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Nature of the Prewetting Critical Point
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In a Monte Carlo simulation of a three-dimensional lattice-gas model of the adsorption of a liquid film
on a substrate, we have observed the thick-film-thin-film (prewetting) transition, located the prewetting
critical point, and determined its nature via finite-size scaling. We find this critical point to be two-
dimensional Ising type, confirming the conjecture that surface phase transitions out of bulk coexistence
should belong to this universality class.

PACS numbers: 68.45.Gd, 05.70.3k, 64.60.I.r

Gas adsorption at an inert substrate can result in a
variety of surface phase transitions, one of which is
prewetting. This is a transition from a thin to a thick
adsorbed liquid layer induced, for example, by increasing
p, the chemical potential of the gas, towards its value at
bulk saturation p„&(T) at a fixed temperature T above
the wetting temperature T~. The line of first-order
prewetting transitions p~„(T) [(p„.,(T)] extends from
the point of the (first-order) wetting transition (Tii,p„i)
to the prewetting critical point (Tu„„pp„,), where the
distinction between thin and thick films disappears.
Prewetting was investigated first by Cahn' and Ebner
and Saam in mean-field density-functional treatments
of continuum fluids. Subsequently Ebner and Sen and
Ebner observed prewetting in Monte Carlo (MC) simu-
lations of a lattice-gas model of a fIIuid at an adsorbing
wall. Very recently prewetting was found in MC simu-
lations of a Lennard-Jones model of fluid argon at a
structureless substrate. In none of these simulations was
the critical point located accurately, nor was there any
attempt to determine the nature of the criticality. It has
been conjectured that prewetting criticality should be
equivalent to that of the pure surface transition which, it
is argued, should display standard (d —1)-dimensional
Ising-type criticality when the bulk system is a d-
dimensional system. Indeed, it is conjectured that aO
surface phase transitions out of bulk coexistence should
exhibit two-dimensional Ising critical exponents. The or-
der parameter, which is the diA'erence between the cover-
age in each adsorbed phase, is a scalar (n=l) and the
correlation length (~~ can only diverge in two dimensions
(parallel to the substrate) since, out of coexistence, the
adsorbed phases are of finite thickness. In an earlier
study' we succeeded in locating the prewetting line and
its critical point in MC simulations of a lattice gas
confined between two adsorbing walls. The purpose of
this Letter is to elucidate, via a finite-size scaling
analysis, the nature of prewet ting criticality in the
lattice-gas model of adsorption, and thereby ascertain
the validity of the above conjectures.

The model we have investigated is essentially the same
as that described in Ref. 10. It consists of a simple cu-

bic, nearest-neighbor (Ising) lattice gas bounded by a
wall that exerts a potential VJ. —= V, (ja) on a particle in
the jth layer from the wall. The form of the wall poten-
tial is chosen to model Lennard-Jones 12-6 interactions
between atoms in the fluid and those constituting the
wall:
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where a is the lattice spacing, e ()0) is the strength of
the nearest-neighbor bond, and R is a constant fixed at
the value ' of 0.31. In the previous simulations' we
were concerned with the eA'ects of confinement on phase
transitions so we studied lattices confined between two
identical parallel adsorbing walls for various wall separa-
tions. Here we deliberately avoid the phenomenon of
capillary condensation, which can preclude the observa-
tion of prewetting between stable phases, ' by keeping
only a single wall and matching the bulk gas at a dis-
tance of 32 layers by means of a contact potential: V32
=V, (32a) +ept, . The bulk gas occupancy (density) pb
was determined self-consistently from the density profile;
the latter is constant beyond 7 or 8 layers, except for the
thick film close to T~—0.5T„with bulk critical temper-
ature T, =1.1279e/ktt.

First-order prewetting transitions were determined us-
ing thermodynamic integrations ' to determine the
grand potential of the thin and thick films; these coexist
when the grand potentials are equal. An example of
coexisting films is shown in Fig. 1 for a temperature
which is about 4 of the way along the prewetting line.
Both films are certainly three dimensional in character.
The thin film shows substantial occupancy of the second
and third layers, while the thick film extends as far as
the sixth layer. As the temperature is increased the
profiles of the coexisting films become closer. However,
as emphasized in Ref. 10, it is not feasible to locate the
critical point accurately by searching for the disappear-
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TABLE I. Critical exponents governing the scaling of the
moments of the adsorption difference probability density at the
prewetting critical point. The numbers in brackets are the er-
ror estimates.
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FIG. 1. Average occupancy (density) profiles p, of coexist-
ing thin and thick films at a point on the prewetting line:
T/Tc =0.64 and (p„&—p)/(p„& —pr, ) =0.88). j denotes the
layer number. I =64.

ance of the order parameter or for the absence of hys-
teresis in the adsorption isotherms. Rather we adopted
finite-size scaling techniques of the type used in a recent
study" of criticality in strictly two-dimensional lattice
models.

The probability density of the coarse-grained order pa-
rameter, P(ML), contains universal information, ' over
and above that associated with critical exponents, and
this function can be regarded as the hallmark of a
universality class. " In the case of prewetting we take
ML to be the difference between the mean number of oc-
cupied sites in the thick and thin films, and choose the
coarse-graining length to be L, ~here L is the wall area,
equal to the number of sites in a layer. (We recall that
correlations can only diverge parallel to the wall since
the film remains of finite thickness at criticality. )

The scaling form for P(ML) is

are specific to a universality class. " We have deter-
mined Po, P/v, and the {X;l (i =1,2, 3) by performing g
fits to the moments ML" ——(ML) of the distribution (3)
for 23 different combinations of L, ht, and Ap, in a
manner similar to that in Ref. 11. The results are
presented in Table I and in Fig. 2.

The MC simulations measured P(ML, ) using walls
with L =8, 16, 32, and 64 and represent some 3000
central-processing-unit hours on the Active Memory
Technology DAP 510. The algorithm used was a paral-
lel version of the Metropolis algorithm but we have now

implemented a cluster algorithm' for this inhomogene-
ous system which should reduce the critical slowing
down that occurs with increasing L, thereby shortening
run times. A typical data point for the L =64 system
consisted of 8 bins of 100000 time steps each, with a
measurement every 20 time steps, discarding 2000 time
steps between each bin and for equilibration.

The first entry in Table I, P/v, was determined from a

g fit to the ratio of moments RL=—ML, /ML ' which, ac-
cording to (2), behaves as

RL =rQL ~ "(I+ripiL' "+r3L "+ . ) .

P(My. ) =boL~ 'P(boL~ 'ML, L 'p1, L 'p2 L 'p3), (2)

with Xi =llv, X&=d* —plv, X3 co pi Qikt+tt2kp,
and p2=b1ht+b2hp Here p and. v are the usual criti-
cal exponents, ht and hp are the deviations in tempera-
ture and chemical potential from their values at the
prewetting critical point, d is the effective dimensionali-
ty, and the a; and b; are nonuniversal constants. The
second and third arguments of P are the two relevant
scaling fields at the critical point, while the last term rep-
resents the leading correction to scaling; p3 is the leading
irrelevant scaling field. If the arguments are all small
then (2) can be expanded as

P(M, ) =b~t"tP,*(M,)+p, L"P,*(M,)+p2L 'P2 (M, )
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where the scaled order parameter ML =boL~ 'ML.
The functions P;*, as well as the exponents )I.; and P/v,

FIG. 2. The fixed-point distribution of the scaled adsorption
diAerence ML at the prewetting critical point. The argument is
scaled so that the function has unit variance and the function is

symmetric about ML, =0. L =64.
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Note that the term involving the scaling field p2 does not
contribute to the even moments, as the function P2 is an
odd function of its argument. The g analysis now pro-
vides estimates of the parameters r;, p~, P/v, I/v, and ro

which best fit the measured RL with the form (4). We
have also fitted the combination of even moments
G —= [3(M ) —ML ]/2(M ) and the odd moments
ML,

' and ML, the last two allowing estimates of kq.
The entries in Table I represent the average estimate of
each exponent obtained from the various fits; in all cases
the estimates agreed to within error. Our fitting pro-
cedure also provides an estimate of the location of the
prewetting critical point, where the two relevant scaling
fields p~ and p2 vanish. We estimate T~„JT,=0.703
and (p„t p~„,)—/ka T, =0.0238. '

The g analysis indicated that the L=8 wall was not
sufficiently large for corrections to scaling [the last term
on the right-hand side of (4)] to be negligible. Thus
L =8 data were not included in the fitting. We were not
able to determine whether the leading correction to scal-
ing assumed its predicted two-dimensional Ising value"
with co 3, or whether the correction was of the form
1/L, as might be expected from a simple balancing of
surface and volume terms.

Our best estimate of the fixed-point distribution
Po (ML ) comes from a simulation with L =64 at
(T~„„p~„,), as determined by the g analysis of the mo-
ments. This is plotted in Fig. 2, with the nonuniversal
amplitude bo chosen so that Po (ML) has unit variance.
As Po (ML) depends on the boundary conditions of the
coarse-graining block, which in our case are three-
dimensional anisotropic, we do not expect this function
to be identical to the Po (ML) measured in Ref. 11 for
strictly two-dimensional scalar spin systems. Neverthe-
less, our present results do exhibit two features in com-
mon with the earlier ones: a small value at ML =0
and steep tails —both indicative of low-dimensional criti-
cality. The tails of Po (ML, ) should decay as
exp( —~ML (

'+ ). ' Fitting the tneasured function to
this form for

~ ML ~
& 1.50 gives 6 =14.87+ 0.74, with a

g of 46.2 for 39 degrees of freedom. This estimate
should be compared with the exact two-dimensional Is-
ing value 8-15.

Our results show that the prewetting critical point,
corresponding to the disappearance of the adsorption
difference between thin and thick adsorbed layers, of the
lattice-gas model of a fluid at a substrate, exhibits two-
dimensional Ising universality. We believe that this con-
stitutes the first confirmation by simulation of earlier
conjectures on the nature of prewetting criticality.
By choosing a substrate potential V, of moderate
strength ' we have avoided the occurrence of a se-
quence of discrete layering transitions associated with
strongly attractive substrates. As we ensure that T~
& Tg, the roughening temperature of the lattice, our re-

sult should be directly applicable to prewetting in contin-
uum fluids, where the liquid-gas interface is always
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rough. Layering transitions, where the coverage jumps
from a value corresponding to n layers to that corre-
sponding to n+1 layers, should exhibit the same type of
criticality as prewetting. ' MC simulations have found
a sequence of layering transitions in lattice-gas mod-
els ' but critical exponents were not determined. Our
present result, taken with the experimental results based
on heat-capacity measurements for the liquid-gas transi-
tion in submonolayer methane on graphite: P=0.127
+ 0.02' and for the monolayer-bilayer transition in

C2D4 on graphite: P between 0.08 and 0.17 ' would also
seem to confirm the two-dimensional Ising conjecture for
layering.
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