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Multivortex Solutions of the Abelian Chern-Simons-Higgs Theory

Jooyoo Hong, Yoonbai Kim, and Pong Youl Pac

Department of Physics, Seoul National University, Seoul 151-742, Korea
(Received 7 February 1990)

We have examined vortex solutions in (2+1)D Chern-Simons-Higgs theory which has no usual
Maxwell term. It is shown that the Bogomol’nyi-type equations can be derived for a simple sixth-order
Higgs potential and the corresponding general n-vortex solutions should contain 2n free parameters.
Various characteristics of Chern-Simons vortices are discussed briefly.

PACS numbers: 11.15.—q, 11.17.+y, 74.65.+n

During the last two decades the study of vortices has
become an interdisciplinary subject between condensed-
matter physics and particle physics. Ginzburg-Landau
theory, the macroscopic theory of superconductivity, was
known to admit localized solutions of the vortex type.'
So does the Abelian Higgs model,? which is the relativis-
tic extension of the Ginzburg-Landau theory. Charac-
teristically, these vortex solutions carry magnetic flux
but are electrically neutral.

Understanding the physics of the recently discovered
high-T, superconductors is one of the most important
problems at the moment. As emphasized by several au-
thors, this new superconductor is characterized by its
two-dimensional nature, and a P- and T-violating statist-
ical interaction might be important in describing this
system. In field-theory language, this P- and T-violating
interaction can be related to the Chern-Simons term in
(2+1)D Abelian gauge theory, which had been studied
by various theorists in other contexts. The basic object
in this model behaves like anyons,® flux-tube-charged-
particle composites with unusual statistics. One usually
takes the vortex solution in the Ginzburg-Landau theory
as this flux tube. But there is another possibility. With
the introduction of the Chern-Simons term in the Abeli-
an Higgs model, it was observed that there also exist vor-
tex solutions. These Chern-Simons vortices are different
from the Nielsen-Olesen vortices in that they carry elec-
tric charge as well as magnetic flux. Therefore, it is
worthwhile to consider the Chern-Simons vortices as
another candidate for anyonlike objects.

The solutions studied by the authors of Refs. 4 and 5
are, however, very complicated and therefore it is dif-
ficult to check many interesting properties with them.
This complication arises from the existence of the
Maxwell term, aside from the Chern-Simons term, in the
action. Here we would like to point out that to have
Chern-Simons vortices, the Maxwell term is not a neces-
sity. It is not unreasonable to consider the theory
without the Maxwell term because the Chern-Simons
term is dominant over the Maxwell term in the long-
distance region (or, equivalently, in the limit of large u,
the coefficient of the Chern-Simons term). Moreover,
very recently, Deser and Yang® observed that the Higgs

mechanism can transmute a nondynamical gauge field
into a massive gauge boson. Therefore the dynamics is
not lost even in the absence of the Maxwell term provid-
ed that there is a Higgs mechanism. As we will show in
this paper, the Chern-Simons-Higgs theory does indeed
admit mathematically and physically interesting vortex
solutions.

There are some special features associated with our
Chern-Simons vortex solutions. Above all, the nature of
the Bogomol’nyi limit is slightly different from that pre-
viously known. While the original Nielsen-Olesen vor-
tex? required the scalar potential to be as shown in Fig. 1
with A=e2%/2 (1 is the coefficient of the ¢* term), our
Chern-Simons vortex demands it to be as shown in Fig.
2, with h=e%/8u? in the Bogomol'nyi limit’ (h is the
coefficient of the ¢° term) [see Eq. (13) belowl. The in-
troduction of the ¢° term in the scalar potential is not
unnatural in the light of the renormalizability criterion
in 2+1 dimensions. Since ¢ is a complex order parame-
ter, this difference in the shape of the potential (or free
energy) may predict a different phenomenology from
that of the original Ginzburg-Landau theory. We will
briefly discuss some of these aspects at the end.

Let us display some basic characteristics of Chern-
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FIG. 1. The shape of the scalar potential for the Nielsen-
Olesen~type vortices in the Bogomol’nyi limit.
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FIG. 2. The shape of the scalar potential for the Chern-
Simons vortices in the Bogomol’nyi limit.

Simons vortex solutions first. As stated already, we will
dispense with the Maxwell term for electromagnetic
fields and thus consider the (2+1)D Chern-Simons-
Higgs theory defined by the Lagrangian density®

L=5pe"A,F,+ 5 |8,—ied,0?—V(ol>). (1)
The Euler-Lagrange equations read
FeuF = =i (0%0,0—0,0"0) — L4, 02, @
2u u
3 (3, —ied,) (8" —ieA")p=—0V/dp* . 3)
Taking the Ansatz** for the n-vortex solution as

Alp)=—040)/p,

_ 4)
o(p)=f(ple ",
the above equations of motion reduce to
2
Ladd e r2y,=o0, (5a)
pdp p
dA 2
p—2+E 2124 4| =0, (5b)
dp u e
2
dz 4_1_gL 62 n + 2 2 14
ALy Ldf e plny gl berp3=3Y (s
dp2 pdp pzfe efo af (5¢)
The appropriate boundary conditions are
lim A(p) =—n/e, lim f(p)=v,
p— o p—
6)

limA(p) =0, lim f(p) =0.
p—0 p—0

We do not have exact analytic solutions for these cou-

pled differential equations. However, it is not difficult to
find asymptotic solutions: In fact, for large p,

eZUZ

Ao(p)=CKo [Tul_p

’

e2v2

=—n__# 4y
AP)== =021, O[Iulp

’

where K is the modified Bessel function and C is a con-
stant. In the other limit, p— 0, the various functions
should behave as

S®)— fop!"l+ -+

2
Aolp) — ap— efon p2"'|+-~- s (8)
2uln|
242
e’foao 2[n|+2
A ey — 297V 2]n + ...
() w(n+D? ’

where ap and f are constants.

The magnetic flux and the electric charge carried by
this vortex are easily determined on the basis of Egs. (5)
and (6), i.e.,

= —fdsz|2=n(27t/e) ,
9)

Q=fd2xjo=n(27ru/e) .

Note the relationship Q =u®. These kinds of charged-
vortex solutions have also been found by the authors of
Refs. 4 and 5 in the Abelian Higgs model with both the
Maxwell term and the Chern-Simons term. Their solu-
tions are similar in nature with ours. But we should
stress again that there is no need to have the Maxwell
term in order for the theory to admit vortex solutions.
The only significant change caused by the Maxwell term
is the behavior of the vortex solution in the p— 0 limit;
observe that, in our case, the magnetic field approaches
zero (and not some constant value) as p— 0.

The Chern-Simons vortex solutions discussed above
can be interpreted as n vortices superimposed at the
same point. Then it would be very interesting to also
look for the possibility of having static configurations of
n vortices arbitrarily distributed on a plane. For
Nielsen-Olesen-type neutral vortices, it is known that
this happens in the so-called Bogomol’nyi limit, as dis-
cussed by Weinberg,® Jacobs and Rebbi,’ and Taubes. '°
In this limit which involves a special choice of Higgs
coupling (A =e?2/2), the vortices behave like noninteract-
ing particles. We will now show that an analogous situa-
tion can also be found for the Chern-Simons-Higgs
theory.

The energy-momentum tensor 7, for our theory is
given as

T,,=7% 3, +ied,)o* (8, —ied,)o+ + (8, +ied,)o* (3, —ieA,)o— 1,15 @, Fied)o* (@°—ieA)o—V(|9|D] (10)
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with no contribution from the Chern-Simons term. Thus the energy functional for static field configurations reads

E=fd2x[;— | (8; —ied)o P+ +e24¢ o2+ V(|o]|D)].

an

Following Ref. 7, one may rearrange the terms and perform the partial integration to get

E=|n]| Itvz"'fdle;‘ [(3101+eA,0,) F (320, —eA20) 12+ 5 [(3:20, +eA20,) = (310, —eA102)]?

+__E_.__
2e2(pt+903) 2u

+

where the upper (lower) sign refers to positive (negative)
vortex number and the field 4y has been eliminated by
using the constraint equation following from the equa-
tions of motion.

Clearly, the energy minimum E i, = ln | mv? can be
achieved if and only if the potential is of the form
Vel =nle|*(1¢|*—0vH)? (13)

with the critical value of h =e*/8u2. This precisely gives
the Bogomol’'nyi limit. In this limit, the lower bound is
saturated if and only if the following Bogomol’nyi equa-
tions are satisfied:

(6|¢1+eA,¢2) * (62¢2_6A2¢1) =0,

(32¢1+6’A2¢2)i(a]¢2—€A1¢|)=0, (14)

Flzi (83/2ﬂ2)(¢12+¢22)(02-¢|2_¢22) =0.

Notice that, in this Bogomol’nyi limit, the other diagonal
components of the energy-momentum tensor also vanish;
i.e.,, T, =Ty =0. It is still quite difficult to obtain ana-
lytic solutions of Eq. (14). Nevertheless, upon express-
ing the scalar field as

St (15)

the problem of solving Eq. (14) reduces to the analysis of
the nonlinear partial differential equation

Vi i+ e 2uDe P (e ¥ = 1) =0,

¢ =ve if2 (f1.f are real functions) ,

(16)

which closely resembles the form of the equation known
for the Nielsen-Olesen vortex case. Analyses similar to
those used by Taubes'® might provide some useful infor-
mation regarding the solutions of Eq. (16).

The general n-vortex solution of Eq. (14) should in-
volve 2n-independent free parameters, the same number
as needed to specify the positions of n vortices. This fact
can be established by counting the zero modes of the
small-fluctuation equations about any specific n-vortex
solution of Eq. (14). Actually, together with the
Coulomb gauge condition, the linear fluctuation equa-
tions arising from Eq. (14) form a pair of 2D Dirac
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V(!¢|2)—f—z(¢%+¢%)(v2—¢%—¢§)2]] ,
u

2 e’ 2 2)(, 2 2 2 ’
Fiut — (ot +¢5) (0’ —0of—03)

(12)

equations and the number of independent zero modes
can then be determined by the usual index theorem. The
entire proof can be taken verbatim from the paper of
Weinberg® and hence shall not be repeated here.

Finally, we note that the angular momentum carried
by our Chern-Simons vortices can easily be calculated
with the help of the equations of motion given in Eq. (5).
After some straightforward algebra, we find

2
J=fd?'x6”jx,~T0j=—Q2 ] a7

4r
Now suppose that the Chern-Simons term is induced
dynamically as the vacuum polarization effect of a single
Dirac fermion of charge ¢ and mass m,. Then the value
of the topological mass is given by

n
=gru|—

p=-"_a’
|me| 4z

(18)

In this case the charge and the angular momentum of a
single vortex of vorticity n will be

0=(g%2e)n, J=(ng/2e)? (19)

up to the sign proportional to my/|m,|. If the scalar
field carries twice the charge of the fermion (as in the
case of a Cooper pair), the electric charge and the angu-
lar momentum become fractional,

Q=15qn, J=qen’. (20)

This kind of argument may have some useful applica-
tions in condensed-matter physics.
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Note added.— After finishing our analysis, we were in-
formed by Professor Choonkyu Lee that essentially the
same conclusion concerning Chern-Simons vortices has
been reached by Jackiw and Weinberg. '2
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