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Observation of a Phase Transition in the Sedimentation Velocity of Hard Spheres
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Reduced sedimentation velocities are reported for suspensions of nearly hard PMMA (polymethyl-
methacrylate) spheres as a function of volume fraction. The absolute sedimentation velocities are
sufFiciently slow compared to crystal-growth rates so that phase separation is achieved during the sedi-
mentation process. As a result the analytic behavior of the measured sedimentation velocity changes as
a function of volume fraction at the freezing and melting points. This transition serves as a definitive
marker for comparison with theoretical predictions of sedimentation velocities for hard-sphere liquids
and crystals.

PACS numbers: 64.60.Cn, 05.70.Fh, 64.70.Dv

The hard-sphere interaction of particles provides a
simple but rich and important statistical-mechanical
model of condensed matter. The melting-freezing transi-
tion has been demonstrated via molecular dynamics' and
studied most recently via density-functional theory.
The liquid phase structure is modeled by the Wertheim-
Thiele3 solution to the Percus-Yevick equation, and the
Carnahan-Starling equation correlates the thermo-
dynamic results of computer simulations. In hard-sphere
perturbation theory, many of these results are used as
the basis for calculating more accurate thermodynamic
properties in a perturbation expansion about the hard-
sphere state. ' ' In general, these approximations are
necessary because no particles interact via a true hard-
sphere potential. However, recently the thermodynamics
and statistical properties of ideal hard-sphere systems
have been used to interpret the results of experiments on
colloidal suspensions of sterically stabilized particles.
These particles interact via a short-ranged repulsive in-
teraction with the stabilizing layer mitigating any van
der Waals attractive forces. Compared to the charge
stabilized interactions of colloidal particles or the typical
interactions of atomic particles, these interactions may
prove to be the best realization of the hard-sphere poten-
tial.

The nonequilibrium properties of suspended particles
differ from those for purely atomic systems due to the
presence of a solvent which transmits hydrodynamical
forces. Much theoretical work has been directed toward
understanding nonequilibrium properties of model hard-
sphere suspensions, ' again providing a basis for un-

derstanding more complex systems having other inter-
particle interactions. Experimental data for nonequili-
brium processes in suspensions of hard spheres are limit-
ed but serve as an important check of theoretical results.

In this Letter we report values for the sedimentation
velocity of "hard" spheres which equilibrate locally,
forming liquidlike or polycrystalline ordering of particles
before significant sedimentation is observed. As a result,
measurements of the sedimentation velocity have been

made for randomly stacked polycrystalline phases at
large volume fraction and for liquidlike phases at low
volume fractions. The melting-freezing phase transition
is observed in the reduced sedimentation velocity as a
function of the particle volume fraction and serves as a
definitive marker for comparison with theoretical results.
These experimental results differ in one aspect or
another from others reported for "hard"-sphere suspen-

onss-i3, 2i, 22 in that our results extend to large volume
fractions, the particles are not charged, and we do ob-
serve the melting-freezing transition. The failure to ob-
serve a melting-freezing transition in other work may
have resulted from not having hard-sphere interactions, a
polydispersity of particle size, or a sedimentation rate
greater than the nucleation and growth rate for crystal-
lites. The last condition will result in an amorphous in-
terparticle ordering during sedimentation despite the
lower free energy of the equilibrium crystal phase. An
order-disorder transition has been reported for the sedi-
mentation of hard spheres, but this is a sedimenta-
tion-induced crystallization where the increase in particle
concentration on sedimentation triggers crystallization. '

The "hard" particles used in these studies are 0.99-
atm-diam polymethylmethacrylate (PMMA) spheres
having a relative standard deviation to mean radius less
than 0.05, sterically stabilized with an approximately
10-nm-thick coating of poly-12-hydroxylstearic acid,
and suspended in a mixture of decaline and tetralin in a
ratio chosen to closely match the index of refraction of
the particles. The resulting suspensions are nearly trans-
parent even up to volume fractions (p) greater than 0.70,
allowing for the visual observation of crystallite forma-
tion, the visual observation of sedimentation boundaries,
and light-diffraction studies of particle microstructure.
Samples ranging in volume fraction of particles from
&-0.42 to -0.60 were made by the centrifugation of 4-
cm cuvettes filled with an index-matched stock sample
of known sphere volume fraction and removal of super-
natant to achieve the target volume fractions. For the
sedimentation measurements the cuvettes are tumbled to
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FIG. l. A representative height vs time plot of a sample
with its initial volume fraction (p 0.49) within the coex-
istence region. A, clear supernatant; 8, liquid; C, polycrystal-
line solid; and D, high-density polycrystalline sediment.

FIG. 2. Phase diagram obtained from suspensions. Scaled
and measured volume fractions are shown on the upper and
lower horizontal axis, respectively. L is liquid, C coexistence, X
crystal, and G glass.

redisperse the particles and left to stand a period of two
months at room temperature (22+' I'C), except for
careful periodic weighing to monitor any solvent vapor
leakage. After a few days a typical sample will evidence
the formation of several distinct layers as depicted in the
lower right-hand corner of Fig. 1. The number of layers
and the particle microstructure within a layer depends on
the initial volume fraction. We observe four distinct
types of height versus time diagrams as shown in Fig. 1,
corresponding to the different equilibrium phases noted
in Fig. 2. Here L, C, X, and G are liquid, coexisting
liquid and crystal, fully crystalline, and glass phases.
The height versus time diagram in Fig. 1 is typical for
samples in the coexisting region, 0.477 & p &0.533 of
Fig. 2, where the regions are defined to be (A) clear su-

pernatant, (8) liquid, (C) polycrystalline solid, and (D)
high-density polycrystalline sediment. The volume frac-
tion of region D for samples in the coexistence region is
found to be less than closest packing for hard spheres
due to the random settling of individual crystallites
which may not fit together in closest-packed formation
and/or due to compressive distortion of the crystal mi-
crostructure which prevents closest packing. In Fig. 1,
for samples in the liquid phase, p & 0.477, region C is not
present and region D shows columnar crystal growth.
For 0.533 & p &0.573 the samples are fully crystalline,
region 8 being negligibly small and presumed to be
caused by shear melting when weighing. For p & 0.573
there are no distinct boundaries and the sample is amor-
phous or glassy, failing to crystallize, except for a small
region at the very top, during the time scale of our mea-
surements. Sedimentation measurements are extended
to p 0.099 by successive dilutions of one of these sam-
ples (p 0.415). In Fig. 1 the initial nonlinearity in the
A/8 boundary results from the curvature of the air-

sample miniscus. On the other hand, the nonlinearity in

the 8/C boundary results from the initial nucleation and
settling of crystallites throughout the entire sample.

The phase diagram in Fig. 2 is constructed by extrapo-
lating the linear portion of the layer boundaries to zero
time. In this limit only crystal (C) and/or liquid (8) re-
gions exist, regions A and D having extrapolated to zero
volume. Thus the crystal fraction may be determined
unambiguously and should correspond to that in the ab-
sence of settling. Figure 2 presents the percent crystal
versus volume fraction p. The freezing and melting
points are found to be pf 0.477 and p =0.533, respec-
tively, using a linear-regression fit to the coexistence re-

gion data. The results for hard-sphere phase behavior,
determined by computer simulations, give the freezing
and melting volume fractions to be 0.494 and 0.545, re-
spectively. The lack of agreement with our results indi-
cates a possible increase in particle size due to adsorbtion
of the solvent onto the stabilizing layer, which is not in-

cluded in the dry-weight determination of p, or to a devi-
ation from true hard-sphere interactions. Pusey and
van Megen have observed a larger discrepancy for
smaller diameter particles having the same steric stabil-
izer but suspended in decalin and CS2. To account for
possible solvent adsorption and to compare with hard-
sphere theory, they scale the measured volume fraction
to coincide with the theoretical hard-sphere freezing
point. Following this same procedure we scale our
volume fractions using p (0.494/0. 477)p as shown on
the upper horizontal axis of Fig. 2. It is interesting to
note that this corresponds to an effective radius incre-
ment for the particles of only -6 nm.

Sedimentation velocities of the liquid and crystal are
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calculated from the linear regions of the boundary lines

shown in Fig. 1. For the liquid (p & pf ) and for the
fully crystalline samples (p & p ), the sedimentation
velocity is given directly by the slope of the uppermost
boundary A/8 and A/C, respectively, in the height
versus time diagram. For the coexistence region the
liquid sedimentation velocity is determined as above and
the crystal sedimentation velocity is determined from the
8/C boundary using particle conservation, from which
one may show the velocity of the settling crystal phase to
be (pf/p )(U, + U I) —v „where p and pf are the
melting and freezing volume fractions, respectively, and

v, and v i the measured boundary velocities of the 8/C
and A/8 boundaries, respectively. The crystal sedimen-
tation velocity has also been estimated from the A/C
boundary after region 8 has completely sedimented into
C. While there is general agreement with the two esti-
mates of the sedimentation velocity, the height versus
time data for the A/C boundary is limited and evidenced
a larger variation.

The measured sedimentation velocities are normalized
to the sedimentation rate of an isolated sphere, Ust, k„

2ga (p~
—p, )/9ri, where g is the acceleration due to

gravity, p~ and p, are the density of the sphere and sol-
vent, respectively, rl is the solvent viscosity (2.28&10
Pas at 22'C), and a is the sphere radius. The reduced
sedimentation velocity is given by K U „/Us«k„and is

plotted in Fig. 3(a) as a function of p . The data for
& pf, in the liquid region, agree with previous experi-

mental results for hard spheres. """In Fig. 3(b), for
two reduced sedimentation velocities are

shown at each p value measured. The upper corre-
sponds to the liquid phase and the lower to the crystal-
line phase. It is seen that the sedimentation rates of the
liquid and crystalline phases are independent of p . Be-
cause sedimentation velocities are a function of volume

fraction and in the coexistence region the fluid and crys-
talline volume fractions are fixed at pf and p, respec-
tively, these p -independent sedimentation velocities
should be expected. This observation serves as a marker
for the phase transition and could be used in other sys-
tems to confirm or establish a phase transition when oth-
er measurements are not easy or possible. Furthermore,
the phase diagram is used to define the liquid pf and
solid p volume fractions uniquely. For p & p the re-
duced sedimentation velocity corresponds to that for the
polycrystalline solid phase. The P =0.593 and 0.613
points correspond to glass samples which never crystal-
ized during our period of observation.

A number of empirical formulas have been presented
to correlate settling data for hard spheres. ' ' Only rel-
atively recently have more rigorous microscopic theories
been developed. ' ' However, the many-body nature of
the hydrodynamic interaction ultimately necessitates us-

ing approximations to calculate the reduced sedimenta-
tion velocity. In Fig. 3(a), for p* & pf*, the data are
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compared with the theoretical results of Beenakker and
Mazur. ' In this theory N-body hydrodynamic interac-
tions are included with spatial correlations taken only at
a pairwise level in evaluating the result. Furthermore, a
form for the sedimentation velocity is used which
neglects memory function effects. Thus "zero g" equilib-
rium particle-distribution functions are assumed for eval-
uation of any ensemble averages. Despite these approxi-
mations the comparison with this theory and other data
is quite good. For p & pf in the crystalline phase, our
data may be compared with calculations of the hydro-
dynamic resistance of a rigid, oriented, single-crystal
structure. ' In Fig. 3(b) the results of Zick and Hom-

sy for an fcc crystal with the [100] direction parallel to
the average flow are shown. The agreement with our
data is again seen to be quite good despite our samples
being randomly oriented, polycrystals having a close-

FIG. 3. (a) The reduced sedimentation velocity data of
liquid (0) and crystal (&) are shown as a function of scaled
volume fraction with the theory of Beenakker and Mazur (Ref.
18) (0). (b) Close-up of the transition region with the theory
of Zick and Homsy (Ref. 26) (a), L being liquid, C coex-
istence, X crystal, and G glass regions.
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packed-random-stacked order. Furthermore, our parti-
cles are not constrained to fixed lattice positions. In this
regard, we note that Saffman has shown in dilute suspen-
sions that thermal motion and response to flow can have
a significant effect. Also, it should be noted that the
data are measured and theory calculated in the same
volume-fixed reference frame, and so no reference-frame
corrections have been necessary to compare theory with

experiment.
A limited number of scattering measurements have

been made from the crystal (C) and dense sedimentary
(D) structures. At the times when sedimentation veloci-
ties are measured, the crystal structures are uniform in

density exhibiting little or no variation of density with

height. The dense sediment does not appear isotropic, in

general, since the lattice constant in the vertical direction
is -2.0% less than the lattice constant in the horizontal
direction.

Finally, we observe columnar crystal growth and no
dense amorphous sediment for p (pf, while the com-
puter simulations of microsphere sedimentation by Davis
and Russel' produce mixed-crystal and amorphous sedi-
ments for samples of similar reduced variables (Peclet
number and volume fraction) in agreement with experi-
ments on silica suspensions. This difference indicates the
possibility of experimental polydispersity in particle size
in the silica systems or a lack of hardness in our spheres.
In conclusion, we have measured K(p ) for a system of
hard spheres using the equilibrium phase transition as a
unique marker for the volume fraction in concentrated
systems. We find K(p ) 0.026 and K(p ) -0.016.
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