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Solution and Hidden Supersymmetry of a Dirac Oscillator
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We have found the complete energy spectrum and the corresponding eigenfunctions of the recently
proposed Dirac oscillator. We found the electromagnetic potential associated with its interaction term.
This exactly soluble problem has a hidden supersymmetry, responsible for the special properties of its en-

ergy spectrum. We calculate the related superpotential and ~e discuss the implications of this super-
symmetry on the stability of the Dirac sea.

PACS numbers: 11.10.Qr, 11.30.Pb, 12.40.gq

In a recent work, Moshinsky and Szczepaniak' intro-
duced a very interesting potential in the Dirac equation.
Following the original Dirac procedure they introduce a

system whose Dirac Hamiltonian is linear in both p and

r; consequently, its nonrelativistic approximation is

quadratic in r as in the case of the harmonic oscillator.
This property is in fact the origin of the name Dirac os-
cillator. The system is then, excepting for a strong spin-

orbit coupling term, the square root of the harmonic os-

cillator in the same sense as the Dirac equation is the
square root of the Klein-Gordon equation.

The Hamiltonian of the system is obtained by intro-
ducing in a nonminimal way the external potential with

the substitution

i(rilir/rlt) =Hiir= [a (p imrupr)—+mpl lir. (2)

The interaction introduced by Eq. (1) has been shown

to correspond to an anomalous magnetic interaction. In

fact, if we select a frame-dependent vector

u" =lrico(1, 0), (3)

then the interaction term in Eq. (2) can be put in the
form

imcoa r =cr"'x„u, ; (4)

consequently, Eq. (2) can be written in the manifestly
covariant form

[y"p„—m+ (ke/4m )cr"'F„,l @=0,

with

(s)

F""= (u "x"—u'x"),

p p i mrupr, —

where m is the mass of the particle and co is the oscilla-
tor frequency. We follow the usual conventions concern-
ing the Dirac matrices. The Dirac equation for the sys-
tem is then (11'i c =1)

Dirac oscillator. The electromagnetic potential can be
cast in the form

(7)

but, taking advantage of the gauge invariance of the
electromagnetic interaction and selecting the gauge
l= —,

' x (u x), we can write Eq. (7) in the equivalent
forms

For either selection the electromagnetic field takes the
form E= —mror and 8 0, expressions which are, of
course, frame dependent. In this way we have shown

that the interaction occurs as if it were produced by an
infinite sphere carrying a uniform charge-density distri-
bution, resulting in a linearly growing electric field. The
interaction term introduced by Eq. (1) is interesting in

its own right, but also has applications in quantum chro-
modynamics (QCD). For example, if we think of the
construction of quark-confinement models, the linearly
growing interaction characteristic of the system can be
regarded as an effective chromoelectric field, at least if
we think that the color-field lines are constrained to
strings of constant volume instead of constrained to con-
stant cross section, as is usually supposed. Also, it can
be useful for estimating the quark masses. These con-
siderations make the Dirac oscillator important to QCD
models, as we will discuss in a forthcoming paper.

Moshinsky and Szczepaniak have investigated the
positive-energy part of the spectrum we proceed now to
give the full solution for the eigenstates of the Dirac os-
cillator. We found the components of the Dirac wave

function to be of the same form as the eigenfunctions of
the three-dimensional nonrelativistic harmonic oscillator;
hence the name oscillator applied to this system is also
justified at this level. From the commutation relations

and k =2m/e is the anomalous magnetic moment for the [L,H] =i (a x p) —mr@(r x a)p, (9)
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[o/2, H] = —i(axp)+mco(rxa)P, (io)

for the positive-energy states, and from

E —m =mr(l [2(N +2) + (. (2j + 1 ) ] (15b)

it immediately follows that the total angular momentum
is conserved in our system. From Eq. (2) or, equivalent-

ly, from Eq. (5) we see that parity is a good quantum
number. The sum rules of angular momentum imply
that j=I+ 2, where j is the total angular momentum
quantum number and I is the orbital one. The parity of
the energy eigenfunction is given by ( —1)', we therefore
define

F(r)P((8, v )
e(r, r) =—,G(„)q (g ) exp( —iEl), (i2)

where P( and P( are spinor spherical harmonics of or-
der I and!', respectively. Here, I'=j —e/2 as P( must
be of opposite parity to P(.

The large radial component F(r) and the small radial
component G(r) of the Dirac wave function are then
solutions to the following coupled differential equations:

I d/dr+ [e(J'+—
& )+mar ]/r]G(r)

= (E —m )F(r), (13a)

and

[+d/dr+ [e(j + —, )+mr(lr ]/r]F(r)

=(E+m)G(r) . (13b)

It is easy to see that the solutions to this system of equa-
tions are given by

F„((r)=A[(mro)' r]'+'exp( —moor /2)

+1 if parity is ( —1)'+'(2,
—

1 if parity is ( —1)~

in both cases we have I=j+e/2. We write the solutions
to Eq. (2) as

for the negative-energy states. Notice that, as we have

already said, both F(r) and G(r) are of the same form
as the radial eigenfunctions for the 3D nonrelativistic
harmonic oscillator. It is important to point out here
that the complete energy spectrum is given by both Eqs.
(15a) and (15b). We are proceeding here in a similar

way to the free case; that is, we must include the com-
plete spectrum if we want to avoid problems such as the
Klein paradox. We notice also that the energy spec-
trum of the system is such that the term E —m is the
same, except for a constant 2mro, for both the large com-
ponent F and the small component G. Later it will be
clear that this property is related to the hidden super-
symmetry of the system. As expected from the O(3)
symmetry of the problem, the spectrum is degenerate in

j,. But, as is readily apparent from Eqs. (15a) and
(15b), there exists extra degeneracies, already noticed by
Moshinsky and Szczepaniak. ' First, for c= —1, all the
states with (N+'s, j~ s), where s is an integer, have the
same energy; second, for m=+1, the states with (N+ s,
j+ s) also have the same energy. It will be shown in a
forthcoming paper that the symmetry algebra explain-
ing this degeneracy is SO(3,1)SSO(4).

Let us address now the problem of the hidden super-
symmetry. If we set

F
(i6)

then we can construct an equivalent supersymmetric
Hamiltonian' ' Hq acting only on the radial part of
the eigenfunctions,

H,e = (E'- m ')e.
Here, we define

and

xL„'+' (m~(lr ),

G„((r)=A[(mro) r]'+'exp( —mar /2)

xL'+' (moor )

(i4a)

(14b)

[~(j+ —,
' )+r']'

Hs=[Q Q ]= +
dr p 2

e(j+ —,
' )

2

] /4 ]/2
n.2)~ n+ I + 3/2 —e/2

(2n + 2I + 1
—

2m )!!
x [(n+I+1 —e/2) +(n+I —e/2) ] ' . (14c)

The energy spectrum ' can be obtained from

E —m =m co [2(N + 1 ) + e(2j+ 1 ) ] (i5a)

where LI, (x) is an associated Laguerre polynomial, and
N =2n+I, n =0, 1,2, . . . , is the principal quantum num-
ber. The normalization constants are

with

p =(1/i)8„, y=o)+io2=o+,
where the superpotential U(r) is given by

U(r) =e(j+ —,
' )ln(r)+ —,

'
mco r

(2O)

and we take the usual conventions concerning the Pauli

where Q and Q are fermionic operators, the generators
of the supersymmetry transformations, ' ' defined as

Q = (p+lU )li( and Q =(p lU ) I((
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matrices. Therefore, we see that the large radial com-
ponent F(r) is a solution of the fermionic sector of Hs
and is the supersymmetric partner of G(r). This means
that the energy spectrum of H~, which is defined in Eq.
(17) as E —m, must be the same (with the corre-
sponding shift for each sector) for both radial com-

ponents except for the base state. That this is indeed the
case can be seen in Eqs. (15). On the other hand, it fol-

lows from the solutions (14) (or from the topology of the
superpotential") that the supersymmetry remains un-

broken.
The operators defined in Eqs. (18) and (19) define a

superalgebra in the following way: ' ' '
[g,g'[=H, , [g,~]= —2&g, [g',~)=2g"~, (22)

where ) =cr3m Fro. m Eq. (19) we can show that A, an-

ticommutes with g and g separately, and, as a conse-

quence, it commutes with the supersymmetric Hamil-
tonian Hs, closing the algebra defined in Eq. (22). It is

shown in Ref. 15 that this is precisely the condition of
stability of the Dirac sea. When the aforementioned su-

peralgebra is closed, it is possible to construct an exact
Foldy-Wouthuysen transformation for the Dirac-oscil-
lator Hamiltonian. This means that, regardless of the in-

tensity of the coupling, the positive- and the negative-

energy solutions never mix when the interaction is turned

on, leaving the vacuum of the theory unchanged.
Thus we have shown that the Dirac oscillator is a sys-

tem that behaves like an odd potential, it is exactly solu-

ble, it conserves angular momentum, and it is such that
the special characteristic of its energy spectrum, namely,
that the positive- and the negative-energy states never

mix, is intimately related with a hidden supersymmetry
produced by the "anomalous momentum" imnrPr. These
considerations and the solution described here can be im-

portant for the construction of heavy-quark models, as
the interaction term appearing in the Hamiltonian of the
Dirac oscillator can be regarded as a confining chro-
moelectric field in which the color-field lines are bundled
in strings of constant volume.
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