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Random-Phase Approximation Analysis of NMR and Neutron-Scattering Experiments
on Layered Cuprates
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Using a random-phase-approximation expression to approximate the dynamic susceptibility g(q, tv) of
a 2D Hubbard model, we have calculated the spin-relaxation rates and the neutron-scattering intensity.
Here, using recent static magnetic measurements to set parameters which enter the hyperfine form fac-
tors, we show that this simple form for g(q, tv) exhibits the features of the spin fluctuations that are re-
quired to fit the NMR data, and explore its consequences for the temperature and energy dependence of
the magnetic neutron scattering.
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spins filter g(q, to), leaving the strong antiferromagnetic
fluctuations at the Cu sites and suppressing them at the
0 sites. ' As we have previously shown, ' this leads to
results which are qualitatively similar to NMR observa-
tions on YBa2Cu307. Here we use the results of recent
experiments to make a quantitative analysis within this
approach. We also examine the RPA predictions for the
temperature dependence of the neutron-scattering inten-
sities at various energy transfers. Within the context of
this model the experimental data reflect the saturation
below a characteristic temperature T* of the spectral
weight of the low-frequency antiferromagnetic fluctua-
tions.

The nuclear relaxation rate is given by

Measurements of the Knight shifts, nuclear spin-lat-
tice-relaxation times Tl, and neutron-scattering intensi-
ties' provide insight into the nature of the magnetic ex-
citations in the cuprate superconductors. In the high-T,
superconductor YBa2Cu307, the rate Tl ' for the planar
' 0 nuclei exhibits a linear ("Korringa-like" ) tempera-
ture dependence above T„while T~

' for the planar
Cu nuclei is greatly enhanced relative to a simple Kor-

ringa behavior' and appears to saturate at higher tem-
peratures. Nevertheless, below about 115 K, these two
relaxation rates track each other, both exhibiting a
sharp decrease below T, but maintaining a nearly fixed
ratio (T ~

' )c„/(T ~ )o=20. Furthermore, below T„
both the ' 0 and the Cu Knight shifts with the field in

the a-b plane (i.e., the Cu02 plane) are reduced, indicat-
ing pair formation on both sites. ' Finally, recent
inelastic-neutron-scattering measurements on Lal 8q-

Srp [sCu04 have been reported which exhibit a decrease
in scattering intensity between 150 and 50 K for energy
transfers less than 12 meV.

This rich variety of phenomena has led to many
different interpretations ranging from two-component
descriptions, ' ' consisting of localized Cu+ spin ex-
citations and a planar hole Fermi liquid, to various one-
component theories. ' ' Here we present results ob-
tained within a weak-coupling random-phase-approxi-
mation (RPA) treatment of a 2D Hubbard model. This
approach provides a simple parametrization for a dy-
namic spin susceptibility g(q, to) with strong antiferro-
magnetic spin fluctuations. The hyperfine form factors
which describe the c

T,
— = TRIA(q)I ' &«)

N q N

Here g(q, to) is the Fourier transform of the transverse
spin susceptibility, and to is the electronic Zeeman fre-
quency. The form factor IA(q) I depends upon the site.
For the planar Cu nuclei, Mila and Rice' have pro-
posed a hyperfine Hamiltonian which includes an
isotropic transfer coupling 8 between the nuclear spin
and the electron spins of the nearest-neighbor Cu atoms
along with an on-site anisotropic coupling A„(A„„=Ass
wA„):

4

Hht=+A„I'S(')+ g BI.S;.

oupling of electronic and nuclear We neglect the hyperfine coupling to the chain Cu spins.
This hyperfine interaction leads to a Cu form factor

[ —,
' (1 —a ) 4byqj + —, (1—+a„), Hlla, b,

(3)I
A'"(q) I'/A, ', ='(, +4b )

where axx =Axx/I Azz I b =B/
I Azz I and yq

=
& (cosq„+cosq~). The values of the hyperfine factors are deduced from

the Knight-shift measurements: '" Azz/y, h is reported to be about —400 kOe and b =B/
I A„ I

=().25. There is
more uncertainty in the value of a =A /I A„ I, and we have examined values ranging from 0.4 to small negative num-
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bers. For the planar ' 0 nuclear spin, we will assume a

simple isotropic near-neighbor Cu hyperfine coupling,
AoIo (S~+S2), so that the oxygen form factor is

4cos'(q„/2),
I A o(q) I

'/A o' = '
4cos qy 2

(4)

gp(q, tp)zq~
1
—Ugp(q, cp)

Here U is the on-site Coulomb interaction and

(5)

This vanishes for (q„,q~) =(n, tr), and the contributions
of antiferromagnetic fluctuations to the nuclear spin re-
laxation of the ' 0 nucleus are suppressed. The estimat-
ed value' of Ao/y„h is of order 120 kOe.

In order to model the dynamic spin susceptibility in a
simple manner, we use an RPA expression for g(q, co)
obtained for a 2D Hubbard model:
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( )
I ~ f(ep+q) f(ep)

( )
p tp (epiq ep) + t 0

with e = —2t(cosp„+cosp ), where t is the hopping
matrix element, and f(ep) =(e " " +1) ' is the usual
Fermi factor. The RPA gives an unphysical phase tran-
sition when Ugp(q*, o) =I, and here we avoid this by
taking a band filling such that Ugp(q, o) remains less
than 1. Specifically, we take U/t=2 and consider band
fillings (n) less than n, =0.865. Our point of view is that
U and (n) are simply parameters' which provide a
means of tuning the RPA form for g(q, at). Thus U is

clearly a suitably renormalized effective repulsion rather
than the bare Hubbard value, and the shift in the chemi-
cal potential p to move (n) from 1 to below n, sets the
characteristic temperature T*.

The Knight shifts depend upon the q 0 susceptibili-

ty, which has the usual Stoner enhancement at low tem-
peratures

~(q- o,o) = N(tt)
1
—UN(p )

(7)

Here N(p) is the density of states at the chemical poten-
tial, K[1 —(p/4t) ] 't /2n t, with K the complete elliptic
integral. In the parameter region we are considering, the
Stoner enhancement is between 1.5 and 2.

With the RPA form, Eq. (5), for g(q, tp), Eq. (1) then

gives the nuclear relaxation rate as

�

I A(p p ) I'

li —Uzo(p —p', o&)') '

where p and p'=p —
q are averaged over the Fermi sur-

face. Thus an enhancement of (T ~ TK ) ', with K the
Knight shift, for Cu reflects the strong antiferromag-
netic fluctuations, ' which enter the expression Eq. (8)
for T] but not the Knight shift, which is proportional
to g(q —0,0), Eq. (7).

Using the RPA expression for g(q, ta) and the ap-
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FIG. 1. T~
' vs T for U/t 2 and various values of (n). (a)

Results for Cu in units of nA:2/ht with H in the a bplane a-nd

(h) for 0 in units of nA)/ht

propriate form factors, we have evaluated T] ' for Cu
and 0. In Fig. 1 we show results obtained using a=0.4
and b=0.25 for U/t=2 and several values of (n). The
temperature is measured in units of the bandwidth
W=8t. If the enhancement factor (within angular
brackets) in Eq. (8) were temperature independent, then
that equation would predict Korringa (T~ ' ec T) behav-
ior. However, as (n) approaches n„Ug p(q, 0) becomes
close to unity for some q. Then even small changes in

gp(q, o) with T have large impact on the enhancement of
T~ ', as long as IA(q) I is substantial near the same
value of q. The non-Korringa behavior seen for Cu re-
laxation is due to the fact that the spectral weight of an-
tiferromagnetic fluctuations saturates at T* as T is
lowered. Within the RPA, ' the peak in [1 —Ugp(q,
0)] is displaced2 from (n, tr) to (n, q ) and (q, n).
This both weakens the effect of these fluctuations at the

Cu nuclei, since the corresponding form factor
IA(q) I peaks at q=(n, n), and allows some leakage of
these fluctuations onto the ' 0 site, since cos (q„/2) is
finite for q„Wn. The latter gives some deviation of T~
from linear behavior in 0 [see Fig. 1(b)]. But the effect
for the same value of (n) =0.86 is much more dramatic
for Cu, where T] ' is seen to saturate at high T.

Furthermore, we can make quantitative comparisons
with the experimental results. Within our model it is
possible to fit the experimental data in more than one
way using different sets of parameters. For example, if
we choose the Hubbard model parameters U/t =2,
(n) =0.86, and the bandwidth W-I.2 eV, one possible
fit is provided by the hyperfine couplings A„/y„h
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FIG. 3. Enhancement of the Korringa ratios oror 'Cu and"0 with H in the a-b plane for various fillings (n) using
U/I 2.0, a 0.4, and b 0.25.

FIG. 2. A possible fit to the experimental data. The planar
"Cu (dashed line, right axis) results have been obtained using

kOe, and Bjy, e./ h 85 kO For "0 (solid line, left axis) we

have used Apjy, h 110 kOe. The Hubbard model parameters
/ -2.0 (n) =0.86, and W-1.2 eV. The orienting mag-

netic field is taken in the c direction. Experimen p
'

shown for YBa2Cu307 are from Refs. 6 and 24.

= —380 kOe, a =0.2, b=0.22, and Ao/y„h =110 kOe
as seen in Fig. 2.

Other important NMR features are a large anisotropy
ratio (Tt( ' ) /(T ' ) and a large enhancement of the
Korringa ratio (T TK ) '. For a=0.4, b=0.25, and
(n) =0.86, we find that the ratio (Ti '),b/(Ti ), varies
linearly rom . of 40 t 3.4 as the temperature is increased
from 0.01M to 0.02M. Smaller values for a yie a
smaller anisotropy ratio. For exa p, gsma

' '
. m le usin (n)=0.86,—

1
—I)a=0.0, and b=0.25 we obtain (Ti ),b/(Ti ),—

with little temperature dependence. The RPA enhance-

with a =0.4
ment of the Korringa ratio (TiTK vs o
0 is shown in Fig. 3 for various values of (n) wi

d b=0.25. For these parameters the enhancement ofand = . . or
(Ti TK ) ' is 4 at T=O.OI W. Using a =
b=0.25 one obtains an enhancement of abouabout 5.5 at
T=0.018'. Experimentally, Hammel et a . net al. find an
enhancement o 2 or uf —for Cu at 100 K and a temperature-

enhancement of the Korringa ratio for Cu implies
significant antiferromagnetic fluctuations, whic are
modeled in the RPA by taking (n) near n, Ameasu. re
of the strengt o eh f th se fluctuations is the correlation
length g. De ning q oD fi ~

' to be the half width at half max-
k in g(q, 0), we find the correlation

len th to be about four lattice spacings at T= .
However, at lower temperatures such a definidefinition is not
appropriate since the susceptib

'
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FIG. 4. Integrated inelastic scattering &ntens&ty vs T for
U/I =2.0, (n& 0.86, and dilferent energy transfers co.

metric aroun q=q .d =q*. In fact, as T~ 0 the nonin-
teracting susceptibility go(q, 0) develops a square-root
cusp at q =q, w't =q, with an infinite slope on the high-iqi
side.

j ne can askUsing the same RPA form for g(q, co, one can as
what the neutron scattering would give. The

'
The inelastic-

neutron-scattering cross section
'

p pis ro ortional to
[n(co)+ I)lmg(q, co), where n(co) is the Bose occupation
number. Integrating this over q q„—q~

~ ~

from n/2 to
3'/2 for various values of co/W gives results for the in-
tegrated intensity versus temperature shown in ig.
Since n(co)+1 koT/co for co«kaT, the integrated in-
tensity versus T at a Zeeman energy transfer should be
similar to T ' for Cu [Fig. 1(a)). At larger values of co,

when koT decreases below hco, n(co)+1~ 1 and the in-
tensity levels off. In this way, when h co exceeds the tem-
perature at w ich' h T ' saturates one finds a relatively
constant behavior versus T. The RPA results appear
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similar to the features observed in neutron-scattering
experiments on Laz „Sr„Cu04. Our interpretation of
the data is that in these materials Imp(q, ro) initially in-

creases as T is lowered and then saturates at and below a
characteristic temperature T*. Thus we believe it is pos-
sible to interpret the neutron-scattering-intensity data
without introducing a gap in the magnetic excitation
spectrum.

From these results we conclude that it is possible to
understand the observed differences in the NMR data on
the Cu and 0 sites and the occurrence of structure in the
integrated inelastic-scattering intensity within a one-
component Fermi-liquid picture. However, it is clear
that in order to see this we have had to push the RPA
form very close to the spin-density-wave instability. In
addition, (T~ )o shows some deviation from a simple
Korringa behavior. This latter feature may be associated
with the failure of the RPA to generate correlations
which peak closer to (z, z). Nevertheless, this simple ap-
proach suggests that a Fermi liquid with strong antifer-
romagnetic fluctuations may well provide an appropriate
description of the normal state of the layered supercon-
ducting cuprates.
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