("quantum chaos") were found
to smoothly set in as the strength of the two-body in-
teraction 6 increases to a value around the average level
distance between 2p-2h neighbors. Large shell effects in
the onset of chaos were found. The dispersion in rota-
tional frequency was found to increase approximately
linear in angular momentum, and to be considerably
smaller for the superdeformed '

Dy than for the
normal-deformed ' Yb. We have addressed the ques-
tion of how chaotic dynamics is related to a macroscopic
quantum observable: It was found that the standard de-

viation of the collective rotational strength function
behaves in the same way versus 6 as the mixing parame-
ter q between chaotic and regular phase spaces. Finally,
it was shown that the damping width may still change
due to a change of the distribution function, and motion-
al narrowing is obtained in the numerical calculation.
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