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One-Jet Inclusive Cross Section at Order a,3: Quarks and Gluons
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The next-to-leading-order inclusive jet cross section is calculated including both quarks and gluons.
The general structure of the dependence of the cross section on the explicit jet definition and on the
choice of the renormalization scale p' is found to be very similar to the case of gluons only, calculated
earlier. The resulting cross section is shown to involve a much reduced theoretical uncertainty compared
to the lowest-order result. First comparisons with experimental data are also exhibited.
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A characteristic feature of many of the most interest-
ing events observed in the recent data' from hadron col-
liders is the obvious appearance of "sprays" of hadrons
or jets. Since these jets are thought to arise from the
large-angle scattering of elementary constituents of the
hadrons, the quarks and gluons, they offer an important
quantitative test of our understanding of the strong-
interaction theory, QCD. This is particularly true in the
search for a breakdown of the standard model due, for
example, to the possible composite structure of quarks
and gluons. For this purpose it is essential to analyze the
scattering of these elementary partons at the largest-pT
scale possible. The experimental signal for hard parton-
parton scattering is jet production, and the most

straightforward jet cross section is that for the inclusive

production of a jet.
Unfortunately, there exist important ambiguities

which limit our ability to perform detailed quantitative
studies with the observed jet cross sections. An impor-
tant source of theoretical ambiguity is the uncertainty in

the parton distribution functions and the corresponding
value of AMs used in the calculation. (MS denotes the
modified minimal-subtraction scheme. ) Another impor-
tant source of ambiguity, both theoretically and experi-
mentally, arises from the fact that jets are not intrinsi-

cally precisely defined. Thus different experiments are
free to define jets in somewhat different fashions, result-

ing in somewhat different results. On the theory side, at
the Born level in perturbation theory, one looks at a cross
section for parton scattering and assumes that each out-

going parton materializes into a narro~ jet of particles.
However, for reasons of color conservation, energy-
momentum conservation, and quantum-mechanical in-

terference, a jet of hadrons cannot be the residue of a
single parton. This issue first arises directly in the per-
turbative calculation at one order beyond the Born level.

At this level a jet can consist of more than a single par-
ton and a careful definition of a jet is required in analogy
to the experimental situation. The higher-order pertur-
bative calculation discussed in this Letter addresses this
issue plus the related theoretical issues of the choice of
the renormalization-factorization scale p and of the
general magnitude of higher-order contributions (often
referred to as the "K factor"). Such a calculation at one
order beyond the Born approximation (i.e., at order a, )
can be expected to substantially reduce the theoretical
uncertainty.

In earlier theoretical studies, only incomplete QCD
matrix elements at order a, were available. Recently,
the full order-a, matrix elements in 4 —2e dimensions
have been calculated by Ellis and Sexton. In previous

papers we described a calculation of the inclusive jet
cross section using these full matrix elements but applied
to the simplified case of gluons only. Here we present a
brief summary of the results from a complete calculation
involving both quarks and gluons for the process pp

jet+X. The basic structure of the calculation is iden-

tical to the gluon-only case. Details will be presented
elsewhere. The primary differences are the greatly in-

creased "bookkeeping" required to account for all possi-
ble parton participants and subprocesses and, more im-

portantly, the possibility to perform serious comparisons
to data.

An analysis based on the Ellis-Sexton matrix elements
and focused primarily on single-particle inclusive pro-
duction has also been given by Aversa et al. ' These au-
thors have also calculated a jet cross section, but only in

the limit of small jet-cone size.
Now consider how a jet is defined. ' We imagine

detecting the jet with a segmented calorimeter con-
sisting of cells i distributed in pseudorapidity g
[= —ln tan(8/2)] and azimuth p, in which the transverse
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energies ET, (the energy in cell i times sinO, ) are mea-
sured. We define cells in a jet cone of radius R in rI-P

space, centered on a cone axis (rI„Q, ), by

The transverse energy ET of the jet is then

Z ET
I in cone

(2)

The jet axis is defined by the following weighted aver-

ages:

rlJ= g ET;rl, ,
1

ET,J i in cone

Z E Trodi,
1

ET,J i ln cone

This process is iterated until the cone axis (ri„ts, ) agrees
with the jet axis (tlat, &J) determined by Eq. (3). Note
that it is exactly this process of counting all of the energy
in a finite cone that ensures that the jet cross section is
finite to all orders in perturbation theory, in analogy to
what occurs for similar quantities in e+e physics. '

In our calculation, there are at most three partons in

the final state. A single isolated parton with parameters
(ET, ri, p) is "reconstructed" as a jet with these same pa-
rameters. Two partons with parameters (ET.~, ri~, g~)
and (ET , 2jr&2)2may be combined into a single jet, us-

ing Eqs. (1)-(3) above. Note that it can occur that two

partons qualify both as two individual jets and a com-
bined jet. We count only the combined jet in this case.

The specific quantity calculated is the inclusive jet
cross section do/dETdri for the production of a jet with

pseudorapidity g and transverse energy ET plus any-

thing. As a first illustration of this cross section at order
a, we exhibit the dependence on the cone size R. This is
illustrated in Fig. 1, where the inclusive jet cross section
is plotted versus R for r1=0, ET=100 GeV, and Js
=1800 GeV. For comparison the R-independent Born
cross section (with the one-loop form of the running cou-
pling) is also plotted. The order-tz, result is well de-
scribed by the form 2+BlnR+CR, where we recog-
nize the second term as the remnant of the cancellation
between a (negative) infinity in the virtual correction to
the 2 2 process and a (positive) collinear singularity in

the 2 3 process. Clearly the corrections to the Born
result become arbitrarily large (and negative) as R 0,
indicating that fixed-order perturbation theory is inade-
quate in this limit. Physically, the higher-order "shower-
ing" eff'ects play an ever more important role as R 0.
This dependence of the cross section on R is an intrinsic
feature of QCD. It will be important to test it experi-
mentally.

We now turn to the dependence of the jet cross section
on the scale p. This scale appears as the argument of
the running coupling constant a, (p) and as the evolution
parameter in the parton structure functions G(x,p).
The scale p arises as an artifact of the truncation of the
perturbation series. Any residual dependence on it is a
reminder of the missing higher-order contributions and is
not physical. In Fig. 2, the inclusive jet cross sections at
both lowest order and order a, are plotted versus p,
again for ri =0, ET =100 GeV, and Js =1800 GeV, but
now with R=0.6. Clearly the Born cross section is a
monotonic function of p while the higher-order result is
quite stable in the range around p/ET-0. 5. In the
range 0.5 ~ p/Ez-~ I the Born cross section varies by
approximately 40% while the higher-order result varies
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FIG. I. Inclusive jet cross section do/dEr dq vs the cone
size R for Js =l800 GeV, Er =100 GeV, tI=0, and p =0.~
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FIG. 2. Inclusive jet cross section do/dEr drl vs the ratio
p/EI for Js = 1800 GeV, Er =100 GeV, tl =0, and R =0.6.
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only by about 5%. In this sense the inclusion of the
higher contributions has greatly reduced the theoretical
uncertainty due the arbitrary choice of p.

Finally, we compare the calculated inclusive jet cross
section to data. Figure 3 exhibits the data from the Col-
lider Detector at Fermilab ' (CDF) for R =0.6 and
Js =1800 GeV vs ET. The data are averaged over the
angular range 0.1(

i rI i
(0.7. In the original CDF

publication, ' the experimental values for EI were adjust-
ed in an attempt to account for the part of the original
parton's energy that fell outside the cone and for "back-
ground" energy (corresponding to the general energy
level in the calorimeter) that fell inside the cone. It is

important to recognize that the status of such corrections
is different when comparing to the higher-order cross
section. The order-a, perturbative contribution to both
corrections is, in fact, correctly included in the calcula-
tion. Thus we have attempted to remove these correc-
tions from the data plotted in Fig. 3 by subtracting 1

GeV from each quoted jet ET. There are, of course, re-
sidual corrections. We include these in our estimate of
the theoretical uncertainty described below.

The theoretical curve in Fig. 3 corresponds to R=0.6
and As=1800 GeV, and is averaged over rI in the same
way as the data. To estimate the overall theoretical un-

certainty we include three contributions. We first note
that, in the range around ET-100 GeV, the cross sec-
tion behaves as -ET . Thus an uncertainty in the jet
transverse energy BET-I GeV due to nonperturbative
sources will yield a relative uncertainty in the cross sec-
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FIG. 3. Inclusive jet cross section drrldErdrI averaged over
0. 1 & i rli &0.7 vs Er at Js =1800 GeV for R =0.6 and

p =0.5ET. The data are from the CDF Collaboration (Ref. 1).
The experimental error bars include both the energy-dependent
systematic errors and the statistical errors as given in Ref. l.
The magnitude of the energy-independent systematic uncer-
tainty is indicated by the single, isolated error bar.

tion of the form

h, ngp AET
=earp-6—

0' ET
6 GeV

ET
(4)

One would normally expect the uncalculated higher-
order perturbative coefficient c to be of order I, but in

this process, with its steeply falling cross section, a larger
value may be anticipated. We estimate that c-5. With
a, -0.015, this implies a residual perturbative uncer-
tainty (10%, which is consistent with the variation of
the calculated cross section with p.

Finally, there is the uncertainty due to the choice of
parton structure functions. We have used the set B
structure functions of Martin, Roberts, and Stirling"
(MRS) with AMs =200 MeV to generate the results
in Figs. 1-3. We have compared the Born-level jet cross
section calculated with these structure functions (MRS
set B) to the Born-level cross section obtained with three
other sets of structure functions (MRSE, ' MRS3, and
EHLQ1 ' ). In the kinematic range of interest we find
the differences between the resulting cross sections to be
of order ~ 20k. Thus we estimate

t.'gF -0.20 . (6)

We have added the explicit forms in Eqs. (4)-(6) in
quadrature to determine the width of the theoretical
curve indicated in Fig. 3.

It should be noted that, although our jet definition is
close to that used by the UA1 and CDF groups, ' there is
a residual uncertainty associated with detailed differ-
ences in the way the jet definition is applied to the data
and to the theoretical calculation (e.g. , whether one adds
the ET from each calorimeter cell or first adds the E
from each cell and then projects the sum onto the trans-
verse plane). This issue has not yet been studied in de-
tail but we do not expect the associated effects to be
larger than the uncertainties discussed above.

In conclusion, we have calculated the inclusive jet
cross section at order a„ including the contributions of
all types of partons. The resulting cross section exhibits
reasonable dependence on the jet-cone size, with which it
will be important to compare experimental data. The
theoretical uncertainty due to perturbative effects has
been considerably reduced from the situation at lowest
order. The first comparison to data for the cross section
indicates very good agreement, which raises the possibili-
ty of precision tests of QCD in the context of jet physics
and the possibility of using jet measurements to deter-
mine the form of the gluon structure function in the pro-
ton.

which is less than 6% for ET ~ 100 GeV. There will also
be a perturbative contribution to the theoretical uncer-
tainty of the form

AOp
=6p cap .
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