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Full-Folding-Model Description of Elastic Scattering at Intermediate Energies
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Nucleon-nucleus optical potentials are calculated using full oA-shell nucleon-nucleon free t matrices
based on the Paris potential. Applications to proton scattering from "Ca at 200 and 300 MeV are
presented. Significant diAerences are found between observables calculated using full-folding potentials
and tp approximations to them, demonstrating the importance of an accurate treatment of off'-shell

eAects. The agreement between calculated and measured observables improves substantially using the
full-folding model.
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One of the recent major thrusts in intermediate-energy
nuclear physics has been directed towards understanding
and interpreting the growing body of nucleon-nucleus
(NA) scattering data within a microscopic framework.
Particular attention has been devoted to the microscopic
models of Kerman, McManus, and Thaler' (KMT) and
Watson. Assuming that the projectile-nucleus coupling
is restricted to a sum of effective nucleon-nucleon (NN)
interactions between the projectile and each target nu-
cleon, these models lead to a structure for the optical po-
tential involving a convolution of the target-state wave
functions with the off-energy-shell NN t matrix. This
form of the optical potential is known as the full-folding
model. Potentials of similar structure have recently been
applied to pion scattering. Because of the complicated
structure of the full-folding model several approxima-
tions have been introduced to simplify the calculation of
the optical-model potential, resulting in a factorized tp
structure in momentum space. Extensive applications of
these nonrelativistic tp approximations to elastic scatter-
ing have met with varying degrees of success. ' In fact,
they encounter systematic difficulties in describing, even

qualitatively, the experimental data at intermediate ener-
gies. The introduction of relativistic degrees of freedom
through the relativistic Ep approximation ' has shown
some striking improvements; however, there remain
deficiencies which need to be understood, especially
below 500 Mev incident energy.

In order to draw more definitive conclusions about the
intrinsic limitations of the nonrelativistic model, accurate
calculations of the optical potential including all the
relevant intrinsic properties of the NN eff'ective interac-
tion and nuclear ground state are required. At inter-
mediate energies, where the nonlocal and energy-
dependent free t matrix is expected to be a reasonable
approximation to the eff'ective internucleon force, the
calculation of the full-folding optical potential is espe-
cially important in that it provides a natural base line

(2)

from which further corrections may be introduced.
In this Letter we report results obtained from the cal-

culation of the full-folding optical potential in momen-
tum space for proton elastic scattering, including the in-
trinsic energy dependence of the NN effective interac-
tion, its off-shell behavior, and knock-on exchange terms.
Although medium corrections have been shown to be im-
portant at intermediate energies when the NN force is
assurrted to be local, this type of correction is not explic-
itly considered here. Indeed, one of the long-term objec-
tives is to reassess the role of medium corrections within
a framework in which the off'-shell properties of a realis-
tic NN interaction are included. For example, medium
corrections to the interaction usually associated with
Fermi averaging within the local-density approximation
are naturally accounted for in the full-folding frame-
work.

To first order in a multiple-scattering expansion, ' the
optical potential for elastic scattering is given by the an-
tisymmetrized (A) matrix elements

A

U(E) = g &&0 I
T (&+ED) I @0&a, (I)i=1

where E is the beam energy, Ep is the energy of the tar-
get ground state,

I @0& is the correlated target wave func-
tion, and T; is the many-body eA'ective interaction be-
tween the incident nucleon and the ith nucleon in the
target. Neglecting medium corrections and assuming a
free spectrum for the nucleons propagating in intermedi-
ate states, the T; matrix is related in Ref. 9 to the
two-body free t; matrix which satisfies the Lippmann-
Schwinger integral equation

t;(to) =v;+v; t;(co),1

co —Kp —K;
where v; is the bare internucleon force and Ko (K;) is the
incident (struck) nucleon kinetic energy. Total momen-
tum conservation for the interacting pair allows the two-

t

body t; matrix to be expressed in terms of a one-body t
matrix,

+k
&k'p'I t;(to) I kp& =S(k'+p' —k —p)& —,

' (k' —p')
I
t co —

I
—,
' (k —p)&, (3)
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with M the total mass of the pair. %'ith these considerations and taking the target ground state to be a Slater deter-
minant of single-particle wave functions fp, j one obtains the full-folding expression for the optical potential in momen-
tum space

2

U(k', k;E) =g„dpi', (p —k')(k' —
—,
'

pi t E+e.— ik ——,
' p)~y, (p —k),

a
(4)

where the sum runs over the occupied single-particle
states a having single-particle energies t. .

We have calculated the optical potential using Eq. (4)
for proton elastic scat tering on Ca. The single-particle
energies e, were each replaced by an average value of
—20 MeV. The off'-shell t matrix was calculated from
the Paris potential. ' The single-particle wave functions
p, were taken from a harmonic-oscillator model fit to the
electron-scattering data;'' the fit provides a reasonable
description of the charge form factor for momentum
transfers q&2 fm '. The same set of wave functions

(pal was used throughout all calculations reported here.
Proton and neutron densities were taken to be identical.

We have also calculated on-shell and off-shell q ap-
proximations' to Eq. (4). The on shel-l tp potential is
constructed by multiplying the nuclear density in

momentum space by the on-shell free t matrix evaluated
at an energy defined by the invariant mass in the Breit
frame. ' The og-shel/ tp potential is calculated follow-

ing Ref. 12. In this approximation to Eq. (4), p in the

t-matrix elements is fixed by the optimum factorization
prescription ' resulting in an optical potential having
the factorized form V'i t iS)p(q), where the NN rela-
tive momenta 4' and /are not constrained to be on the
energy shell. In performing the latter tp calculation the t
matrix was evaluated at a fixed energy given as if the
struck nucleon were at rest in the target system. A simi-
lar calculation has been recently performed by Elster
and Tandy. '

When calculating the proton-nucleus scattering ob-
servables in momentum space, the Coulomb potential
was treated following the method proposed by Vincent
and Phatak' with the charge densities treated following
the Eisenstein and Tabakin procedure. ' We have found
this procedure to be reliable in the range of momentum
transfer studied here (0-3.7 fm '). Results were
verified by transforming the optical potential to coordi-
nate space and solving the corresponding integrodiff'er-
ential equation.
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FIG. 1. (a) Full-folding (solid curve) and on-shell tp (dash-dotted curve) calculated observables for p+ Ca at 200 MeV. The

data are taken from Refs. 16 and 17. (b) Full-folding (solid curve) and oA-shell tp (dash-dotted curve) calculated observables for
p+ Ca at 200 MeV. The data are taken from Refs. 16 and 17.
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Calculations of optical potentials and scattering ob-
servables for the Ca(p, p) reaction at 200 and 300
MeV were made following the outlined procedure. In
Fig. 1(a) we compare results at 200 MeV using the full-
folding optical potential with those obtained using the
on-shell tp approximation and with measured observ-
ables' ' for 0, (70 (q(3.6 fm '). For each ob-
servable the full-folding results diA'er significantly from
those obtained with the on-shell tp approximation.
Moreover, the full-folding results are uniformly in much
better agreement with the measured observables than are
those based on the conventional tp approximation. This
is especially true for da/dQ and A~, where the tp ap-
proximation invariably yields too much and too little
structure, respectively. Even on-shell relativistic tp mod-
els, ' which provide varying degrees of improvement in

A~ and Q, predict differential cross sections which have
too much structure.

In Fig. 1(b) we compare results at 200 MeV using the
full-folding model with those obtained from the off'-shell

tp approximation. As in the comparison above, the two
results diA'er significantly. The results calculated using
the oA'-shell tp approximation lie, as expected, between
those of the on-shell rp and the full-folding models with
the full-folding results being in best agreement with the
data.

In Fig. 2(a) results at 300 MeV using the full-folding
model are compared with those generated by the on-shell
tp approximation and with measured observables' for
0, (55' (q(3.7 fm '). As at 200 MeV the full-
folding and on-shell tp results differ substantially; the
full-folding results are in much better agreement with
the data. Apart from the peak in A~ near 10, the full-
folding calculations provide a very reasonable description
of the measured A~ for 0, ~40 . As at 200 MeV, the
problem with the overstructured doldf1 characteristic of
the on-shell tp approximation is largely (but not entire-
ly) resolved by the full-folding model.

In Fig. 2(b) we compare results at 300 MeV using the
full-folding and off-shell tp models with each other and
with the data. At this higher energy the two types of
calculations are in much closer agreement than at 200
MeV. Nevertheless, the full-folding results provide a su-
perior description of the data in the region where the tar-
get wave functions are most reliable (8, (40').

Our calculations at the two energies considered sug-
gest that the off-shell tp and full-folding calculations are
converging (albeit slowly) with each other with increas-
ing energy. This may become an important practical
point as the computational time required to perform the
off-shell sp calculation is nearly 2 orders of magnitude
shorter than required to calculate the full-folding poten-
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FIG. 2. (a) Full-folding (solid curve) and on-shell rp (dash-dotted curve) calculated observables for p+ 4 Ca at 300 MeV. The
data are taken from Ref. 17. (b) Full-folding (solid curve) and off'-shell rp (dash-dotted curve) calculated observables for p+ Ca
at 300 MeV. The data are taken from Ref. 17.
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tial.
Although the target wave functions used here are ade-

quate for comparing the full-folding model with the tp
approximations, more refined bound-state wave functions
are required for a more detailed comparison of the full-

folding model results with the data at momentum trans-
fers larger than -2.5 fm

In summary, we have calculated full-folding momen-
tum-space optical potentials for protons on Ca at 200
and 300 MeV incident energy using the Paris potential.
Results obtained using these potentials have been com-
pared with those obtained using a conventional on-shell
tp approximation, a more recent off-shell tp approxima-
tion, and with measured cross sections and spin observ-
ables. Our primary finding is that there are substantial
diA'erences between the full-folding model and each of
the tp approximations considered here. Additionally, the
full-folding model provides a significantly better descrip-
tion of the observables at the studied energies, especially
in the momentum-transfer range ~here the target wave
functions are most reliable. A systematic understanding
of the implications of the full-folding model will require
its application to other systems of different sizes over a
broader range of energy as well as a study of the sensi-

tivity of the results to the off-shell behavior generated by
alternative NN potentials.
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