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Multivortex Solutions of the Abelian Chem-Simous-Higgs Theory
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We have examined vortex solutions in (2+ l)D Chem-Simons-Higgs theory which has no usual
Maxwell term. It is shown that the Bogomol'nyi-type equations can be derived for a simple sixth-order
Higgs potential and the corresponding general n-vortex solutions should contain 2n free parameters.
Various characteristics of Chem-Simons vortices are discussed briefly.

PACS numbers: 11.15.—q, 11.17.+y, 74.65.+n

During the last two decades the study of vortices has
become an interdisciplinary subject between condensed-
matter physics and particle physics. Ginzburg-Landau
theory, the macroscopic theory of superconductivity, was
known to admit localized solutions of the vortex type. '

So does the Abelian Higgs model, which is the relativis-
tic extension of the Ginzburg-Landau theory. Charac-
teristically, these vortex solutions carry magnetic flux

but are electrically neutral.
Understanding the physics of the recently discovered

high-T, superconductors is one of the most important
problems at the moment. As emphasized by several au-
thors, this new superconductor is characterized by its
two-dimensional nature, and a P- and T-violating statist-
ical interaction might be important in describing this
system. In field-theory language, this P- and T-violating
interaction can be related to the Chem-Simons term in

(2+1)D Abelian gauge theory, which had been studied

by various theorists in other contexts. The basic object
in this model behaves like anyons, flux-tube-charged-
particle composites with unusual statistics. One usually
takes the vortex solution in the Ginzburg-Landau theory
as this flux tube. But there is another possibility. With
the introduction of the Chem-Simons term in the Abeli-
an Higgs model, it was observed that there also exist vor-

tex solutions. These Chem-Simons vortices are different
from the Nielsen-Olesen vortices in that they carry elec-
tric charge as well as magnetic flux. Therefore, it is
worthwhile to consider the Chem-Simons vortices as
another candidate for anyonlike objects.

The solutions studied by the authors of Refs. 4 and 5

are, however, very complicated and therefore it is dif-
ficult to check many interesting properties with them.
This complication arises from the existence of the
Maxwell term, aside from the Chem-Simons term, in the
action. Here we would like to point out that to have
Chem-Simons vortices, the Maxwell term is not a neces-
sity. It is not unreasonable to consider the theory
without the Maxwell term because the Chem-Simons
term is dominant over the Maxwell term in the long-
distance region (or, equivalently, in the limit of large tt,
the coefficient of the Chem-Simons term). Moreover,
very recently, Deser and Yang observed that the Higgs
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FIG. 1. The shape of the scalar potential for the Nielsen-
Olesen-type vortices in the Bogomol'nyi limit.

mechanism can transmute a nondynamical gauge field
into a massive gauge boson. Therefore the dynamics is
not lost even in the absence of the Maxwell term provid-
ed that there is a Higgs mechanism. As we will show in
this paper, the Chem-Simons-Higgs theory does indeed
admit mathematically and physically interesting vortex
solutions.

There are some special features associated with our
Chem-Simons vortex solutions. Above all, the nature of
the Bogomol'nyi limit is slightly different from that pre-
viously known. While the original Nielsen-Olesen vor-
tex required the scalar potential to be as shown in Fig. 1

with A. =e /2 (k is the coefficient of the tie term), our
Chem-Simons vortex demands it to be as shown in Fig.
2, with h e /8p in the Bogomol'nyi limit (h is the
coefficient of the p term) [see Eq. (13) below]. The in-
troduction of the p term in the scalar potential is not
unnatural in the light of the renormalizability criterion
in 2+1 dimensions. Since p is a complex order parame-
ter, this difference in the shape of the potential (or free
energy) may predict a different phenomenology from
that of the original Ginzburg-Landau theory. We will

briefly discuss some of these aspects at the end.
Let us display some basic characteristics of Chern-
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pled diff'erential e uquations. However, it is not difficult to
find asymptotic solutions: In fact, for large p

2~2
A p(p) =CKp', ls I

(7)
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pe of the scalar potential for the Chern-FIG. 2. The sha of
imons vortices in the Bogom l' '1omo nyi limit.
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Takin theg Ansatz ' for the n-vortex solution as

A(p) = —8A(p)/p,

y(p) =f(p)e

the ab ove equations of motion reduce to

1 dA e

P P
+ fAp 0,

(2)

(3)

(4)

(sa)

dAp e' , n
p + f2 —+A 0

dp p e
(sb)

dif+ 1 df ei n 2 & V
c

The appropriate boundary conditions are

lim A(p) = —n/e, lim f(p) =v,
p~ OO

limA(p) =0, lim f(p) =0.
(6)

p~ Q

We do not havee exact analytic solutions for these cou-

Simons vortex solutions first A d

dispense with the Maxwe 1

s state alread wy, we will

e axwell term for electromagnetic
e s and thus consider the (2+1)D Chem-Simons-

iggs eory defined by the Lagrangian density

I ue""~ApF. + I 18„—ieA„p I V(l I ) (1)

The Euler-Lagrange equations read

A(p)= ———
z &

Cp Kp
e e v dp lpl

where Ep is the modified Bessel function and C is a con-
stant. In the other limit, 0
s ou ehave ash ldb

i, p 0, the various functions

f(p)-fp l"'+

Ap(p) ~ aii- efpn

2 2
2lnl+2

2p(l n I +1)
wherere ap and fp are constants.

The magnetic flux and thhe electric charge carried b
is vortex are easil

e y

and 6), i.e.,

'
y etermmed on the basis of E . (S)qs.

d'x Fi2 =n(2n/e),

g - d'x jp -n(2'/e) .

Note the relationship Q=p@ Th k'—p . ese kinds of char ed-
vortex solutions have also been found th

Maxwell term an
an m t e Abelian Higgs model with both h

d the Chem-Simons term Th
'
o t e

tions aare similar in nature with ours. But
eir so u-

g
'

that there is no need to have the Maxw

e only significant change caused b the May e axwell term
avior o t e vortex solution in the p 0 limit.

observe that, in our case te, "e magnetic field approaches
zero (and not some constant value) as p 0.

The Cher - '
Th em-Simons vortex solutions d's iscusse above

e in erprete as n vortices superimposed at the

look for the ossibi
be very mteresting to also

n vortices arbitrarily distributed on a 1

esen- ype neutral vortices, it is known that
this happens in the so-called Bo om 1'

ussed by Weinberg, Jacobs and Rebbi, and Taubes. '

ing particles. We will now show that an an
tion can l b f

ow at an analogous situa-

theory.
a so e ound for the Chem-Simons-Higgs

energy-momentum tensor T fThe en or our theor is
given as

T~~ i (Bp+leAp)Q (8„ leA„)f+ (8 + A )ie, y (8„ieA)——q„,[ —, (Q, +ieA, )p*(al —ieA')p —V( I I )1 (10
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with no contribution from the Chem-Simons term. Thus the energy functional for static field configurations reads

&=„d'~[lI(&, ~e&;)el'+ l e'&o lel'+«I el')j.
Following Ref. 7, one may rearrange the terms and perform the partial integration to get

E =
I
n I nU +„dx —,

'
[(8~&~+e&~&2) T- (8q&2 —e&2&~)] + —[(r)2&~+e&&42) ~ (ai42 —e&F42)l'

2 3

2e '(yj'+ y22) 2p '

' 2

(i 2)

where the upper (lower) sign refers to positive (negative)
vortex number and the field Ao has been eliminated by
using the constraint equation following from the equa-
tions of motion.

Clearly, the energy minimum F. ;„=I n
I

nt. can be
achieved if and only if the potential is of the form

with the critical value of h =e /8p . This precisely gives
the Bogomol nyi limit. In this limit, the lower bound is

saturated if and only if the following Bogomol'nyi equa-
tions are satisfied:

!
equations and the number of independent zero modes
can then be determined by the usual index theorem. The
entire proof can be taken verbatim from the paper of
Weinberg and hence shall not be repeated here.

Finally, we note that the angular momentum carried
by our Chem-Simons vortices can easily be calculated
with the help of the equations of motion given in Eq. (S).
After some straightforward algebra, we find

J= d xe~x;To
4z

(tie gl +e~ l 42) + (~242 e~ 241)

(aqp, +e~2&2) ~ (a, &2
—eA, &, ) -0,

F ~( '/2 ')(y'+y')( ' —y' —y') =0

(14)

Now suppose that the Chem-Simons term is induced
dynamically as the vacuum polarization eÃect of a single
Dirac fermion of charge q and mass mf. Then the value
of the topological mass is given by"

Notice that, in this Bogomol nyi limit, the other diagonal
components of the energy-momentum tensor also vanish;
i.e., T~~ =T22 0. It is still quite difficult to obtain ana-
lytic solutions of Eq. (14). Nevertheless, upon express-
ing the scalar field as

p =Ue
' ' ' (f~,f2 are real functions), (is)

the problem of solving Eq. (14) reduces to the analysis of
the nonlinear partial diff'erential equation

&'f +(e U "/2@2)e' '(e' ' —1) =0 (i6)

which closely resembles the form of the equation known
for the Nielsen-Olesen vortex case. Analyses similar to
those used by Taubes' might provide some useful infor-
mation regarding the solutions of Eq. (16).

The general n-vortex solution of Eq. (14) should in-

volve 2n-independent free parameters, the same number
as needed to specify the positions of n vortices. This fact
can be established by counting the zero modes of the
small-fluctuation equations about any specific n-vortex
solution of Eq. (14). Actually, together with the
Coulomb gauge condition, the linear fluctuation equa-
tions arising from Eq. (14) form a pair of 2D Dirac

Q= —, qn, J —,', n (20)

This kind of argument may have some useful applica-
tions in condensed-matter physics.

We would like to thank Professor Choonkyu Lee and
Dr. Kimyeong Lee for reading the manuscript. This
work was supported in part by the Korea Ministry of
Education, the Korean Science and Engineering Founda-
tion, and the Daewoo Research Grant (J.H. ).

Note added. —After finishing our analysis, we were in-
formed by Professor Choonkyu Lee that essentially the
same conclusion concerning Chem-Simons vortices has
been reached by Jackiw and %einberg. '

mf q
14.

In this case the charge and the angular momentum of a
single vortex of vorticity n will be

Q=(q /2e)n, J=(nq/2e)

up to the sign proportional to mf/lmfl. If the scalar
field carries twice the charge of the fermion (as in the
case of a Cooper pair), the electric charge and the angu-
lar momentum become fractional,
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