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Topological Extensions of the Supersymmetry Algebra for Extended Objects
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We show that the supersymmetry algebra for supersymmetric extended objects can contain, depending
on the topology of space, topological charges, the origin of which is the Wess-Zumino term in the
effective action. We exhibit the consequences of these charges for the phenomenon of partial breaking
of supersymmetry.

PACS numbers: 11.17.+y, 02.40.+m, 11.30.Pb

There has been a recent renewal of interest in the
Green-Schwarz (GS) action for the superstring because,
unlike the Neveu-Schwarz-Ramond action, it has a man-
ifest super Poincare invariance. The GS action can be
thought of as one example, the p =1 case, of a class of
super "p-brane" actions for supersymmetric p-dimen-
sional extended objects defined on the (p+1)-dimen-
sional world volume O'. The p=2 case is the supermem-
brane, which has received recent attention, and for some
purposes it is instructive to consider the general case.
Given the manifest super Poincare invariance of these
actions, one might expect the charges Q~, corresponding
to the associated Noether currents jz, to generate the
super Poincare algebra. The first aim of this Letter is to
point out that this is not necessarily so: An additional to-
pological charge can appear in the algebra.

Let (flat) superspace Z be parametrized, as usual, by
the coordinates Z =(X",e'), p =0, 1, . . . , d —1, where,
for simplicity of presentation, the anticommuting spinor
0 is assumed to be Majorana. Given an immersion
p: W X of the (p+1)-dimensional world volume W of
a p-dimensional extended object [coordinates g'=(t, cr),
i =0, 1, . . . , p] into superspace Z, we can construct the
identically conserved current density

"(g)=e"' "a ~"'(g) e X" (g)

If, at a fixed time, the extended object defines a nontrivi-
al p-cycle in space in the sense of de Rham, then the cor-
responding charge T"' "' =fd~aj T"' "'(g) will be
nonzero. It is this charge which appears in the super-
symmetry algebra via the anticommutator

[Q., Q,] =2(r~).,P„+2T(r„,. „,).,T"'

where I „,. . . „ is the antisymmetrized product of Dirac
matrices. The factor T is the p-volume tension of the ex-
tended object with dimensions (c= 1) [T]=ML ~ (in
the limiting pointlike case of p =0, T reduces to the par-
ticle mass m). We adopt the convention that C is used
to raise and lower spinor indices (ep ——O'C p). If (I „)'p
are the entries of the Dirac matrices satisfying [I ",I "]
=2ri"', then (I „),p are the entries of the symmetric ma-
trices CI „. For the allowed values of d and p ' it follows

that the matrices CI „, . . . „are also symmetric. More-
over, we choose C=I o (e real).

The second aim of this Letter is to show that the ori-
gin of this topological term in the supersymmetry alge-
bra is the Wess-Zumino (WZ) term in the action, which
takes the form'

~ =J d~+'4(&i+&wz) =~i+&wz, (3)

where X~(g) =T[—detIIf(g)III(g)tI„, ] 't is the obvious
supersymmetric invariant extension of the bosonic La-
grangian density T [—det8;X" (g) Bi% "(g)rl„,] 't, and

g„„ is the ("mostly plus" ) metric of Minkowski space-
time. Let II = (II",II') —= (dA" —ieI "de,de') denote
the left-invariant (LI) one-forms on Z, considered as the
supertranslation group. The pullback of H by the
above map p induces the one-forms (&*II")(g)=dg'
xII; (g) on W, the coordinates of which,

IIp=a, w~ ter~a, e, —II; =8;e',
appear in X. The WZ term in the action is

(4)

~wz=T„~ g*b, (5)

where b is a (p+1)-form potential for a super Poincare
invariant (p+2)-form h on Z, i.e., h=db Since bh =. 0
(super Poincare invariance), and the variation 8 and the
exterior derivative d commute, Bb =dh, for some p-form
6, and therefore

TS(tlt*b) =d(y*A)= 8;4'dt Ada'Ad—a A Ada . (6)
A crucial feature of h is that 8'b, 'and hence h, , does not
vanish. [This is equivalent to the statement that h is a
nontrivial (p+2)-cocycle of of the R-valued Chevalley-
Eilenberg equivariant cohomology of the supertransla-
tion group; in other words, the closed LI form h does not
come from a LI potential. This restricts p to p ~ 5.] It
is the nonvanishing of b. (a phenomenon which is of
course not restricted to this case ) that is responsible for
the modification of the supersymmetry algebra.

To see how such a modification can arise, consider a
Lagrangian X(Z,B;Z ) invariant under the transfor-
mation Z ~ Z +k 8'~Z, for constant parameters
k" [i.e. , 8~%=0, cf. (9) below]. The associated con-
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served Noether current is then given by

jA =6'AZ, i=0, 1, . . . ,p.
cI(tI;ZM)

' (7)

The charge densities jA can be written as BA Z HM,
where HM is the momentum variable conjugate to Z
As a result, they satisfy the equal-time Poisson-bracket
(PB) algebra

[jA'(t, ~),ja(t, cr')]Pa =~'(cr —cr')fAB jc(t,o), (8)

Consequently, the charge densities jA now satisfy the lo-
cal PB algebra

[jA(t, cx),ja (t, cr') j Pa= 8 (o —o')fAa jc (t, cr )

AA—B(t;o,cr'),

where the "anomalous" term AAB(t;cr, o') is given by the
expression

(9)

g(g zM)

where fAB are the structure constants of the (super)-
symmetry algebra. If, however, L is not invariant but
only quasi-invariant, i.e., if

~i ~A

then the conserved currents jA contain an "anomalous"
extra piece hA,

[JA (t~cJ)~~B(t~ o )]PB ( I ) [JB(t~cr )~~A (t~ cr)]PB

~'(cr o')fAa—c~co«, cJ) (i2)

where

[(—1)'"=—
1 if A and 8 are fermionic symmetries and

+1 otherwise]. When it is well defined, a double integra-
tion of (11) leads to the charge algebra

[QA~QB]PB fAB QC AAB r

AAB d o[SAAB(t o') ( 1) ~B~A (tr o') fAB ~c(t o)] . (i4)

h =i(der„de)11~, h =db,

b =irI"(der„e), Tb.b =dc. ,

T 'A, =i[dx" —
—,
' i(oI "do)](r„e).,

(i 6)

A similar result of course holds in the quantum theory
upon replacing Poisson brackets by (anti)commutators.
Note that, because of (13) and the conservation of jA,
AA~ is time independent.

A trivial example of a quasi-invariant Lagrangian is
one of the form L =L ~

+ 8;a', where L ~ is invariant. In
this case AA(cr) =BAa and the anomalous term AAB

vanishes since, obviously, BABB —( —1)'"6BDA =fAB
As the simplest nontrivial example for which AA~ does

not vanish we take the action for the massive superparti-
cle where Xwz =m(p*b). For d=9, for example, for
which I is symmetric and imaginary, b is the one-form
potential for h =dOdO=d(ede)= db Un—der . a super-
symmetry transformation we have b,b =d(e, ) and
we take 6 =mO„all other vanishing. In this example
(14) reduces to AAB =BABB —( —1) '"&B&A fAB &c, —
and therefore

A p =2mC, p, 8„,=A„,=0. (is)
Thus, for the massive superparticle (p=0) 6 depends
only on t and the current algebra (11) reduces to (13),
which is the usual central extension, by the mass m, of
the algebra of supersymmetry charges.

As our first example for which the WZ term produces
a modification of the supersymmetry algebra not of the
standard form we take the closed N=l GS superstring
(p= 1). In this case there is a charge-density algebra
(8) which is modified by the WZ term to (11). Explicit-
ly, the relevant forms on Z are

where here and henceforth the wedge product A is to be
understood. From (6) we find the induced form on W,

o . cIX"
aa

——er~ (r„e)..
ae

3 cl0'

A direct calculation yields

'„dcr'A.p(t;a, o') =2i(r„).p

+— [(r~e).(r„e),] . (18)

To obtain this result we have used the identity
(I „)t,p(I ")rsvp =0, valid for d =3,4, 10 (and for d =6
with appropriate modifications for complex spinors).
Further integration gives

t cIX"
A, p =2i T(I „),pft do

8o
(i9)

since, because O is periodic in o, the second term in (18)
does not contribute to the loop integral (19). If the loop
is contractible then the first term in (18) will also fail to
contribute to the integral and A, p

=—0, but if the loop is
noncontractible A p will not vanish. For example, if we
take spacetime to be S'XMd

&
where Md ~ is (d —I)-

dimensional Minkowski spacetime, then, for a closed
string (with coordinate o C [0,2rr]) which wraps n times
around the S', we may take X' =ncrR+ Y(t, o) with Y
and all the other components of 4'" periodic in cr, and R
the radius of S '. Then fdcr =2nrr and

A, p =2i (I ~ ),p(2rrnRT) .

For a two-dimensional field theory for which space has
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infinite length (corresponding in the present context to
an infinite string) such a central term in the charge alge-
bra is clearly not possible since (19) would be given by
an open line integral and consequently would be infinite.
In this case, of course, one can consider the algebra of
the currents for which there is a corresponding modi-
fication. Specifically, the expression (18) appears in the
once-integrated current algebra. That such an extension
for the current algebra for the GS superstring should be
present was first pointed out by Hughes and Polchinski
and it has recently been confirmed by Gauntlett for the
d =3 GS superstring by an explicit calculation in a

"physical gauge" (X'=o'). The gauge-fixed action may
be identified as a two-dimensional field theory with a
partially broken rigid supersymmetry (PBRS). From
the usual supersymmetry current algebra one can deduce
that this phenomena is not possible. Hence, the
significance of the topological term in the current alge
bra is that it allows the possibility of PBRS. Similar
considerations apply to higher-dimensional extended ob-
jects ' '' but we postpone further discussion of PHRS
until the end.

Our next example, which sets the pattern for the gen-
eral case, is the supermembrane for which

h =i(der„,de)II"II', h =db,

b =i(er„,de) [II"II'+iII&(er'de) —
—,
' (erode)(er'de)], Tb.b =d~. ,

'~. =t (r„.e).II~II"—-', {r„„e).(or~de) II '+ —,
' (r~e).(er„,de) II'

—
—,", i(r„,e).(er&de)(er'de) —

—,', i(r'e). (er„,de)(er&de) .

(21)

Using the identity (I „)(,p(I "')~s&—=0 valid for d =4, 11 (and for d=5, 7 with appropriate modifications for complex spi-
nors) we now obtain, after some calculation, the once-integrated expression

T 'Jl d o'A, p(t;cr, a') =2i(I „,),tie '~r);A'"r) 4"
+e'"a;[-', (r„,e).(r e),8,w~+ -', (r 'e).(r„,e), B,w~

+ —,', i(r„,e).(r~e),er'Bio+ ,
', i(r'e)—.(r„,e),er'B, e

—
—,', t (r"e).(r'e), (er„,8, e)] . (22)

=2iT(r„,),pJ d'o j "', (23)

where jT"" is the time component of the topological
current (1) for p=2.

For the general supersymmetric p-extended object the
relevant e-dependent terms generalizing those in (22)
are quite complicated and we shall not give them here.
The relevant first term is always present, however, and
generalizes in the obvious way so that

A.,=2t T(r„, „),pJI d~a jT"' (24)

[one can always find a translationally invariant (p+1)-
form b, ' in which case the last term in (14) does
not contribute to A~~, a calculation then reveals that
the first two terms are a total spatial derivative and the
only contribution is (24)]. Passing to the quantum
(anti)commutators, by adding a factor i in (24), the an-
nounced result (2) is established.

For a closed p-cycle of p-volume Vz this can be writ-
ten as A,ti=2iT(I ~2. . . z) pV~. Since we have been sup-
posing that spacetime is flat it follows that the only p-
cycle is a p-torus. However, the action may be general-

Since 0 is single valued we find, upon further integration,
that

A.,=2 T(r„,).,Jl d' " a;w a,w'

t ized to a curved spacetime although, in general, the su-
persymmetry of the action will be lost. Nevertheless, it
may happen that some of the supersymmetry is pre-
served in which case we can again ask whether the super-
symmetry algebra will be modified. Since the WZ term
is independent of the supervielbein of Z, the previous
analysis will still hold, but now the topology of space
may be such that there are p-cycles that are not p-tori.
A nice example of this is the eleven-dimensional super-
membrane with a background spacetime K3x M7, where
K3 is the compact four-dimensional Ricci-flat surface
with holonomy SU(2) and M7 is seven-dimensional Min-
kowski spacetime. In this case half of the original
eleven-dimensional supersymmetry is preserved. ' (Note
also that this is a solution of the eleven-dimensional su-
pergravity field equations, which is required for con-
sistency of the d=l 1 supermembrane action. ') As the
second Betti number (the number of independent two-
cycles) of K3 is 22, any one of 22 topological charges
may appear in the supermembrane supersymmetry alge-
bra.

We return to the question of PBRS, which we may
now discuss in the general context of p-dimensional ex-
tended objects. For extended objects of finite p-volume
we need only examine the consequences of the charge
algebra (2). For a standard static configuration of p-
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volume Vp, we have P„=(TV&,0). The algebra (2) be-
comes

IQ„Qp) =2V T(l ) li+&(I o)2 ))'p, (25)

where X is a dimensionless coefficient which, for present
purposes, we now introduce as a multiplicative factor for
the WZ term (5). Note (I o~2. ) =(—I) P

Strictly speaking our conventions here apply only if
d=3, 4, or 11 (or d=10 if we were to include chirality
projection operators). Only p=1,2,5, are possible for
these values of d, in which case (I o~2 . ~) =1. Al-
though this fact is essential for the argument to follow,
which therefore only applies for p=1,2,5, the final con-
clusion is general. (The d=9 superparticle case is incor-
porated by adding an additional factor of i required for
imaginary I 's. ) It follows from (I o~2. . . ~) =1 that for
k = +. 1 the matrix —,

' (1 ~ I o~z. . . ~) is a projection
operator. Since Tr(I a~2. . . p) =0 we further conclude
that half of the eigenvalues of 1 ~ I o~2. . . ~ vanish. Thus
for the "critical" values X= ~ 1 the configuration lead-
ing to the algebra (25) breaks half of the supersym-
metry. Without loss of generality we can choose X=1,
and it is precisely in this case that the inclusion of the
WZ term (5) in the action leads to the presence of an
additional fermionic "x symmetry. " This is not a coin-
cidence as one can show by other means that x symme-
try implies a partial breaking of supersymmetry
(which also applies to the massive superparticle ).

In this Letter we have shown how the WZ term in the
action of a supersymmetric extended object leads to a to-
pological charge in the supersymmetry algebra. Since
this action may be considered as the eftective action for
extended-object solutions of supersymmetric field
theories, we expect that the same result could be ob-
tained directly from the d-dimensional field theory by
paing attention to total-derivative terms in the anticorn-
mutator of the field !heory super-symmetry charges.
Indeed, it has already been verified'' that for the super-
particle, at least, the modified supersymmetry algebra is
the same whether one obtains it from the d-dimensional
field theory' or from the eAective particle action. Note,
however, that in the context of the d-dimensional field
theory one should not think of the topological charge as
allowing a partial breaking of supersymmetry because
the particlelike configuration leading to the modified
algebra is not the ground state of the theory. In con-
trast, such a configuration is the ground state of the

eA'ective (p+ I)-dimensional theory, and PBRS occurs
as a result of the topological charge.
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