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3He Films and the Ruderman-Kittel-Kasuya-Yosida Interaction
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'He films on Grafoil at areal density n~0.25 atom/A' have unusual magnetic properties. This system
is modeled as a two-dimensional solid in interaction with a two-dimensional Fermi liquid. A calculation
of the magnetic behavior of this model leads to a Ruderman-Kittel-Kasuya-Yosida exchange interaction
that has several features in reasonable accord with experiment.

PACS numbers: 67.50.—b

Several recent thermodynamic measurements ' have
focused attention on the neutral, two-dimensional Fermi
systems that reside in thin He- He films.

For example, (1) the specific-heat measurement of
Greywall, at 14=0 in Fig. 1, has elaborated the already
rich phase diagram of thin He films on Grafoil. Of
particular interest is the second layer. This two-
dimensional Fermi system forms as a dilute gas at total
coverage, n, equal to 0.110+ atom/A . For 0.110&n
&0.182 almost all particles added to the film go to in-

crease the density in this layer and to drive a fluid-solid
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F[G. l. (d4, n) phase diagram. 'He-'He films are studied
for varying thicknesses of 'He (n=at m/oA') on He films of
varying thickness d4 on various substrates (Ref. 7). Th«xp«-
iments of Greywall and Busch and of Greywall are on Grafoil
at d4=0; that of Higley, Sprague, and Hallock is on Nuclepore
at d4 =2.2. The energy level structure within the liquid film at
14 2.2 on Nuclepore is indicated (m=1, . . . ); a plausible in-

terpolation of this structure, without regard to substrate depen-
dence, is shown by a dashed line. The coverages of second- and
third-layer promotion at d4=0 on Grafoil are shown as solid

circles. Inset: detail of the second-layer phase diagram for
'He on Grafoil at T 0, n2 vs n. Where these schematic phase
diagrams are quantitative the numbers are appropriate to
Grafoil and are from Greywall.

phase transition within the layer at n =0.168
(n2 0.055). For n & 0.182 almost all particles added to
the film go into a liquid layer that lies atop the second
(now solid) layer. Attending the increase in the number
of particles in the film at n & 0.182 is a modest evolution
in the density of the second solid layer (less than 15%)
that drives a sequence of solid phase transitions,
RS2 RS2' IS2 (see the inset of Fig. 1). The
second-layer solid system that exists at n&0. 18has
striking specific-heat and magnetization features. ' (2)
The magnetization measurements of Higley, Sprague,
and Hallock, at d4 2.2 in Fig. 1, are on a He liquid
layer that sits atop approximately two layers of He on a
Nuclepore substrate. As the number of He particles in

the liquid layer is increased, their magnetization under-

goes a sequence of quantized steps at n 0.055,
0.100, . . . . Guyer, McCall, and Sprague have explained
the qualitative behavior of these data, i.e., the magneti-
zation steps, in terms of evolution of the states available
to fermions in an adjustable box, the box size being
driven by n

In this paper we introduce a model which unifies the
description of features of the systems studied by
Greywall and by Higley, Sprague, and Hallock. We ar-
gue that the 3He liquid layer atop the second solid layer
studied by Greywall is much the same as the He liquid

layer studied by Higley, Sprague, and Hallock. It is a
system of fermions in an adjustable box. Using this
model we find that the magnetic behavior of the second
solid layer, at n ~ 0.25, may be understood in terms of a
Ruderman-Kittel-Kasuya- Yosida exchange interaction ' '

between particles in this layer that is mediated by the
liquid layer. This exchange interaction is very sensitive
to the behavior of particles in the liquid layer.

We model the system with a two-dimensional hexago-
nal solid layer of area A on which He particles, having
wave function

lt/R (X) = lttR (P ) ltt~ (2),
are localized near lattice sites Rl, . . . , R~ (see Fig. 2).
Adjacent to this layer is a liquid layer of thickness d in

which He particles move parallel to the solid layer in

plane-wave states, lit~(p) =(I/JA )e' . These particles
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of Ref. 9). When there are few particles in the liquid
layer all of them are in the m=1 disk, Nl =nl .As nl
increases, the energies of the m states, e ~m /d, de-
crease and at nl =0.07 the Fermi energy crosses from
below to above e2, the m =2 disk is occupied for the first
time, and the magnetization doubles. This event is seen
as a step of a factor of 2 in the specific heat. ' We be-
lieve that the "layer promotion" events seen by Greywall
at n ~ 0.240 are these "disk occupation" events.

This model of the He film admits a number of pro-
cesses that lead to a magnetic interaction among the
solid-layer particles. For example, an in-plane three-
particle permutation, around the rudimentary triangle of
the hexagonal lattice, leads to a ferromagnetic near-
neighbor interaction' ~hose strength should be a very
strong function of nz. Greywall finds n2 to saturate at
n=0. 25 so that this interaction, while no doubt present,
is not expected to be responsible for the strong depen-
dence of the magnetic interaction on n at n)0.25 that
he sees. Thus we seek an explanation of the exchange
coupling at n)0.25 in terms of an RKKY mechanism
involving the solid layer and the liquid layer.

An RKKY interaction results from a particle at site R
of spin a in the solid layer (R,a) making a transition to
the empty state (m', q', a) in the liquid layer with a parti-
cle from an occupied state in the liquid layer (m, q, a')
going to (R,a') The .intermediate state, a particle-hole
pair, has energy e q

—e„,q &0. The further transition
ex-
ites
er-
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FIG. 2. Wave functions. At n) 0.25 atom/A-' the second
solid layer ceases to evolve; the z part of the wave function of a
particle in this layer, yi(z), sticks out into the liquid layer. In
the liquid layer the particles are described by simple wave

functions that evolve as n increases. The overlap integral be-
tween yj. and the y„leads to the n dependence of the RKKY
coupling.

have perpendicular energy states, the m states, corre-
sponding to

y„,(z) =(2/d) ii'sin(mnz/d), (2)

(3)

K(R,S) = g (mqa", Sa
I

V
I
Sa",m'q'a& (Ra', m'q'a

I
V I

mqa' Ra&Xnp(l Nmp')
n&m'qq' 6m'q'+ Emq

where d is a functional of nL, nL =n ni ——n2, ni (S a") ( m, q, a), (m', q', a) (S,a) leads to
=0.114, n =20.082. The energies of the m states, eni change of the spins (a, a") among the solid-layer s
and their occupation numbers, N, are functions of the (R,S) since a'=a" This is. a three-particle cyclic p
liquid-layer thickness. ' For small n the states occupied
by the particles in the liquid layer lie on a sequence of
disks, each labeled by m, of radii q„,=(qF2 —nm 2/d2) 'i2, H» =2K(R S)aa'as
where qF is the Fermi wave vector of disk m (see Fig. 2

with the strength of the exchange interaction given by

1

&m q + &niq

xe'"-q""—
K(R,S) = gag(p —e„,)g(e„, —p)

mm'qq'

X

where

A(q) =& dpe' nii(p),

where N„,~ is the Fermi-Dirac probability distribution
and V the two-particle interaction. Because K(R,S) (0
the interaction in Eq. (3) is ferromagnetic.

We focus on how K(R,S) depends on the behavior of
the liquid layer. Using Eqs. (I) and (2) and a contact
interaction, V~ 8(x —x'), we can write K(R,S) in the
form

with

nii(p) =
I yn(R —p) I', n~(z) =

I y(z) I',

and p is the Fermi energy of the particles in the liquid

layer. ' To get an idea of the content of Eq. (5) we look
at the diagonal terms, m =m', K=+ K„,. For each
disk the sum over q, q' gives a contribution that scales
approximately as N, the number of particles in the
disk. " Using the approximation

n (z) ~ exp[ —(z+ zo)/I]

we have

1 m

d m'+(d/ni)'

B„,„,=~ dz y„,(z)n (z)y (z), For the factors in K(R,S) that involve the liquid-layer
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structure and the occupation numbers, we have
r 2

K(R,S) tL gN m'+ d/2rrl)'

This equation is an approximation to K(R,S) as a sum
of terms, one for each disk. ' Each term involves ex-
change of a particle between two sites in the solid layer
through "tunneling" out into the liquid, into the states
(m, q), and then back. The out and back process is con-
trolled by 8 . The motion of the particles parallel to
the surface, going from R to S in the liquid, is controlled
by N, a measure of the number of particles in the disk

In Fig. 3 we show i K i vs d from Eq. (7). In con-
structing this figure we have used the He film model of
Guyer, McCall, and Sprague which provides a relation-
ship between nL, d, and the N„,. The values of i K i in

Fig. 3 have been normalized to 1 at large d, i.e., by the
value of i K i appropriate to the solid layer interacting
with the bulk liquid. In this figure we also show the
square of the coupling constant found by Greywall from
an analysis of specific-heat data, his Fig. 27. We have
normalized these data in the same way as above. ' In
Fig. 4 we show N vs d and K vs d for rrt =1-4 from
the model of Guyer, McCall, and Sprague, and Eq. (7).
Comparison of our result in Fig. 3 with Fig. 4 shows that
oscillatory features in i K

i as d increases are due to the

participation of additional disks in the exchange process.
As d increases the contribution of each disk diminishes
in a way that is compensated for by the increase in the
number of participating disks.

In this paper we have argued for the extension to pure
'He films of the physical picture developed by Guyer,
McCall, and Sprague for mixture films. We take the
qualitative and quantitative agreement between theory
and experiment, Fig. 3, to provide strong support for this
extension. To be fair, this conclusion is modestly cir-
cumscribed.

(1) There are "bumps" in the theory where none ap-
pear in the experiment. The reason for this difference
could be that (a) the experimental substrate may be
heterogeneous (see, for example, the explanation offered

by Higley, Sprague, and Hallock for some features in

their data) or (b) the step structure that is prominent in

the magnetization is less so in the specific heat (the ex-
perimental points are from specific-heat data). '2

(2) The magnitude of K from Fq. (7) is in remark-
able agreement with the magnitude of K from experi-
ment. They differ by a factor of about 2. This agree-
ment should be regarded as fortuitous. "Exchange" in-

teractions are notoriously hard to calculate. Agreement
within an order of magnitude for K, let alone K, is often
hailed. We have used a method of comparison of theory
and experiment that removes some of the natural hazard
often encountered. The degree to which we have been
successful can only be tested by a much more substantial
body of data. In the same vein we have made no attempt
to correct our simple model for (a) interaction effects—as explicated, for example, by Krotschek, Saarella,
and Epstein' or for (b) substrate scattering —as dis-
cussed by Tesanovic and co-workers. ' Both can be im-
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FIG. 3. Coupling constant. The value of the coupling con-
stant from Eq. (7), squared, is plotted as a function of nL

(smooth curve). nt is measured in layers; 1 layer =0.7
atom/A-. Open circles are an experimental measure of the
coupling constant squared from Fig. 27 of Greywall. The hor-
izontal axis in this figure is the liquid-layer thickness in units of
layers. For the data of Greywall use d3=2+(n —0.182)/0. 70
and d=d3 —2, so that fourth-layer promotion corresponds to
d= l. Both curves have their magnitude scaled by the asymp-
totic value (d +~) to facilitate comparison and to remove
factors from the theory that do not depend on n, e.g. , the
second-solid-layer wave function (Ref. 15).
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FIG. 4. N, and K, . The values of K, from Eq. (7), for
m =1-4, are plotted as a function d (smooth curves, arbitrary
units). Shown also, by the circles, are Nl, . . . , N4 as a func-
tion of d.
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portant and are the subject of our current research pro-

gram. The experimental evidence, from Higley,
Sprague, and Hallock is that there are important depar-
tures from our simple model that, while substantial, are
not overwhelming.

The physical picture elaborated here provides a start-
ing point from which to develop an understanding of the
behavior of the two-dimensional neutral Fermi systems
already studied by Greywall and by Higley, Sprague,
and Hallock or yet to be studied on the (d4, n) plane.
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