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A new quantum mechanism for the suppression of chaotic ionization of highly excited hydrogen atoms
explains the appearance of anomalously stable states in the microwave ionization experiments of Koch et
al. A novel phase-space representation of the perturbed wave functions reveals that the inhibition of
quantum transport is due to the selective excitation of wave functions that are highly localized near un-
stable periodic orbits in the chaotic classical phase space. These ““scarred” wave functions provide a new
basis for the quantum description of a variety of classically chaotic systems.
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Advances in the study of the chaotic behavior of
strongly coupled and strongly perturbed nonlinear oscil-
lators has lead many researchers to the question of how
quantum mechanics modifies the chaotic classical dy-
namics in corresponding quantum systems like atoms or
molecules in strong fields.! Until Heller’s detailed stud-
ies of the stadium billiard,? highly excited states of
chaotic systems were expected to resemble random func-
tions in configuration space.3 However, Heller found
that typical eigenfunctions were often strongly peaked
along the paths of unstable classical periodic orbits
(PO).? In the past year these so-called “scars™ of the
PO have also been identified in several other systems
that are classically chaotic,* where the peaking of the
quantum probability near PO was found to be even more
pronounced in the phase-space (PS) representation of
the wave functions. These quantum PS distributions also
revealed that the stable and unstable manifolds associat-
ed with the PO also play an important role in determin-
ing the regular structure of the eigenfunctions. Most re-
cently, scars have also been found for highly excited hy-
drogen atoms in strong magnetic fields’> where the
scarred wave functions have a clear experimental signa-
ture in the regular modulations of the photoabsorption
spectrum.®

The purpose of this Letter is to show that the wave
functions of highly excited hydrogen atoms in strong mi-
crowave fields also exhibit surprisingly regular structure
that is closely correlated with unstable PO and their as-
sociated stable and unstable manifolds. A novel PS rep-
resentation of the wave functions, which is closely related
to the Husimi or coarse-grained Wigner distribution,” is
introduced, which clearly and simply reveals this under-
lying structure. Moreover, we show that these scarred
wave functions are responsible for some of the large fluc-
tuations in the threshold fields for the onset of ionization
in the experimental measurements®® shown in Fig. 1.

The classical description of the electron dynamics in
the combined Coulomb and microwave field exhibits a
sharp transition from regular behavior to chaos when the
perturbing field exceeds a critical threshold which is typ-
ically 10%-20% of the binding field.'® For low scaled
frequencies, n3 Q@ <1, Fig. 1 shows that the predictions
of the onset of chaotic ionization for a one-dimensional
model of the experiment, described by the Hamiltonian
(in a.u.)

H(x,p,t)=p*2—1/x+xF(t)cost (x>0) (1)

[where ng is the princpal quantum number of the initial
state, Q is the microwave frequency, and F(z) is the field
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FIG. 1. The experimental measurements (Refs. 8 and 9) of
the scaled threshold fields, ndF, for 10% ionization at 9.9 GHz
with no=32 to 90 (squares) and 36 GHz with no=45 to 80
(circles) are compared with classical (Ref. 10) (solid curve)
and quantum (Ref. 11) (crosses) predictions for a one-
dimensional model of the experiment.

strength which slowly turns on and off as the atoms enter
and exit from the cavityl, are in remarkably good agree-
ment with the experiment.® However, for ng @ > 1 the
thresholds for the onset of ionization in the experiments®
and the quantum calculations'' gradually rise above the
classical thresholds in rough agreement with the “locali-
zation” theory of Casati, Guarneri, and Shepelyansky.'?
In addition, the experimental measurements and quan-
tum calculations exhibit large peaks near resonant fre-
quencies n3Q@ =%, 3,2, 3, and £.%!"' At low scaled
frequencies the prominent peaks at nd@ =1, 3, and ¥
in the classical and experimental ionization thresholds
were previously shown'? to be associated with regular,
resonance island structures that persist in the classical
PS and stabilize both the classical and the quantum dy-
namics. However, in Fig. 1 the striking peak near
ndQ =1% in the experiment and the quantum calcula-
tions does not appear in the classical simulations.

Our quantum simulations'' of the experiments use a
one-dimensional model of the hydrogen atom in an oscil-
lating electric field that provides a good description of
the threshold fields for significant excitation above the
cutoff n, ~95 which is measured as ionization.®® Insight
into the relative stability of no=62 in the 36-GHz field
(n3 9 =1.3) is provided by a detailed examination of the
structure of the quasienergy states'* (QES) (eigenstates
of the one-period time evolution operator at full pertur-
bation strength) that are excited at the end of the slow
switch on of the microwave field. If the perturbation
were switched on suddenly, the perturbed wave function
would be determined by the overlap of the initial state
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with each of the QES. For the parameters of the experi-
ments, ten or more of these QES would be excited at a
level of 1% or more. With the slow turn on this number
is reduced. For example, five different QES are excited
for no=61, with probabilities of 47.6%, 40.1%, 4.9%,
2.6%, and 1.1%. However, for ng =62 only a single QES
is excited with a probability of 97.8%.

If we examine the PS representation of these QES us-
ing the Husimi distributions described below, we find
that many states exhibit regular structure that is remin-
iscent of the ‘“scars” of unstable PO found in other
chaotic systems. For example, Fig. 2 shows the Husimi
distributions in action-angle space for three of the QES
that are excited when the microwave perturbation is
slowly applied to no=61. The first state in Fig. 2(a),
which is excited with 40.1% probability, is strongly
peaked near the unstable PO in the classical PS at 6 =0
(mod 1) that is associated with the large resonance is-
land centered at n3@ =1.0. In addition, this QES exhib-
its distinct ridges along the classical stable and unstable
manifolds which are embedded in the chaotic region sur-
rounding the stable remnants of the nonlinear resonance.
Figure 2(b) shows another state, excited with 47.6%
probability, that is largely peaked on an annulus interior
to the primary stable and unstable manifolds. [Several
other states are excited with probabilities less than 1%
(not shown) that are concentrated on annuli interior to
the regular islands; however, these states are not scars
since they are associated with the quantization of tori?
surrounding the stable PO.] Because all of these QES
are highly localized to the vicinity of the classical PS
structure, they do not contribute to the ionization of
no=61. Finally, Fig. 2(c) shows an example of a QES,
which is excited with 2.6% probability, that is highly
delocalized. Since this QES and those excited with 4.9%
and 1.1% probability extend to highly excited states with
n>n., the excitation of these states contributes
significantly to the ionization of no=61.

In contrast, Fig. 3 displays the Husimi distribution for
the single QES that is excited when the microwave per-
turbation is slowly applied to no=62. This QES is high-
ly localized to the separatrix region near the stable and
unstable manifolds associated with the primary classical
resonance at n>Q =1.0. The remarkable feature of this
wave function is that it remains localized in a region of
PS where the classical dynamics is unstable and chaotic.
Because this scarred QES does not extend to states with
n > n. and because no other delocalized states are excit-
ed with probability greater than 1%, a larger microwave
field is required to ionize np =62 than 61.

The recognition that the quantum dynamics is dom-
inated by the excitation of highly structured wave func-
tions may provide an explanation for the remarkable ex-
perimental observation,® that the ionization threshold at
nd Q@ =1.3 and for several other relatively stable states
does not appear to depend on the value n. as it is varied
from =95 to = 160. If an “exponentially localized”
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wave function'? gradually extended over more and more
excited states as the perturbing field is increased, then
the threshold for 10% ionization would be a strong func-
tion of n.. However, in the case of np=62 a highly lo-
calized QES is excited that does not spread significantly
with increasing field. In this case ionization only occurs
when the field is strong enough that delocalized states
are also excited to an appreciable level. Consequently,
the excitation of highly excited states above either value
of n, sets in abruptly.

To produce these figures we introduced a very simple
and effective method for representing the wave functions
in the classical action-angle space that should be useful
in many other problems.'> Since the dominant features
of the classical dynamics are usually most apparent in
the space of the unperturbed action-angle variables, it is
desirable to have representation of the wave function in
action-angle space. Unfortunately, since quantum
mechanics is not invariant under canonical transforma-
tions, !¢ the Wigner or Husimi distributions, which are
usually defined in position-momentum space,’ cannot be
easily transformed from one space to the other.

These difficulties are circumvented using the following
prescription. If the wave functions of the perturbed sys-
tem, y(x,t) =X =0a,(t)¢,(x), are expanded in terms
of the unperturbed eigenfunctions, ¢,(x)=(x |n) with
quantum numbers n that correspond to the unperturbed
classical action variables, then a Husimi distribution of
v(x,t) in action-angle space can be generated by choos-
ing appropriate functional forms for the distributions for
the unperturbed eigenstates. In particular, the coherent
states that define the Husimi distributions for the one-
dimensional hydrogen atom may be chosen to be Poisson
wave packets

|1,0)= 2 [, (@)1me =] 12120 | ) | )
Py

where a is a ““squeezing” parameter that determines the
relative width of the wave packet in 6 vs I consistent with
the uncertainty principle!” and A,(a)=a @/
2aT(an+1) is the normalization factor. Then the
Husimi distribution of a single unperturbed eigenstate in
action-angle space is

pnT,0)=|{n|1,0)|>=A,(a)I*"e ~*,

which is peaked at an action I=n with a width AJ
=[(an+1)/a?1'? and is uniformly distributed in 6.
With this definition, the Husimi distributions in action-

FIG. 2. The level contours (solid curves) of the Husimi dis-
tributions in action-angle (/,0) space are superimposed on a
Poincaré section (Refs. 10 and 13) (dots) of the classical dy-
namics for three of the QES that are excited for no=61 with
nd @ =1.24 and n$F =0.05. The lines of arrows show the pri-
mary stable and unstable manifolds and their homoclinic oscil-
lations. The relative size of Planck’s constant, A, is indicated
by the boxed area.
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FIG. 3. Same as Fig. 2 for the single QES that is excited for
no=62 with nd @ =1.3 and n§F =0.05.

angle space for the QES displayed in Figs. 2 and 3 are
given by
2

p(1,6) = i a.{1,0|n)| , 3)
n=0

where the coefficients a, are supplied by the numerical
solutions. '®

Our analysis of these numerical “experiments” indi-
cates that the stable peak in the ionization thresholds
measured by Koch and co-workers® near ng @ = % is due
to the excitation of a single QES that corresponds to a
localized scar in phase space. To assess the broader
significance of our results, we first studied the depen-
dence of the ionization probability of no=62 to small
changes in the microwave frequency and found that at a
fixed field the excitation above n. =95 exhibits a broad
minimum centered at nd @ =1.3050 that appears to ex-
tend smoothly from nd 2 =1.28 to 1.32. We also exam-
ined the dependence of the excitation of the single
scarred QES to the shape and length of the microwave
pulse and found little change when the turn-on, turn-off,
and total duration was varied by a factor of 2. So the
appearance of a relatively stable state in both the experi-
ments and the quantum calculations near ng @ =1.3 is no
accident. '®

Secondly, we found that the sharp peaks in the ioniza-
tion thresholds for np=64 and ny=72 in the 9.9-GHz
field,® that could not be explained by the classical theory,
also appear to be caused by the excitation of single QES
that are highly localized in the chaotic classical phase
space. In fact, the Husimi distributions of many dif-
ferent QES for ng @ =0.4 to 2.8 and ndF =0.05 to 0.07
appeared to exhibit regular structure that was often
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closely associated with PO and their associated mani-
folds. Coupled with similar results for other time-
dependent and time-independent quantum systems,*’ it
appears that scarred wave functions should be a ubiqui-
tous feature of most quantum systems that are classically
chaotic in atomic, molecular, solid-state, and nuclear
physics and that these scars should have interesting, ob-
servable effects on the quantum dynamics as has already
been demonstrated for hydrogen atoms in strong mag-
netic fields>S and now for highly excited hydrogen atoms
in intense microwave fields.

Finally, we note that, although a number of different
theories have recently been proposed based on the wave-
packed dynamics in the vicinity of unstable periodic or-
bits>?® and on the representation of the quantum
Green’s function in terms of semiclassical sums over the
classical PO introduced by Gutzwiller,?! the detailed un-
derstanding of the physical mechanisms that cause some
wave functions to exhibit scars is still lacking. The
empirical results presented here provide another illustra-
tion of this phenomena that should serve to stimulate
further experiments and classical and quantum analyses
of this simple, physical system.
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