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Sum Rules and Spin Multipair Excitations in Liquid He
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Multipair excitations in liquid He at low temperature are investigated using a sum-rule approach.
The m3= JS(q, co)co'dco sum rule is calculated microscopically by properly accounting for short-range
correlations. The average spin multipair (mp) energy co&1[m'3(mp)/mI (mp) l 'i' is found to be —50 K in

the low-q limit. A rigorous lower bound for the multipair contribution to the static form factor in the
low-q limit is derived. The relative importance of coherent and spin-dependent multipair excitations is
also discussed.

PACS numbers: 67.50.Dg

After the first measurements with inelastic neutron
scattering on liquid He at the Institut Laue-Langevin'
and at Argonne National Laboratory several experi-
mental and theoretical works have been devoted to the
study of elementary excitations in normal liquid He
(see Ref. 3 for a recent review). Recently it has been
shown that multiple particle-hole excitations play an
important role in characterizing the dynamic form factor
of He for wave vectors in the range 0.3 A. ' ~ q ~ 2.0
A ' giving rise to a significant coupling with the zero
sound mode. The resulting spectrum of elementary exci-
tations has been found to be in good agreement with the
theoretical calculations of Hess and Pines based on the
polarization potential theory by Aldrich and Pines.

The purpose of this Letter is to investigate some prop-
erties of multipair excitations at low temperature using a
microscopic approach based on sum rules. In particular
we calculate the average energy of the spin-dependent
multipair excitations in the low-q limit through the ratio
of two sum rules and discuss the relative importance of
coherent and spin-dependent excitations as a function of
the wave vector q. In the long-wavelength limit the spin
multipair excitations are expected to contribute more to
sum rules than do the coherent counterparts since
current conservation requires the latter contribution be
of higher order in q. As an ingredient of our analysis
we use the HFDHE2 interatomic potential by Aziz et
al. recently employed in microscopic calculations " on
the ground state of liquid He. The sum-rule approach
has been already employed in liquid He ' ' for a sys-
tematic analysis of the phonon-roton spectrum as well as
of the multiphonon contribution to the dynamic form
factor.

The k moments of the coherent and spin-dependent
parts of the dynamic form factor

S(q, co) =S,(q, co)+ '
S;(q, co)

entering the inelastic cross section are defined by the fol-
lowing relation:

m["' =„m"S,(;) (q, m) dm. (2)

In Eq. (I) cr' and o' are the coherent and incoherent
scattering cross sections, respectively [cT'/cT'=0 25 (R. ef.
15)]. At zero temperature one can straightforwardly
derive the following sum rules for the moments I ] and

m3.

m 1
=

2 (0 I [F,', [H, Fq]] I 0),
m = —,

' (0 I [[F,H], [H, [H,F ]]]I 0);

(3)

(4)

+ g V(Ir; —r, I),pi

i 2m i(j
where V(I r; —ri I ) is the central helium-helium poten-
tial. (In the case of He one should add a magnetic
dipole-dipole interaction among the nuclear spin; this
term is negligible and will be ignored in the present
work. )

For small values of the wave vector it is possible to dis-
tinguish in the moments mi, a contribution arising from
the single pair excitations (lp-lh), occurring at energies
of the order of qvf, and a contribution coming from mul-
tipair excitations, occurring at higher energies. The
former excitations are well accounted for by the Landau
theory of Fermi liquids, yielding the following results

these involve commutators between the Hamiltonian of
the system and the excitation operator Fq, where

Fq =pe'' ', F =g a'e ~

J

in the coherent and spin-dependent case, respectively (cr'
is the third component of the Pauli spin matrix). In Eqs.
(3) and (4) I 0) is the ground state relative to the Hamil-
tonian
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for the sum rules m ~ and m3 in the low-q limit' (6 =1):
2

mi(lp-lh) =N
2m

4

m3(lp-lh) =N —eF(1+ 9 Fo+ —„F2),

(6)

(7)

(1+ 3 Fi)
m'~ (lp-lh) =N

2m (1+ —,
' F;) '

(I+ 3 Ff)
m3(lp-lh) =N

m' 5 (1+ -'F', )'
& (I+ —,

' Fo+ ~'s F2),

(8)

(9)

where Ff and Ff are the usual Landau parameters,
eF =pF/2m is the Fermi energy, with m* =m(1
+F~~/3), and N is the total number of particles. As dis-
cussed in Ref. 16 the quantity

co3i (1p- 1 h) =
- i/2

m 3 (1p- 1 h)

m~ (lp-lh)

6eF
- i/2

provides an excellent estimate of the zero sound frequen-
cy and, in particular, accounts for the distortions of the
Fermi surface which characterize such a mode. The
present knowledge of the Landau parameters '

[Fo 9.15, Fo —0.70, Fl =5.27, F~ = —0.55, and
F2=F2=0 at saturated vapor pressure (SVP)l permits
a rather safe determination of such sum rules. Results
(6)-(9) can be derived starting from Eqs. (3) and (4)
using suitable spin-dependent effective interactions and
an uncorrelated ground state. This corresponds to
evaluating the moments (2) within the random-phase ap-
proximation (RPA).

In the following we will discuss the results for the sum
rules (3) and (4) employing the bare spin-independent
Hamiltonian (5). By explicitly carrying out the commu-
tators of Eqs. (3) and (4) one finds the following results
(see Refs. 12, 18, and 19):

(10)-(12) are rigorous results for m
~ and m3 holding at

any value of q. In Eqs. (11) and (12) (Ek) and no are
the kinetic energy per particle and the particle density,
respectively. The quantities

g(r) =no g G(r~a~r2a2),
0'1 0'2

g (r) =no Z aia&G(r)a)r2a2)

(with r r~
—r2) are the radial and spin radial distribu-

tion functions and G(r~a~r2a2) is the usual correlation
function. It is worth noting that, differently from
m j (lp-lh), the sum rule mI is not affected by the in-
teraction as a consequence of the local (velocity indepen-
dent) and spin-independent nature of the bare interac-
tion (5). This result indicates that lp-lh excitations,
characterizing the dynamic form factor in the low-q and
low-co region and properly accounted for by the Landau
theory, do not exhaust the energy-weighted sum rule in
the spin channel, an important contribution coming from
the multipair excitations located at higher energies. The
relevant results from the sum rule m ~ in the spin channel
including the distinction between the 1p-1h and the mul-
tipair contributions are discussed in Ref. 20. Results
(6)-(9), accounting for lp-lh excitations in the low-q
limit, can be generalized to higher values of q using the
framework of the RPA with suitable spin-dependent
effective interactions. In general such calculations will
not exhaust the m I sum rule (10) in the spin channel un-
less multipair effects are explicitly included in the for-
malism as done, for example, in Ref. 5. Equations (11)
and (12) provide a useful way to explore interesting
properties of the dynamic form factor in liquid He using
microscopic ingredients. In fact, microscopic calcula-
tions of the ground state of liquid He starting from the
interatomic potential and accounting for short-range
correlations are now available.

In the low-q limit the m3 sum rules get the following
simplified form:

4 np r

lim m3 =N
~

(Ek)+ g(r)z V, V(r)dr
m 4"

2

m) m') N
2m

(10) limm'3 =N gt~(r)V, V(r)dr,npq 2

q p m
(14)

6
m'=N q +q (E)

8m 3 m2

npq
2

+ J g(r) (1 —cosqz )V, V(r) dr
2m

6 4
m'=N q +q &E)

8m 3 m2

2

+ [g(r) g(r)cosqzl V, V(r—)dr, (12)npq

2m

having chosen q along the z axis. Note that results

H, ge'" " — gp),
'

q pmJ J

and hence m3 vanishes at the order q as a consequence

533

with the spin-up-spin-down radial distribution function
defined by g t ~

= —,
' (g —g ). Equations (13) and (14) re-

veal that the coherent and spin-dependent sum rules m3
exhibit a different q dependence, consistent with the gen-
eral arguments of Ref. 7. The origin of such a difference
between m3 and m3 is easily understood by looking at
the low-q behavior of the commutators [H,F~] entering
Eq. (4). In the coherent case one has
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of current conservation. In the spin-dependent case, vice
versa, one has

q~O Pl

Since the spin current is not conserved, one Ands a q
effect in m3.

It is worth noting that the nonvanishing of the integral
of Eq. (14) is a pure effect of dynamic correlations in the
ground state. Mean-field calculations, based on the
random-phase approximation or on Landau theory, ac-
count only for Pauli correlations in the ground state
(Slater determinant) and consequently give rise to a con-
stant value for g11 (= —,

' ). The q term in m3 then van-

ishes, consistent with the result of Eq. (9). (An excep-

tion is provided by inhomogeneous Fermi systems, e.g. ,
atomic nuclei, for which the term in q in the m3 sum
rule for spin and/or isospin excitations is different from
zero in the mean-field scheme. )

The above results prove that in the low-q limit the m3
sum rule is entirely dominated by multipair effects. On
the other hand the multipair contribution to m'] is easily
calculated in the same limit using Eqs. (8) and (10).
One finds

q2 1 F'] —F]
m'~ (mp) =m'~ (1p-1h) N

q-Q 2m 3 1+ 3

(is)

Combining results (14) and (15) one can evaluate the
ro3i multipair excitation energy in the spin channel,
defined by

roj)(mp) =
&/2

m3(mp) 1+ 3 F& 6nQ
' gti(r)V, V(r)dr (i6)

m'I (mp) q-o F~ F~ m—
Using the radial distribution function by Viviani et al. , which includes central, triplet, and spin correlations in the
ground state, and the above reported values for F~ and F~, we obtain ro3~(mp) =50 K at SVP. We emphasize that
ro3] (mp) cannot in general be identified with the peak energy of multipair excitations. In fact, similarly to what hap-
pens in He, one expects the mp component of the dynamic form factor to be significantly fragmented and the m3 sum
rule rather sensitive to the high-energy components. This can explain why the above value for m3~ is higher than the
value of the peak energy of the spin mp excitations (—20 K) recently employed by Hess and Pines in their phenomeno-
logical analysis of S(q, co).

Results (14) and (15) permit us to find a rigorous lower bound for the multipair contribution to the static form factor

S~ =mo(q)/N=W 'J S(q, co)de

in the low-q limit. In fact, from the inequality (m3/m ~)
' ~ m ~/mo and using Eqs. (14) and (15), one finds

(Fs Fa) 3

Sq'(mp) ~ q J gt 1 (r)V,'V(r)
(1+ —,

' F;)' 216nom

1/2

=0.1q (i7)

where q is given in A . The coefficient of Eq. (17) is a
factor of 2 smaller than the one determined in the phe-
nomenological analysis of Ref. 20. Comparing result
(17) with the single-pair contribution to S~, ' one
notes that for wave vectors q &0.5 A ' the multipair
contribution (17) to the static form factor is not negligi-
ble.

Concerning the role of the coherent multipair excita-
tions, the numerical comparison between the results of
Eq. (7) and Eq. (13) reveals that they practically ex-
haust (—90%) the sum rule m3. This suggests that the
study of the ratio m3/m3 [see Eqs. (11) and (12)] can
provide a quantitative estimate (a part from the factor
a'/cr') of the relative importance of the multipair excita-
tions in the coherent and spin channels as a function of
q. Figure I shows that for q & 0.5 A ' the mp excita-
tions are more important in the spin channel than in the
coherent one.

Finally, we note that the explicit evaluation of the in-
tegrals entering Eqs. (3) and (4) requires a rather accu-
rate knowledge of the short-range effects in the distribu-
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FIG. 1. Ratio m3/m3 vs q, from Eqs. (11) and (12).
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tion functions. In this context it is interesting to remark
that the microscopic results of Refs. 10 and 11, obtained
employing very different approaches, provide quite simi-
lar results for g ~ ~ in the spatial range relevant to the in-

tegral (14), and hence they give quite similar results for
co3~. Conversely, the differences are more pronounced in

g(r), the resulting value for m3 in the low-q limit being
higher by 30% with the calculations of Ref. 10.

The present formalism can be naturally extended to
discuss the effects of multiparticle excitations in other
systems, such as He, He- He mixtures, and polarized
He. A detailed analysis will be presented in a future

work.
We are very indebted to J. P. Bouchaud and M. Vivi-

ani for having provided us with their numerical data for
the radial distribution functions.
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