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Inflation Can Save Cosmic Strings
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A new scenario of cosmic strings is presented which is free from the gravitational-radiation constraints
imposed on their line density by the primordial nucleosynthesis and the timing data of a millisecond pul-
sar. In this scenario the phase transition is induced nonthermally during the inAation so that it is not
necessary to assume a Friedmann-Robertson-Walker universe in thermal equilibrium at the outset.

PACS numbers: 98.80.Cq

The cosmic-string scenario is one of the major pro-
posed formation mechanisms of the large-scale struc-
tures in the Universe. ' One of the remarkable features
of this scenario is that it has essentially only one parame-
ter, namely, the line density of the string p. It should
satisfy Gp p/Mpl = 10 in order to meet various ob-
servational requirements, where G and Mpi=1.2x10'
GeV are the gravitational constant and the Planck mass,
respectively. ' This value, however, causes some prob-
lems. We first point out three problems in the conven-
tional scenario, and then present a new scenario which
resolves them by abandoning the thermal phase transi-
tion and utilizing inflation. That is, we shall show that
inflation is not only compatible with the cosmic-string
scenario by may also be a necessary ingredient of it.

The first problem we would like to point out concerns
the implicit assumption of thermal equilibrium in previ-
ous literatures. ' Consider the following Abelian
Higgs model which allows a string solution:
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where a, N, and g» are (gauge) coupling strength, num-

where F„, 8„A„—8,A„and D„=tl„—ieA„with e the
gauge coupling constant. Since the line density is p=v, v should be —10i6 GeV for Gp = 10 . This
means that the critical temperature of the thermal phase
transition is T,—[k/(A, +e )]'1 v —ev —10' ' GeV. In
the conventional scenario, it has been taken for granted
that the scalar field g was already in thermal equilibrium
well before T=T, so that string formation is described
by the Kibble mechanism. However, in order to attain
thermal equilibrium from an arbitrary initial condition,
it is necessary that the particle interaction rate with g, I,
exceed the cosmic expansion rate H. That is,
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Hence T should satisfy

ber of relativistic modes interacting with g, and total rel-
ativistic degrees of freedom, respectively. Though all
these parameters are model dependent, it is not always
true that T,q is as large as T,.

A more serious problem caused by the high critical
temperature is the well-known incompatibility of the
string scenario with inflation, which is now widely ac-
cepted as the sole known mechanism to explain the ob-
served homogeneity, isotropy, and flatness of the Uni-
verse. Thus in order for the conventional scenario to
work, among various possible initial states of the classi-
cal Universe, we must single out a very particular one,
namely, the Friedmann-Robertson-Walker universe in
thermal equilibrium with its energy density equal to the
critical density with high accuracy. In other words, one
should give up the scenario based on the thermal phase
transition to study cosmic strings in more realistic
cosmologies.

For the purpose of overcoming the second problem,
some people have proposed mechanisms of nonthermal
phase transitions such as the "inflation"-induced phase
transition ' " or the curvature-induced phase transi-
tion. ' The latter mechanism is especially plausible since
it is a natural consequence of reanalyzing the phase tran-
sition in the curve spacetime.

Finally, in addition to the above two difficulties, to
which a natural resolution has been proposed, there is

yet another difficulty, which may be a problem for the
conventional cosmic-string scenario depending on the re-
sult of numerical simulations, and no resolution has been
proposed yet, that is, constraints on the line density im-

posed by the gravitational radiation background from
string loops.

We can calculate the spectrum in terms of the number
density of loops and the radiation spectrum of a single
loop. The former is give by the scaling solution of the
loop distribution, ' ' which gives the number density
of loops with radius R-R+dR at time t as

n(R, t)dR =
512 312 dR,

in the radiation-dominated phase, where v is a numerical
coefficient determined by numerical simulations of string
networks. As for the latter, it has been shown that a
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loop with radius R emits gravitational radiation whose
typical angular frequency and lifetime are R ' and
r =R/yGp, respectively, where y= 5. ' '

%'e may obtain some constraints on Gp with the spec-
trum thus calculated from the primordial nucleosynthesis
and the timing data of a millisecond pulsar. From the
upper bound on the cosmic expansion rate at the pri-
mordial-nucleosynthesis era (t —1 sec) we obtain'

2

Gp. & 2x10 &, (1)
5 0.01 10

where P is the ratio of the length to the average radius of
a loop. From the timing data of the millisecond pulsar
PSR 1937+21, we obtain the following constraint' '
depending on the duration of the observation D,
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The observation began in November 1982 and the last
factor in the inequality (2) is now becoming as large as
unity.

Meanwhile, a recent development in the numerical
simulation of string networks' has shown that the quan-
titative feature of the scaling solution is considerably
different from the naive one in which the typical curva-
ture scale of a long string is identified with the horizon
scale. That is, there appear as many as some tens of
long strings in the horizon volume and their correlation
length is so small that the average radius of loop formed
at time t is given by R =et with e-10 . Consequently
the parameter v is 10 times larger than the previously re-
ported value 0.01, or v=0. 1. Thus, taking this result
literally, the conventional scenario with Gp = 10
seems to be ruled out. However, we should allow for
some numerical ambiguities in y, v, P, and e, taking into
account the result of other groups' numerical simula-
tions. '" Hence it is too early to make a definite con-
clusion about this problem. Nevertheless it is true that
the constraint on the line density would become much
more stringent if the timing data of the pulsar should
remain quiet in the future too.

Therefore, in this paper we regard the gravitational-
radiation constraints on the line density as a problem and
seek a way out below. First recall that the constraint (2)
is derived from gravitational waves with frequency—D ' —10 ' yr ' today. There are various sizes of
loops which may contribute to ~aves of this frequency.
Some of them are small ones which originally emitted
high-frequency gravitational waves. Their frequency
was red shifted to the observed frequency in the course
of cosmic expansion. But their energy density also suf-
fered a large red shift at the same time. Hence the con-
tribution from very small loops is minor. On the other
hand, larger loops also contribute to this frequency, for

they become smaller and emit arbitrarily high-frequency
waves as they decay. Some of these waves may just red
shift to the frequency —D ' today. The larger the orig-
inal loop size is, the later they decay so that their contri-
bution is not red shifted very much. However, larger
loops are much smaller in number. Consequently their
contribution is also minor.

Therefore the loops which dominantly contribute to
the gravitational waves with frequency -D ' today are
intermediate-sized loops whose radiation just before their
decay time has red shifted to this frequency today. Their
size and formation epoch are given, respectively, by
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where t,q, to, and 0 are the equipartition time, present
age, and density parameter of the Universe, respectively.
Considering the eA'ect of larger loops which may contrib-
ute to gravitational waves in the range of interest
through the higher-order harmonics, we shall take the
formation epoch of loops relevant to the pulsar constraint
to be earlier than t —10 sec.

This means that if there is yet no significant loop for-
mation at this epoch, we are free from the constraints
(1) and (2). Such suppression can be realized if the den-
sity of long strings is so small that they cannot intersect
with each other frequently enough for their distribution
to relax into the scaling solution.

Here we state that inflation can provide such a dilu-
tion mechanism. Indeed, if the phase transition takes
place in a late inAationary stage, the subsequent ex-
ponential expansion may moderately dilute the string
density as well as conformally stretch the long strings
produced. After inflation, self-intersection of a long
string starts when its curvature scale reenters the Hubble
radius and intersection of two long strings practically
starts when their density becomes as large as one per
Hubble volume. Then loop production sets in to make
the system relax into the scaling solution.

Hence what is necessary for a successful scenario is
that the beginning of significant loop production is late
enough to suppress the production of the small loops
relevant to the gravitational-radiation constraints but
early enough to produce the loops responsible for galaxy
formation, which are produced just after the matter
domination, according to the recent numerical simula-
tion. ' In the conventional scenario it is evident that
there is no room for such an advantageous scenario.
However, it is possible to obtain such a model if we make
use of thc mechanisms of nonthermal phase transitions
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respectively, where m is the inflaton's mass which should
be smaller than m = 10' GeV to avoid the production
of too much density fluctuation. '

In the inflationary stage p(t), the scale factor a(t),
and B(t) are given by

a(t) =aoexp, [yo —y(t)'1
Mp)

16 m 16 m%(t) = (t)' —2m'=-, p(t)'
Mpi M pi

(3)

respectively, where go =Mp~/m is the typical value of p
at the Planck epoch. ' Thus the scalar curvature de-
creases as p evolves towards &=0. Therefore g=O be-
comes unstable when V,"[@=0] (0 or %/6 (A, v . How-
ever, while p satisfies H (p) &

~ V,"[g=O] ~, quantum
fluctuations intrinsic to the exponentially expanding
spacetime dominate g's evolution. " When p becomes
as small as to satisfy H (p) = —V,"[@=0], g's evolution
is governed by its potential so that its phase is practically
fixed and we may predict where cosmic strings will ap-
pear after the phase transition. Thus the phase-fixing
epoch of g is given in terms of p as

&=3042m&4'v&6Mp]=g. t, (4)

where m~4=m/(10' GeV) and v~6=v/(10' GeV).
One can obtain constraints on the e-folding numbers

of inflation n after p becomes as small as p„ from the
two requirements stated above. To do this, however, we
must know the average density of strings at the phase-
fixing epoch. Let us now estimate the mean separation
of strings at that time. First consider a point with arbi-
trary values of g gz+igz and Vg. We can always make
a gauge transformation so that g has only the real part
there. Then since a string is the loci of @=0, the follow-
ing inequality must be satisfied in order that a string
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which have been proposed to solve the inflation-string
pr obl

Here let us consider the curvature-induced phase-
transition scenario' as an example, though we could
proceed with the following arguments in the inflaton-
induced phase-transition scenarios' "as well.

As discussed in our previous paper, ' it is likely that
the scalar field g is nonminimally coupled with the scalar
curvature % and that the phase transition takes place
due to time variation of % rather than that of tempera-
ture. Thus the assumption of thermal equilibrium is un-
necessary. Here we consider, for definiteness, the case
where g is conformally coupled with curvature in the
chaotic-inflation scenario in which inflation is driven by a
minimally coupled massive scalar field p. That is, their
potentials read

V, [g] -(X/4)((g( ' —v')'+ —,', % (g) ', U[y] = —,
' m'y',

runs within a distance of r from this point:"

&gr
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Conversely, there is a string with the probability of 2 if
this inequality is satisfied. Thus the mean separation of
"strings" d is given by d =3(gz)/((V@I) ). Since g's
behavior is governed by quantum fluctuations during
H (P) & V,"[g=O] & H(p—), when it has the power
spectrum yak =gtk =H /2k, (gtt) and ((V@I) ) at the
phase-fixing epoch are reasonably estimated as

H' d'k
&g') = ' 2k (2')
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where T~9 is the reheat temperature in units of 10 GeV.
Meanwhile for successful galaxy formation, there should
exist as many as —10 long strings in the Hubble volume
at the equipartition time, so that

n ~51+ 3 lnT~9+ 3 lnm]4.

Using (3) and (4), the above inequalities are translated
to a constraint on the model parameter A, as

7x10 m]4vi6 (k & 9x10 m]4v]6

Thus our model predicts the value of X, with an accuracy
of =30%.

In conclusion, we have argued that the nonthermal
phase transition during inflation surpasses the thermal
phase transition as the formation scenario of cosmic
strings, because it can simultaneously resolve the three
problems of the conventional scenario, namely, the as-
sumption of thermal equilibrium of the g field before the
phase transition, which is not necessarily justified; the in-
compatibility with inflation; and the gravitational-
radiation constraints of loops on their line density which
may be a problem for the conventional scenario accord-
ing to the recent numerical simulation by Albrecht and
Turok. ' As a specific example, we have considered the
curvature-induced phase-transition scenario and shown
that it is both natural and successful. Finally we note

respectively, where l is the e-folding number of cosmic
expansion while quantum fluctuations dominate g's evo-
lution, which is given by l =kv /m . As will be revealed
shortly, l = 10 in our model. We may estimate d from
(5) as d = 3J2/m.

Knowing the mean separation of strings at the phase-
fixing epoch, we may now derive the constraints on n.
First, in order to avoid significant loop production before
t —10 sec, we demand the line density of long strings to
be less than —1 in the Hubble volume. Then n must
satisfy

n~43+ 3 lnT~9+ 3 lnm]4,
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that in the present scenario there may well exist two
mechanisms of generating density fluctuations simul-
taneously, namely, relic quantum fluctuations due to
infiation and those produced by cosmic strings. Hence it
is worthwhile to investigate their combined effects on the
formation of large-scale structure.

The author is grateful to Professor K. Sato and Pro-
fessor K. Maeda for their continuous encouragement.
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