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It is argued that the superstring tension is not renormalized in perturbation theory for vacua which
preserve N= 1 spacetime supersymmetry. Some implications of this result for macroscopic superstrings
are discussed, as well as some analogies between macroscopic superstrings and solitons in supersym-
metric theories.
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In superstring theory, the only really fundamental con-
stant is the string tension p. All other constants of na-
ture are, at least in principle, related to the string tension
for a given vacuum configuration. It is of interest, there-
fore, to know how quantum corrections alter the classical
value of the string tension because it is the renormalized
string tension that would be measured at low energies.
For example, if cosmic superstrings were to exist, the
deficit angle measured from double images of quasars
~ould directly determine the renormalized superstring
tension. Many authors have addressed the questions of
the renormalization of low-energy couplings and mass
renormalization for massive string states, but to our
knowledge the renormalization of the string tension itself
has not been addressed. As we will see, for spacetime su-

persymmetric vacua, the superstring tension receives no
renormalization in perturbation theory. If the scale of
supersymmetry breaking is much below the Planck scale,
then we would expect the renormalized string tension to
be very close to its classical value.

To evaluate this renormalization we first of all have to
define what we mean by the superstring tension. Consid-
er a vacuum configuration of the form M x 5 ' & K.
Here K can be any internal N=2 superconformal theory
that results in N=1 spacetime symmetry. M is three-
dimensional Minkowski space and S' is a large circle of
radius R, say in the z direction. A closed string state
that wraps around this circle will look like a cosmic
superstring in four dimensions. We can dePne the super-
string tension as the energy per unit length of such a
state with winding number one in the limit that R goes
to infinity. To calculate the energy of this winding state
we evaluate the mass shift in perturbation theory by
evaluating the two-point function of the corresponding
vertex operator on genus-g Riemann surfaces.

Before proceeding with the calculation, let us discuss
what we expect to find. At large distances a macroscopic
superstring should look much like a cosmic axion string. '

Classically, an axion string receives an ultraviolet-
divergent contribution to its self-energy as a result of the
surrounding static axion field. This is quite analogous
to the quadratically divergent renormalization of the
electron mass due to the static Coulomb field in the

Dirac-Lorentz theory of classical electrons. Since there
is an axion in the massless spectrum of the superstring,
with a coupling to a macroscopic superstring which is
like that of an axion string, we expect classically that
this coupling should renormalize the string tension.
Quantum corrections typically soften the classical ultra-
violet divergence and superstring theory is in fact com-
pletely finite in the ultraviolet. We therefore expect an
ultraviolet finite-but-nonzero contribution to the string
tension from the interaction of the string with its various
modes.

Finiteness of string theory, of course, does not pre-
clude infrared divergences of the amplitudes and such
divergences, if present, signify important physics. In our
case, there is a very good physical reason to expect the
two-point function of a cosmic winding state to diverge
in the infrared. A classical string coupled to an axion is
much like a vortex line of a spontaneously broken global
symmetry. The energy contained in the surrounding
static axionic field of such a global string is we11 known
to be infrared divergent and goes as pin(pR), where R
is the infrared cutoff, the radius of the string in our case.
This classical infrared divergence should show up in the
two-point amplitude at the quantum level. Thus, if we
take the radius R of the winding state to be sufficiently
large, we should be able to extract the string-tension re-
normalization by looking at the coefficient in front of the
leading-log divergence and comparing it with the classi-
cal result.

We will show explicitly that the two-point function
vanishes on the torus, and then argue that it vanishes to
all orders in perturbation theory. We will then discuss
how the apparent contradiction between this result and
the above discussion can be resolved. Some connections
between macroscopic superstrings and solitons in super-
symmetric theories will also be presented.

The mass shifts and decay rates of massive states are
related to the real and the imaginary parts of the two-
point amplitude. For a stable winding state with vertex
operator V the mass shift is directly given by the two-
point function. The two-point function 2 at order g is
given by integrating the correlation function of vertex
operators (VV) over the genus-g moduli space with the
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appropriate measure and summing over spin structures.
The right-moving part of the vertex for the lightest wind-

ing state in the 0 picture, evaluated in its rest frame, is

W=g (BA'"+ik y I//")e'

k =(E,O, O, k ), 0 k =0.
The mass-shell conditions are

2k =2k +N —1=0,I Q 1 2

k = (M/2R +LR), k = (M/2R —LR),

where N is the left-moving number operator and k
=(E,O, O, k ). It follows from (2) that for unit winding
number (L = 1) we have two solutions: (M = —1,L = 1,
N=O) and (M=O, L=1,N=1) of energy R +1/
4R —1 and R, respectively. Thus, for a large enough
radius, the former has the lowest energy. The left-
moving vertex for this state has no oscillators (N=0)
and has only the tachyonic part, e'

It will be useful to also consider the infinite tower of
bosonic states created by adding various left-moving ex-
citations to the right-moving ground state. For a given
value of N these states have momenta and winding satis-

fying N= 1 ML and —energy E =(k ) =(M/2R
+LR) . The right-moving part of the vertex operator
for all these states is given by (1). Note also that (1) is
the right-moving part of the vertex operator for a mass-
less gauge boson in 3+ 1 dimensions.

Without the correlator (VV), the one-loop amplitude
A is just the cosmological constant at one-loop level and
vanishes by supersymmetry after summing over spin
structures. Thus, the nonzero part of the answer can
come only from the spin-structure-dependent part of the
correlation function. We therefore need to concentrate
on the correlation function,

(ikI Ii/gI I//e'"' e'"' (vI, vI)i k2

In this correlation we have four fermions, i.e., enough to
soak up the fermion zero modes in the path integral in

order that it does not vanish trivially by supersymmetry.
After summing over spin structures the one-loop ampli-
tude is proportional to the kinematic factor,

k2$2 kI —gI. $2kI k2,

which results from performing the fermion contractions.
Since k I

= —k2 by momentum conservation, gI k2
=$2 kI =kI k2=0, and hence this factor vanishes. As
a result the mass shift vanishes at one-loop level. As dis-

cussed in Ref. 3 there are some theories in which this
naive argument fails. In theories with anomalous U(1)
factors which lead to supersymmetry-breaking D terms
there can be singularities of the form 1/kI. k2 arising
from the integration over the relative position of the ver-
tex operators. We have checked by an explicit evalua-
tion of the one-loop amplitude that such singularities do
not arise here. At higher loop level there are many sub-
leties in superstring perturbation theory, and it is not
clear that nonrenormalization theorems for N-point
functions hold order by order in perturbation theory
without adjustment of the string tension. However, we
would expect that any formulation of superstring pertur-
bation theory in which mass shifts for massless gauge bo-
sons vanish (as would be expected by gauge invariance)
should also lead to vanishing mass shifts for the tower of
states discussed here since the right-moving part of the
vertex operator for massless gauge bosons is the same as
for these states. In particular, this would show that the
superstring tension is not renormalized in perturbation
theory. Note also that the vanishing of the imaginary
part of the two-point function for this tower of states im-
plies that they are all stable, since otherwise the two-
point function would have to have an imaginary part by
unitarity. The stability of these states at tree level is
easily checked.

The vanishing of the mass shift at the quantum level
seems in contradiction with our original classical expec-
tation. We will now show that a more careful analysis of
the infrared behavior of the energy of a winding state
leads to a result consistent with the above.

We want to calculate the contribution to the energy
per unit length of a winding state from the long-range
part of the axion, graviton, and dilaton fields. As in the
string calculation, we will work in perturbation theory
about flat space. To do this we start from a cr-model ac-
tion S that describes the coupling of a string to the
metric G„„antisymmetric tensor B„„and dilaton +.

/kp X Ik Xg2 /3 & Demanding conformal invariance of S leads to the equa-' I// 2' I/I e e (V2, V2)/ .
tions of motion for the background fields. Our point of
view will be somewhat diferent. We wish to calculate
the equations satisfied by the massless fields in the pres-
ence of a string source. We will thus use S to evaluate
the source terms for the background fields in the pres-
ence of a macroscopic string source. This could also be
done by simple vertex operator calculations as in Ref. 1.

Following the treatment in Ref. 5, it is convenient to
perform a conformal rescaling G„, e ~ G„, in D
spacetime dimensions. We can then incorporate the
equations of motion which follow from conformal invari-
ance and the classical couplings of the massless fields to
the string in the combined action

d 2&(J~~mn Q gp Q g Q e 4@i(D—2) + emn Q g& Q gvg )

dDx JQ R t) (pg&(p e
—8+/(D —2)HPvtH

16~G J D —2 " ]2 p vk
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We now take D =4 and consider a macroscopic string
running along the z axis and take z =o. and t =z for the
world-sheet coordinates. For this source the linearized
equations of motion which follow from the above action
are

2V & =V h 1 1
=V h p2 =V Bp3 = 16~Gp8(X)6(y),

which are easily solved in cylindrical coordinates to give

2+=hi) =hp2=Bp3=8Gpf(p),

where f(p) In(p/pp) with pp an arbitrary cutoff corre-
sponding to the width of the string core.

The leading contribution to the energy density outside
the string is then given by Tpp+tpp, where T„, is the
energy-momentum tensor of the antisymmetric tensor
and dilaton and t„, is the gravitational energy-
momentum pseudotensor. Using

16trGT = —,
' (H ——'G H )e

+ [a„ea'e ——,
' G„,(a„ea"e)l

D —2

and the usual expression for t„„we find in the linearized
approximation with D =4,

16trGToo =(8Gp)'[-,' (a fa f)+ ,' (a fa f )—i,

16 Gtoo= —(8Gp)'(2f a, a,f+a,fa,f) .

The fa f term in tpp is a divergent self-energy Part
which does not contribute to the logarithmically diver-

gent part of the energy density. The (af) terms sepa-
rately give rise to logarithmically divergent contributions
to the energy density, but the dilaton and antisymmetric
tensor contributions are precisely canceled by the gravi-
ton contribution. Thus we see that the logarithmic diver-

gence vanishes to lowest order in perturbation theory
about flat space, in agreement with the superstring cal-
culation. The superstring analysis indicates that this
should also be true in higher orders of perturbation
theory.

This delicate cancellation occurs purely between bo-
sonic fields, but can probably be understood by embed-

ding the theory in a supersymmetric theory in which the
bosonic fields are part of the same supermultiplet. The
situation here is in fact reminiscent of magnetic mono-

poles in the Prasad-Sommerfield limit. The details will

be presented elsewhere, but let us sketch some of the
connections here.

In SU(2) gauge theory spontaneously broken to U(1)
by an adjoint Higgs scalar with vanishing potential
(Prasad-Sommerfield limit) there is a universal mass for-
mula for the masses of particle states at the classical lev-

el given by

(mass) ' -v '(e'+g'), (4)
where v is the Higgs expectation value, e is the electric
charge of the state, and g is the magnetic charge. This

shows that classically a magnetic monopole with, say,
charge two, is neutrally stable into decay into two mono-
poles of charge one. One manifestation of this is the fact
that the force between two monopoles of charge one van-
ishes due to a cancellation between vector repulsion and
scalar attraction. This is also connected to the fact that
the classical monopole equations can be reduced to first-
order equations and possess exact multimonopole solu-
tions. Montonen and Olive have conjectured that
there is a dual theory in which the roles of e and g are in-

terchanged, and the magnetic monopoles of one theory
become the gauge bosons in the dual picture.

Some support for this conjecture and a deeper under-
standing of the formula (4) is obtained by embedding
the theory into an N=2 supersymmetric gauge theory
with the gauge fields and the Higgs scalar in the same
supermultiplet. The mass formula (4) then becomes ex-
act in perturbation theory and arises as a consequence of
the appearance of the magnetic and electric charges in a
central extension of the supersymmetry algebra. '

Let us compare this to the infinite tower of string
states we have discussed. Reinstating the string scale,
they obey a classical mass formula

(mass) = + + —,(g —I ) =I 'R' 2 — m LR
R a' R a'

2

(s)

where a'=
2 zp, p is the string tension, and M and L la-

bel the momenta and winding, respectively. A string of
winding two is thus neutrally stable into decay into two
strings of winding one. We would thus expect that the
force between two strings of winding one should also
vanish due to cancellation between the graviton, an-
tisymmetric tensor, and dilaton. The string calculation
indicates that this formula is in fact exact in perturba-
tion theory. Again we expect that this can be understood
in terms of a central extension of the supersymmetry
algebra for the low-energy eff'ective-field theory. Finally,
it is well known that in string theory there is a duality
symmetry which interchanges M and L and takes
R —,

' R. This interchanges electric and magnetic
world-sheet charges. From a spacetime point of view,
there are two U(1) gauge symmetries when we compac-
tify one dimension on a circle, with gauge bosons corre-
sponding to the components G„3 and B„3 of the metric
and antisymmetric tensor field. The duality symmetry
interchanges the electric charges of these two U(1)
gauge groups.

These considerations also make us suspect that there
will exist exact multistring solutions of the equations of
motion for the graviton, dilaton, and antisymmetric ten-
sor fields, albeit with explicit source terms for the strings.
One might speculate that superstrings themselves might
arise as some sort of soliton sector of an underlying
theory, but there seems to be little evidence to support
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this beyond the analogies discussed here.
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