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Shallow Cells in Directional Solidification
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We present existing theory on two-dimensional transitions (appropriate to thin parallel-plate
geometries) in such a way that one can identify easily conditions for the onset of shallow cells. By doing
so we can give conditions under which succinonitrile-acetone mixtures should undergo supercritical bi-
furcation in experimentally accessible ranges. These results suggest a means for the quantitative test of
the Mullins and Sekerka model and its weakly nonlinear extensions.

PACS numbers: 81.30.Fb, 47.20.Hw, 47.20.Ky, 81.10.Fq

When a binary mixture is directionally solidified, a
rich variety of transitions of pattern and microstructure
are revealed. ' As the pulling speed V is increased from
zero, the planar solid-liquid interface becomes unstab1e
to spatially periodic cells, which deepen with V. As V is
increased further, there is a dendritic transition, and
finally at large V these structures fade away as the speed
approaches the "absolute stability limit" where the pla-
nar interface regains stability. '

Presumably, the low-speed transition to cells is associ-
ated with a critical speed V„and corresponding wave-
length X„both of which are determined by linear stabili-
ty theory. Such a theory and its weakly nonlinear ex-
tensions via bifurcation theory ' should be valid when
the equilibrium cell amplitude A, increases smoothly
from zero as V passes through V, ; this is the case of su-
percritical bifurcation Subcriti. cal bifurcation occurs
when cells appear through jump transitions at values of
V somewhat below V, .

When supercritical bifurcation occurs, the wavelength
k of the cells near V, should be close to k, . However, in
the subcritical case, the jump transitions create cells of
wavelengths that may differ substantially from X, This
is one possible difficulty in the comparisons between
theory and experiment. These comparisons are made
more difficult due to the fact that the neutral curve of
linear theory, V vs X, is often very flat near V, so that
wavelength selection is weak; when V is just above V„
many X correspond to growing modes of linear theory,
and, hence, secondary or even tertiary bifurcations may
occur near V, .

Recently, there has been a great deal of interest in the
experimental test of the Mullins and Sekerka model and
the associated generalizations of it to weakly nonlinear
regimes. Experimentalists have sought to examine
quantitatively the accuracy of theoretical models. These
tests are difficult because subcritical transitions usually
occur at the onset of cellular morphologies near V, . In
such cases de Cheveigne et al. ' show that the X first
seen differs from k, by factors of 2-3.

The purpose of this Letter is to present existing theory
on two-dimensional transitions (appropriate to thin

parallel-plate geometries) in such a way that one can
identify easily conditions for supercritical bifurcation.
By doing so we can give conditions under which
succinonitrile-acetone mixtures (SCN-A), the best-
documented transparent binary alloy available, " should
undergo supercritical bifurcation in experimentally ac-
cessible ranges. This corresponds to the onset of shallow
cells whose amplitudes 2, increase smoothly and whose
wavelengths vary smoothly from A., as V is increased past
V, . The inclusion of latent-heat effects in the model is
crucial for these materials since the thermal-conductivity
ratio, n, of solid to liquid is near unity. The location of
the transition point, which separates subcritical from su-
percritical behavior, is very sensitive to the presence of
latent heat when n = 1.

The classic mathematical model of the directional
solidification process of a dilute binary mixture is due to
Mullins and Sekerka, who assume the mixture to be iso-
tropic and the liquid to be free of convection. They per-
form a linear stability analysis of the planar front and
obtain an expression for the critical pulling speed V„
above which the planar interface is unstable. By further
neglecting solute diffusion in the solid and assuming that
the thermal diffusivities in both phases are much larger
than the solute diffusivity in the melt, they find an ex-
pression for V, which, for low pulling speeds, reduces to
a form of the constitutional undercooling condition'
modified by latent heat L,

2kDGrcLV—
Kt m(k —1)(1+n)c —kDL

In the above k is the segregation coefficient, m the local
slope of the liquidus, n the ratio of thermal conductivi-
ties, c the concentration of solute at infinity, D the
solute diffusion in the liquid, xL the thermal conductivity
in the liquid, and G the temperature gradient in the
liquid at the interface. Note that y, the surface energy,
is absent from this expression in the small-velocity limit
considered.

Wollkind and Segel consider two-dimensional bifur-
cation theory neglecting latent heat and obtain an equa-
tion for the time evolution of the leading-order distur-
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bance amplitude A, namely,

dA/dt =apA —a)A ~A ~
(2)
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As t ~, A A, =(ap/a~)'/, the steady-state cell am-
plitude. Here ao is the linear-theory growth rate, and a~
is the Landau coefficient; if a~ &0, the bifurcation to
cells is supercritical while if a~ &0, the bifurcation is
subcritical. We define the point at which a~ =0 as the
transition point which separates the two types of bifurca-
tion. Alexander, Wollkind, and Sekerka include the
effect of latent heat and in the vicinity of V= V, obtain a
modified Landau coefficient given in the low-pulling-
speed limit by
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where

I kLD
(k —1)(1+n) trr mc

is a latent-heat parameter,
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is a scaled surface energy, and T is the melting point of
the pure solvent.

One can see from formula (3) that if 1 —n is far from
zero, latent-heat eff'ects are not very important. Howev-

er, if n = 1, as in SCN-A, then the magnitude and,
indeed, the sign of a~ is very sensitive to latent-heat
eff'ects. For example, if n = 1 and latent heat were
neglected, the leading term in Eq. (3) would be zero, yet
by adding a realistic amount of latent heat to give
I '=10, and noticing that at low pulling speeds
I = 10, the leading term now becomes = 10 . There
is thus a dramatic alteration of the location of the transi-
tion point. The transparent organics SCN and tetrabro-
momethane (CBr4), favored for use in experi-
ments, ' ' have values of n very near unity.

In Fig. 1(a) we show for various temperature gra-
dients G the instability conditions in the (c,V) plane
using the linear-theory results of Mullins and Sekerka
and the material property values for the SCN-A mixture
given by de Cheveigne et al. ' For a given G the planar
interface is predicted to be stable to the left of the curve
and unstable to the right. The graph includes as well,
the two-dimensional bifurcation results; the transition
point between subcritical (dashed line) and supercritical
(solid line) behavior is located easily. The neutral stabil-
ity curve can be seen to approach the low-pulling-speed
asymptote given by Eq. (1). Figure 1(b) is identical to
Fig. 1(a) except that latent heat has been set to zero.
The affects of the neglect of latent heat for SCN-A can
be seen by comparing Figs. 1(a) and 1(b).

There are two observations worth making. The criti-
cal conditions (of linear theory) for the onset of cellular
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FIG. 1. (a) Neutral stability (Ref. 2) curves in the (c,V)
plane for succinotirole-acetone, including the effects of latent
heat, at several temperature gradients G in units of K/cm. The
region inside the curve corresponds to an unstable planar inter-
face. The dashed lines indicate regions of subcritical bifurca-
tion (Ref. 5), the solid lines indicate supercritical bifurcation
(Ref. 5), and T.P. denotes the transition point that separates
these. The open circles correspond to the experimental results
of Eshelman and Trivedi (Ref. 9). (b) Neutral stability (Ref.
2) curves in the (c,V) plane for succinonitrile-acetone,
neglecting the effects of latent heat, at several temperature
gradients G in units of K/cm. The region inside the curve cor-
responds to an unstable planar interface. The dashed lines in-
dicate regions of subcritical bifurcation (Ref. 5), the solid lines
indicate supercritical bifurcation (Ref. 5), and T.P. denotes the
transition point that separate these. The open circles corre-
spond to the experimental results of Eshelman and Trivedi
(Ref. 9).

states in the low-pulling-speed region are hardly affected
by the neglect of L; this fact is well known. ' However,
the position of the transition point is greatly affected and
it is this property that motivates this Letter. For the
SCN-A mixture the two-dimensional bifurcations would
be subcritical if L =0 but with the proper value of L in-
cluded, supercritical bifurcations become experimentally
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accessible .For example, for Fig. 1(a) at G =38.2 K/cm,
supercritical bifurcation, and thus shallow cells, should

appear if c lies in the wt. % range 0.01 to 0.15, in con-
trast to the very narrow range shown in Fig. 1(b). The
range of supercritical bifurcation increases in size with
G.

The only experiments on SCN-A that we have found
in the literature in the range we are discussing are those
of Eshelman and Trivedi. Their experiment involves
concentration profiles that have not settled down to the
characteristic exponential as is assumed in the theory.
They make a correction for the unsteady profile and
their suggested results are shown in Fig. 1 as open cir-
cles. They find all three cases to be experimentally sub-
critical. Our calculations predict that the experiment
performed at c =0.1 wt. % should be supercritical. The
discrepancies may be attributed to the unsteady nature
of the experiment or to uncertainties in the values of the
measured material properties used by us. '

The main conclusion of this Letter is thus highlighted
by Fig. 1. By including latent heat in the analysis the
transition point for the transparent-organic mixture
succinonitrile-acetone is shifted significantly compared to
that for L 0. This large shift brings regions of super-
critical bifurcation into experimentally accessible pa-
rameter ranges, thus allowing for a complete test of the
Mullins and Sekerka model. This shift in the transition
point is present in SCN-A, a material with very well-
characterized properties and one extremely well suited to
experiments. ' For example, if SCN with 0.1 wt. %
acetone is directionally solidified with an imposed tem-
perature gradient of 10 K/cm, one would expect to ob-
serve the slow evolution of shallow cells of wavelength X,
at a pulling speed V, of approximately 1 pm/s. This
Letter is a call for such careful experiments on shallow
cells.
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