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Crosslinked Biopolymers: Experimental Evidence for Scalar Percolation Theory
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Rheological measurements have been performed on pectin biopolymers close to the sol-gel transition.
From these measurements scaling exponents were determined independently for the viscosity,
s 0.82(5), for the elastic modulus, t -1.93(8), for the frequency-dependent modulus, 6-0.71(2), and
for the relaxation times below and above the transition, vz 2.67(12) and vz' 2.65(9). The exponents
satisfy the scaling relations predicted by the theory and their numerical values agree with those from
scalar elasticity percolation. Universal scaling functions were constructed from the data for the complex
modulus and the dynamic viscosity.

PACS numbers: 82.70.Gg, 62.10.+s, 64.60.Ak, 82.35.+t
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gp is the static viscosity, Gp is the static elastic modulus,
and G' (G") is the storage (loss) part of the complex
shear modulus. G' and G" are evaluated at the gel point.
A general scaling form'" has been postulated for G*,

Pectin is a major linear polysaccharide in plants. It is
a widely used gelling agent in the food industry. Prob-
ably the most familiar example of a gelation process in-

volving pectin is the making of fruit jellies with grand-
mother's favorite recipe. The rheological properties of
these biopolymer systems have been studied extensively,
both in the sol phase and in the gel phase. ' Here we
are interested in the viscoelastic properties of pectins cct

the gel point in order to test the material-independent
predictions of gelation theory.

The classical theory of the gelation transition has been
developed by Flory and by Stockmayer. A detailed
description of critical phenomena near the gel point was
given much later in terms of percolation theory. This
theory predicts universal scaling behavior. Let us
denote by R the parameter that controls the degree of
gelation (R may be the concentration of crosslinkers, the
temperature, etc.) and by R, its value at the gel point.
For e=

~
(R —R, )/R, ~

&&1, the gel structure is charac-
terized by the correlation length g, which scales as
(-e ', and the relaxation time r, which scales as r-g'

v, z, and z = vz are critical exponents.
The rheological properties of a viscoelastic system are

characterized' by the dynamic viscosity ri and by the
complex shear modulus G =G'+iG". ri depends on the
shear rate y and G* on the frequency m. The exponents
used to describe the viscoelastic singularities near R, are
s, t, andh, in

in the limit when co, e 0,

G*(co,e) Gpy
—(ico/cop),

coo- g

At frequencies m && N p,

(ico/cop) ~8 (ico/cop)+C (ico/cop) + '

(2a)

(2b)

for R & R, and p+(ico/cop) 2++8+(ico/cop)+ for
R & R, ; for cop « co, p (ico/cop) -p+ (ico/cop) This.
leads to the correct frequency dependence for the elastic
(viscous) part G' (G") for co 0: below the gel point G'
-co (G"-co); above the gel point G'-const (G"-co).
With rip lim„pG*(co)/co, Eqs. (2) lead to the scaling
laws"

z =s+t, (3a)

d, -c/z (3b)
A remarkable consequence of the scaling hypothesis is
the universal value of the ratio G "/G' for co » cop.
G"/G' tan(hz/2). ' The scaling form for G also im-
plies that G' and G" cross in the vicinity of the gel point.
However, finite-frequency estimates of the gel point con-
verge in a singular way towards the true gel point. This
fact will be used to calculate the scaling exponents.

The viscosity g is singular at the gel point. Hence, we
propose the following scaling form in the limit when

y, e 0,

ri(y, e) =
ripVc

—(y/yp), (4a)

yp-4 (4b)

yp is the characteristic shear rate that separates the re-
gime where the gel structure is unperturbed by the shear
field (y« yp) from the regime where the gel structure is
dominated by the shear field (y»yp). Writing y'p —e
anticipates that jp scales with the dynamic critical ex-
ponent z. The scaling function has the limits vc

—(y/
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0) =const and y (j/jo —~)- (j'/jo)
Hence q-j ' ' for j »yo. We expect that this scaling
form only applies to weak (reversible) gels; it is not ap-
propriate for strong (irreversible) gels where the gel
structure depends on the shear history.

The theory presented so far is general. Different
universality classes for gelation are characterized by
diA'erent sets of exponents. The most extensively studied
model —which turns out to be relevant for our
experiments —is scalar elasticity percolation. ' The ex-
ponents s and t for this model have been calculated accu-
rately by numerical methods: s =0.75(4) (Ref. 14) and
t =1.94(10) (Ref. 15) were obtained for the equivalent
random resistor network. Equations (3) then determine
z =2.69(14) and 6=0.72(4). The exponent z is con-
sistent with the conjecture i dv=2. 64. '

To identify the dynamic model corresponding to a
gelation experiment, al! exponents must agree. To our
knowledge, the first agreement between theory and ex-
periment was found for radical copolymerization of po-
lystyrene and for polycondensation of polyurethanes. '

Both processes lead to chemical (strong) gels. For co-
polymerization, s and t agree with the scalar model; for
polycondensation s, d„and the universal ratio G"/G'

agree with the scalar model but t is too large. Various
scaling exponents have been measured for several other
strong gels: for polyurethanes 6 =0.5 (at balanced
stoichiometry), ' for epoxy resins 6=0.70 and s =1.4
(Ref. 19), and for branched polyesters s) 1.3. The
exponent values suggest that these gels are not described

by scalar elasticity. On the other hand, the values s
=0.75 and t 1.9 (Ref. 21) obtained for polyacrilam-
ides crosslinked by chromium are consistent with the
scalar model. There are two biological systems for
which scaling properties near the gel point were deter-
mined: (i) For casein (a component of milk protein
that gels irreversibly) t was obtained from oscillatory
measurements and found to lie in the range 1.8-2.6 (de-
pending on frequency); (ii) for gelatinz3 which forms
weak (thermoreversible) gels, dynamical measurements
determined s 1.48(8) and t 1.82(15); r lies in the
range of the exponents for scalar percolation, but s does
not.

Pectin consists of randomly connected a(1-4) D-
galacturonic acid units and their methyl esters. Pectin
with a low methyl ester content ((45/o) forms ther-
moreversible gels upon addition of divalent cations (cal-
cium). The extrinsic parameters which can be used to
control the sol-gel transition are temperature, polymer
concentration, and crosslinker density through the ratio
R =2(Ca +)/(COO ). The generally accepted mecha-
nism of Ca +-induced interchain association is dimeriza-
tion of homogalacturonic acid chain sequences (at least
fourteen residues). The occurrence of methyl ester
groups in the primary backbone limits the extent of such
junction zones. The junction zones play the role of the

points of crosslinking in the traditional picture of the
sol-gel transition.

The prectin sample used for the measurements is a
commercial apple pectin (618F) kindly provided by Uni-
pectine (France). After purification the anhydrogalactu-
ronic acid content was 78% and the fraction of galactu-
ronic residues which were esterified was 28%. The size
exclusion chromatography analysis of the aqueous pectin
solution (0.1M NaNO3) gave an average molecular
weight M„350000 and a polydispersity index of 3. In-
trinsic viscosity at 25'C, pH =7 in the same solvent was

[r!)=298 cm /g. Homogeneous pectin gels were
prepared by mixing equal volumes of an aqueous pectin
solution containing 11.7 g/L NaC1 and a calcium
chloride solution at 70'C during 5 min. The final con-
centration in the gel was C=14.9x10 g/cm (C[rll
=4.5) and the final ionic strength was 0.1M. The ratio
R was varied from 0.03 to 0.13 by adjusting the calcium
chloride concentration before mixing. The hot mixture
was put onto the rheometer and the gel was cured for
about 24 h. The quenching temperature of the rheome-
ter was kept at 20+'0. 1'C throughout all the experi-
ments.

The constant-shear-viscosity measurements were per-
formed with a Low-Shear 30 Contraves Rheometer over
a range of the shear rate between 0.017 and 128 s

The dynamical measurements were performed using a
Carri-med CS-50 controlled stress rehometer with a
cone-plate device (radius 2.5 cm, cone angle 4'). A low

deformation of 0.04 was maintained throughout the fre-

quency range explored, between 10 ' and 10 Hz. The
kinetics of the gel formation was followed by measuring
G at a fixed frequency until equilibrium was reached.
The mechanical spectrum has been recorded (1) in equi-
librium for different R and (2) during gel formation for
fixed R )R, . A constant strain imposed on the gel (for
R )R, ) does not relax for days, indicating that during a
measurement the gel can be considered irreversibly
bonded. In contrast with other biological gels, 23 no hys-
tersis effects were observed during temperature-driven
gelation under present experimental conditions.

Figures 1-5 present the scaling analysis of our data
(from fully cured gels). First, the gel point R, and the
exponents s, t, z, and z' (z and z' characterize the relaxa-
tion time below and above the gel point, respectively )
are determined using Eqs. (1), (2b), and (4b). Figure 1

summarizes the results: Plotting rto
'i' vs R and adjust-

ing s for the best straight-line fit determines s =0.82(5)
and yields an estimate for R, . Similarly, r =1.93(8) was
obtained from Go, z=2.67(12) from jo below the gel
point ( jo is the shear rate where r! begins to deviate from
r!0), and z'=2.65(9) from coo above the gel point (coo is
the frequency where G' crosses G"). All methods yield
the same R, =0.086(2) to within 2%. The exponents z
and z' are equal to within experimental errors, in agree-
ment with the prediction of the theory of critical phe-
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FIG. 1. Determination of the gel point R, and the exponents
s, t, z', and z from Eqs. (la), (lb), (2b), and (4b). The static
viscosity rtp (Pas) determines s 0.82(5) (o); the elastic con-
stant Gp (Pa) determines t -1.93(8) (o); the characteristic
shear rate yp (s ') determines z 2.67(12) (ct) below the gel
point and the characteristic frequency top (Hz) determines
z' 2.65(9) (a) above the gel point. The common gel point is

R, 0.086(2). The indicated error bars are obtained from
varying the exponent estimates but conserving a common gel
point R, and the straight-line behavior near R, .

nomena. In addition, the exponents s, t, and z (=z')
satisfy the scaling law of Eq. (3a).

The exponent d can be calculated without knowing R,
explicitly. If, for a given t. , G is the modulus and mo is
the frequency where the storage modulus crosses the loss
modulus, G„(top) =G'(cop) =G"(top), Eq. (2) predicts
G„(rap)-cup. Figure 2 shows that this is an accurate
method to calculate h, . The measured value is
=0.71(2). The exponents 6, s, and t satisfy the scaling
law of Eq. (3b).

In Fig. 3 the master curves for G'/Gp and G"/Gp vs

ru/rpp are presented, for R) R, . For tp«Cup, G'/Gp is

log (CD/CD, )

FIG. 3. Data collapse of G'/Gp (solid symbols) and G'/Go
(open symbols) vs to/cop, from oscillatory measurements above
the gel point (logio-log~p). The straight line on the left has
slope 1: the one on the right has slope 0.71 (-6). The fluctua-
tions of the data points are representative of the run to run
variations of the rheological measurements.

constant and G"/Gp-rp; for ru»rap, both G' and G"
scale with the exponent 6 0.71. To construct a master
curve for the ratio G"/G' only the variable to has to be
rescaled. Figure 4 shows G"/G' vs ro/rop. For tp«rap,
one recovers the expected linear behavior in tp/top, and
for Cp»cup, G"/G' is constant. The value of this con-
stant, 1.99(8), agrees very well with the universal predic-
tion G'/G'-tan(htr/2) =2.04. "

Figure 5 shows the scaled viscosity ri/tip vs j/yp below
the gel point. The data from different e clearly fall on a
single curve, confirming the scaling Ansatz of Eq. (4).
For y» yp, rt/r)p approaches the predicted slope s/z.

Additional results corroborate our analysis: (i) Mea-
surements of G for R & R, agree with the scaling hy-
pothesis but they are less accurate than those R &R,.
(ii) Oscillatory measurements were performed at finite
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FIG. 2. Shear modulus G, as a function of frequency coo for
G'=G" (log~o-Iogio). The straight line has slope 6=0.71(2)
[Eq. (lc)].

FIG. 4. The ratio G"/G' as a function of to/top (log~p-logio).
The straight line on the left has slope 1; the horizontal line on
the right has the value G "/G' 1.99(8). With tan(htr/2)
=G "/G' this leads to the estimate 6 =0.70.
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FIG. 5. Data collapse of the viscosity rt/rip vs the shear rate
y/yp below the gel point (log~p-log~p). The straight line has
slope s/i 0 31.

time t for a fixed calcium concentration R & R, .
Defining e=

~
(t —

ttt)/ttt ~ (tg is the gel time) the results
agree with those from fully cured gels. For example,
Fig. 3 is reproduced to within the size of the symbols.

Our results show that scaling theory can describe the
properties of the gelation transition accurately. The con-
sistency of the exponents obtained independently in

different measurements is a stringent test for the scaling
Ansatz (the oscillatory measurements used in conjunc-
tion with the complex modulus perturb the gel in a fun-
damentally different way than the steady-state measure-
ments used for the dynamic viscosity). It is strong evi-

dence that the measurements were performed in the crit-
ical region of the sol-gel transition.

The identification of the relevant gelation model fol-
lows from comparing the dynamic exponents with theo-
retical predictions; we find excellent agreement with sca-
lar elasticity percolation. This conclusion is supported
by known structural properties of pectins: (i) The poly-
mer concentration used in the experiments places the
system in the weakly entangled semidilute regime and
(ii) from the calcium concentration, the size of the junc-
tion zones, and the polymer persistence length, the dis-
tance between two neighboring junction zones on a poly-
mer is estimated to be —15 persistence lengths.
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