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Natural-Parity States in Superdeformed Bands and Pseudo SU(3) Symmetry at Extreme Conditions
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The structure of recently discovered identical superdeformed bands in ' "Tb and ' "Dy and in "Gd
and '"Tb are discussed in terms of the strong-coupling approach. Based on the experimental evidence
that the superdeformed core of "Dy is extremely insensitive to the polarization eA'ects induced by the
odd particle, the bands are shown to exhibit the presence of the pseudo SU(3) symmetry at extreme con-
ditions of large elongations and high spins.

PACS numbers: 21.10.Re, 21.60.Ev, 21.60.Fw, 27.70.+q

The spectroscopy of superdeformed (SD) states is a
sensitive test of the concept of the nuclear mean field.
The increasing availability of high-spin data on SD
states' (about fourteen SD decay sequences are known

in the A = 150 mass region) makes possible both tests of
the detailed shell structure at large elongations and stud-
ies of exotic orbitals for different particle numbers and
rotational frequencies. The SD bands observed so far
are by no means identical. Indeed, they show a rich
variety of moments of inertia as a function of particle
number and angular momentum characteristic of the
occupation of intruder orbitals originating from high-N
oscillator shells. Therefore, the recent discovery of
identical y-ray sequences both in 'Tb and '

Dy and in

Gd and ' 'Tb is completely unexpected. This Letter
discusses some consequences of these striking experimen-
tal results.

In our analysis we employ the simple approximation in

which the independent-particle motion of one or more
valence particles (with angular momentum j) is coupled
to a rotating deformed core (with angular momentum R
and moment of inertia S) forming the total angular
momentum I R+ j. If the coupling of the odd particle
to the core is much stronger than the perturbation of the
single-particle motion by the Coriolis interaction, the
odd particle will follow the core deformation adiabatical-
ly. This strong-coupling limit is expected to work partic-
ularly well for superdeformed nuclei where the splitting
of the Nilsson levels (cx:P2) is large and the Coriolis in-

teraction (a-h /2J) is small. For axial symmetry the
y-ray energy for BI=2 in-band transitions, E,(I) =E(I)

E(I 2), can be o—btained—from the eigenenergies of
the particle-rotor Hamiltonian. In first-order perturba-
tion theory,

E„(I)=(It /S)[2I —1+(—1)'+' a6 t ],
where K is the projection of j onto the symmetry axis
and a is the decoupling parameter, can be calculated
from the intrinsic wave function of the valence particles.
It is instructive to consider Eq. (1) for three limiting

values of a.
(i) a 0 (e.g. , when K) —,

' ).—The signature splitting
disappears and transition energies follow the simple rule

0 ~ 5[Et(R+ 2 )+Et(R 2 )] E (R) R 2 4

(ii) a I.—The sequences in the odd-A nucleus with
favored (r = —i, I= —,', —', , . . .) and unfavored (r=+i,
I= 2, 2, . . . ) signatures are degenerate, and E,(I= i R
+'2 i) Er' (R) R 24

(iii) a= —I.—Similar to case (ii), except the r=+i
sequence is favored and r i is unfav—ored. The rota-
tional band consists of doublets (-,', —,

' ), (-', , —,
' ), . . . and

Er(I lR+ —,
' i) =Ey""(R),R=R+1=1,3,5, . . . .

Examples of these limits are known from low-spin
data. Many high-EC rotational bands with a=0 have
been established. However, only a few cases are known
with a 1, the classic example being the negative-parity
band in ' F based on a proton hole in the [101] &

Nilsson state (j= 2, a=1.l). A typical example' of
the a= —

1 limit is the K 2 band in ' Lu built upon
the [411]—,

' single-proton state (a= —0.91). The devia-
tions from the empirical relations between E„(odd) and
E„"" given above for the pure limits are sizable
(1%-3%) and are of the order of the A ' variations ex-
pected for a macroscopic rotor. Some part of this devia-
tion can be attributed to reduced pair correlations for
the odd-mass nuclei.

Because of the large single-particle SD gaps at Z =66
and %=86 the nucleus ' Dy is expected to be a very
good "doubly magic" SD core. Moreover, the pairing
correlations in the SD band of '

Dy are very weak'
which leads to a "rigidlike" rotational pattern. The re-
cent experimental data on ' 'Tb (Refs. 4 and 8), ' 'Dy
(Ref. 9), and ' Dy (Ref. 10) allow a test of the stability
of this core with respect to the addition of a valence par-
ticle (or hole). In the nucleus '

Dy two strongly cou-
pled bands with no signature splitting are known. Calcu-
lations ' suggest that they can be built upon the high-0
[5141 & orbital (see Fig. 1). The effective core for the
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FIG. 1. (a) Calculated single-neutron Routhians at a rotational frequency of 0.6 MeV as functions of Pz (see Ref. 3 for more de-
tails concerning this plot). (b) The effective "'"Dy" core transitions, extracted from the [514[-', bands in '"Dy, and compared to
the experimental transition energies in the SD band in ' Dy. (c) The experimental " Dy core transitions shown together with the
predicted ([310]—,

' ) ' SD band in '"Dy.

Dyv[514] —', ) bands can be calculated assuming

the coupling scheme (i) discussed above. The resulting y
transitions in the effective "' Dy" core for 42 ~ I (46
are shown in Fig. 1 together with the deviations, hE„
from the ' Dy spectrum, which are around 1 keV. This
shows that the change in the moment of inertia due to
adding the oblate-driving [514]—', neutron to the ' Dy
core is d,S/S = 10

Because of the large energy splitting between the
unique-parity high-j intruder subshells and the natural-
parity states, the natural-parity states can be classified
according to the pseudo SU(3) representations. " ' In
the pseudo SU(3) limit the natural-parity Nilsson orbit-
als form a pseudo oscillator spectrum, labeled by the
pseudo asymptotic quantum numbers N =N —I, n, =n,
Moreover, the pairs of Nilsson levels [Nn, A] 0 -A+ —,',
[Nn, A+2]0 =A+ —', can be considered as pseudo spin-

orbit doublets [Nn, A]Q =A+' —,
' with A=A+1. In this

formalism the single-particle angular momentum can be
expressed as the sum of pseudo orbital angular momen-
tum and pseudo spin, j=I+s. The pseudo orbital angu-
lar momentum of the valence particles is strongly cou-
pled to the angular momentum of the core, forming the

total pseudo orbital angular momentum R=R+I, and
the pseudo spins are then added to form the total angular

momentum, I =R+s. Consequently, the pseudo Coriolis
interaction, involving the pseudo-spin operators rather
than the total angular momentum of the odd parti-
cles, ' ' is expected at large rotational frequencies to
align the pseudo spin with the total angular momen-
tum. ' The pseudo SU(3) scheme is expected to remain

valid for SD configurations since the high-j intruder or-
bitals seem to be well separated from the natural-parity
states of the same shell. ' The decoupling parameter
for a K —,

' rotational band has the value a =(—1) B~o

in the normal asymptotic limit and a ( —1) 8„-o in the
pseudo asymptotic limit. ' ' Experimental and Nilsson-
model-calculated' ' decoupling parameters are usually
close to the pseudo asymptotic limit.

The lowest SD band in ' 'Tb (z, r) (+, i) can—be
associated with a 64 hole in the '

Dy core (see Fig. 2).
The excited n —band in ' 'Tb has identical transi-
tions with the ' Dy core, and is associated with a hole
in the [301]—, Nilsson state, which in the pseudo-spin
formalism is [200] —,'. The a=1 associated with this

state in the pseudo SU(3) formalism gives identical
values of E„ for ' 'Tb and the ' Dy core [case (ii)] if
the [200] —,

'
hole does not modify the moment of inertia.

Indeed the data indicate a similar variation of = 1-2
parts per thousand for i

' Dyx([200] —,
' ) ') and the

Dy core as for i

' Dy v([514] —', )) and the ' Dy
core discussed above. For the decoupling parameter the
condition is not so rigorous. The estimate based on Eq.
(I) gives AE„(1)/Er(I) =ha/2I which yields ha =0.1

and I= 50 and AE, = I keV. The deduced value of the
decoupling parameter for the [200] —,

' SD band in ' 'Tb
is thus a =1.0 ~ 0.1.

A similar interpretation can be given for the recently
observed excited SD band in ' Gd. The lowest
particle-hole excitation corresponds to the promotion of
the [200] 2 proton to the third N=6 Routhian 63. The
resulting ( —,—i) band, i

' 'Tbso„„«Sx([200] 2 ) '),
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FIG. 2. predicted single-proton goutkians at (}.6 MeV and the expected deformations of SD states. The experimental '"DY tran-
sitions, and the transitions in the [2011] —, SD band in '"Tb are identical. A more detailed comparison of these two bands for the
complete data range is given in Ref. 4.

is experimentally identical within 2 keV with the lowest
SD band in ' 'Tb which also involves three N 6 pro-
tons. The excited band in ' Gd can be thus interpreted
in terms of the pseudo spin decoupled from the rotational
motion of the effective core with total pseudo orbital an-
gular momentum R

In the limit of pseudo SU(3) symmetry the [200] 2

orbital should be very pure even at high spin. The
Coriolis coupling to the closest negative-parity levels, i.e.,
[202] 2 and [202] 2, is zero. In realistic calculations
some Coriolis coupling is present, but the extracted
decoupling parameter is around 0.85. Similar con-
clusions also can be made within the modified-oscillator
particle-rotor model. ' Reasonably pure examples of the
[301] & ([200] 2 ) configuration apparently do not occur
at normal deformations. Experimentally, the [301] 2

level can be found for N or Z=39-43. The sizable devi-
ations from the symmetry limit (a =0 and 0.7) in s~Sr
(Refs. 18 and 19) and I3~9Y (Ref. 20), respectively, are
attributed' ' ' to triaxiality in these shape-transitional
nuclei. Thus, the SD shape seemingly provides the
unique possibility to study the normal-parity states that
carry only a small amount of angular momentum.

As in the case of ' 'Tb, the nucleus ' 'Dy can be
viewed as a single-hole system with respect to the ' Dy
core. No excited SD bands have been observed in ' 'Dy
and the yrast SD band has been associated with the
(—,+i) (

' Dy v(72) ') configuration (see Fig. I).
The lowest positive-parity SD band can be formed in
' 'Dy by promoting one neutron from the [310]—,

'

([411]2 ) level to the 7q Routhian. This [310]—,
' neu-

tron orbital in ' 'Dy plays a very similar role to the
[200] 2 proton level in ' 'Tb. Both appear just below
the SD magic gap and have a particle character, and
negative quadrupole moment. However, the decoupling
parameter of the [310]—,

' state is equal to a = —
1 in the

pseudo asymptotic limit (as mentioned above, the decou-

pling parameter for the [411]—,
'

proton states in rare-
earth nuclei, like '7 Lu, is near this value'3). In this
symmetry limit the transition energies in the SD [310] &

band are expected to lie half way between the y-ray en-
ergies of the SD band in '

Dy as indicated schematical-
ly in Fig. 1. This band has not yet been observed.
Theoretically, the [310]—,

' Routhian should be slightly
disturbed by the Coriolis interaction with the [312]—', or-
bital lying about 1 MeV below. This coupling is expect-
ed to push the r +i member to slightly higher energy
thus increasing the transition energies by a few keV.

The identical 7-ray sequences established for the SD
states in the N 86 isotones are nearly perfect examples
of the a +1 limit. Likewise, the [514] ~ neutron states
in '

Dy are equally perfect examples of the a 0 limit.
The striking similarity between the bands implies that
the SD cores are insensitive to the removal (or addition)
of certain particles such as a [301]—,

'
proton (' 'Tb) or a

[514] 2 neutron (' Dy). The common feature of all of
these identical configurations is a small intrinsically
aligned angular momentum. However, the existing mod-
els based on the mean-field approach always yield some
polarization of the field due to the odd particle (or hole).
Moreover, in the macroscopic limit the deviation in mo-
ment of inertia would be ( I —(153/152) /

~
= 1%, that

is, about an order of magnitude greater than observed.
Understanding the striking precision of these identical
decay sequences in neighboring isotones and isotopes is,
in our opinion, one of the most challenging problems in
nuclear structure.
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