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Superconductive Pairing of Fermions and Semions in Two Dimensions
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We have observed, in exact numerical solutions of small systems, the microscopic precursors of super-

conductive pairing of fermions and semions (half-statistics quasiparticles) in two dimensions. We recog-

nize the paired state by Aux quantization at intervals of hc/2e. We find that the fermions pair only for

values of an interparticle potentia1 u which is large and negative, while the semions pair for a wide range

of u, including strong repulsion. We also find that the semions, in the paired state, prefer quantized flux

in odd multiples of hc/4e.

PACS numbers: 74.65.+n, 05.30.—d, 67.90.+z

The current interest in two-dimensional superconduc-
tivity has led to claims that, first, the ground state (GS)
of a gas of particles of rational fractional statistics
(anyons)' is a superfluid for which the bosonic de-

grees of freedom are composites of an integral number of
anyons; and that, second, the high-temperature supercon-
ductors are an experimental realization of this possibili-

ty, the anyons in this case being half-statistics objects
(semions), which pair —as do fermions —in the super-
fluid state (and thus are expected to show Aux quantiza-
tion at multiples of hc/2tI, where q is their charge)
Each of these ideas is interesting in itself. Clarification
of the existence and nature of anyon superconductivity is

an attractive and challenging problem for theorists; it is

also a necessary prerequisite to experimental tests which

may distinguish semion from fermion superconductivity
in the high-temperature superconductors. In the follow-

ing, we address ourselves to these questions. Besides fer-
mions, we have concentrated on semions because (i) they
are expected to form the most robust of the purported
anyon superfluids, the composites being simply pairs; and
(ii) they are the case of interest for the copper oxides.

Most methods which are used in quantum mechanics
for the many-particle problem do not readily carry over
for objects with fractional statistics. We have, however,
found that it is straightforward to study small numbers
of anyons on a finite lattice by exact diagonalization. "
We have used a rectangular lattice, with periodic bound-

ary conditions in the x direction only. Our lattice is thus

topologically equivalent to a cylinder, or, alternatively, to
a punctured disk, with the lattice sites on "spokes" of the
disk.

For a charged superAuid (from now on we take the
single-particle charge to be e), we expect the GS energy
to show evenly spaced minima as a function of test flux

inserted through the hole of the cylinder, ' with spacing
hc/ne= po/n, where n is—the number of particles forming
the composite —that is, 2, for fermions and semions. We

take our Hamiltonian to be

H =T+ V= —tg [c;tcJ exp(ip;J ) + H.c.l+ ugn;n (1)
&ij ) (ij )

where &ij ) refers to near-neighbor sites, and

[A, +A, ] dl.

The phase upon hopping arises from both the other
anyons (A, ) and the test flux (A, ). In this representa-
tion, the anyons are hard-core bosons pierced by flux

tubes. '" Fermions are then simply anyons' whose

phase shift upon exchange is exp( ~itr) We ha.ve taken
t =1, and explored a wide range of u.

The obvious problem with small-system calculations of
Aux quantization (FQ) is that any small system will

show some structure in GS energy versus flux —for in-

stance, one-dimensional particles always show perfect
FQ. ' We have thus restricted ourselves to systems large
enough that they do not trivially show FQ. In practice,
this has meant systems with 15 sites (3X5, where the
second number is the number of sites in the x or azimu-
thal direction), 16 sites (4&&4), and 20 sites (4X5), with
~ 6 particles (or holes). For compactness we designate
16 sites with 8 particles as 4 X 4/8, etc.

We consider first the fermions as a test of the feasibili-

ty of our approach. Within the above restrictions (and
an upper bound on the Hilbert space due to computa-
tional limitations), we have found three systems of fer-
mions which show nontrivial FQ appropriate to paired
states. ' One of the three is illustrated in the middle
curve of Fig. 1, which shows EGs vs a, =P/pp (where p is

the test Aux through the hole) for fermions on the 4 X 4
lattice. The center curve shows FQ ' at multiples of
&0/2, with a near-neighbor interaction u = —2, for 8 fer-
mions. We identify this state as the microscopic precur-
sor of the thermodynamic, superconducting state.

The upper curve of Fig. 1 demonstrates the absence of
pairing for free fermions. Its several minima are expect-
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FIG. 1. Ground-state energy Egs for fermions on the 4X4
lattice, as a function of test flux a, =p/&0. Two of the curves
are displaced in energy so as to lie in the same plot. Only the
middle curve shows Aux quantization appropriate to a paired
state.

FIG. 2. Same as Fig. 1, except the particles are semions.
Note that the energy minima in the paired state (middle
curve) are displaced in test flux from the fermion case by po/4,
and that the curves for 8 semions are not symmetric about zero
Aux.

ed to evolve, with increasing system size and particle
number n~ into many closely spaced minima of roughly
equal energy, giving in the thermodynamic limit a curve
of Eos versus test Aux that is flat —i.e., no FQ. The
lower curve (9 fermions) shows a finite-size effect (the
effect of odd particle number) which nevertheless sup-
ports our conclusion that the middle curve shows pairing.
We have examined many cases with odd n~ but failed to
find any showing the appropriate FQ.

In one sense Fig. 1 is deceptive. The states which con-
stitute the GS for various p at u =0 (upper curve) do not
smoothly evolve into the two states (identified with the
two minima' ' ) seen in the middle curve, as u~ —2.
Each of the two pair states, in fact, appears as a level
crossing at some u ~, and is thus orthogonal to the GS for
u & u&. This is readily seen by plotting (V) and (T) as
functions of u; at the pairing transition, each is
discontinuous —with (V) falling and (T) rising —as
would be expected if pairing is occurring.

Besides 4X4/8, we have seen pairing of fermions for
the 4X4/10 and the 4&5/14 systems (each thus with 6
holes). We have not seen pairing for 6 fermion particles
for any system. (This is another finite-size effect:
Particle-hole symmetry is not exact for fermions in a sys-
tem with hard walls. ) With so few cases we cannot
make strong statements about the size dependence of the
FQ; one should see the energy barrier (EB) separating
the two states scaling as n~. Our results are consistent
with this scaling; however, the EB for the three cases is
0.310 (8 particles), 0.239 (6 holes), and 0.225 (6
holes) —all taken at u = —2.

We note also that our fermions are spinless, and thus
presumably exhibit p-wave pairing. A.ll three cases (see
Fig. 3) show the strongest FQ at u ——2. We find it of
interest to examine this result (extrapolated to the ther-
modynamic limit) in the light of the results of Randeria,
Duan, and Shieh (RDS), ' who show for a continuum
model that the existence of a two-particle bound state is
a necessary condition for a many-particle s-wave insta-
bility, but not for higher angular momentum. We have
found analytically that two spinless fermions on an
infinite square lattice have a bound state for u & u,
=2m/(2 —n) = —5.5. This is consistent with our numer-
ical results for two particles in finite systems, which show
a strong rise in (V)/u vs —

w at u ——5. We thus find,
in agreement with the result of RDS, a non-s-wave
many-particle paired state in two dimensions, for u

above the threshold u, for a two-body bound state (i.e.,

I
0

I
& I M. I ) "

We turn now to the results for semions. Again exclud-
ing smaller systems (and one marginal case of 6 particles
on 15 sites), we have found four cases exhibiting FQ ap-
propriate to the paired state. An example (3X5/8) is
shown in Fig. 2. As in Fig. I, we show the paired state
at u =u~ (middle curve), a state for larger u which is not
paired, and a state with odd n~ at u =u~. We concen-
trate on the diAerences from the fermion case. The obvi-
ous difference is that (as conjectured by Zhang' ) Eos
of the paired state is nor symmetric around &=0. The
pair state shows FQ (energy minima) at values

Pg =(hc/e)(. . . 4 4 4 . . . )
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We find, in fact, that the symmetry point in Aux is al-
ways displaced from zero by an amount

I I I I I I

P/pp = —
(n& —1 )a, /2 (mod 1 ), (3)

where a, is the statistics ( —,
' for semions). We can

perhaps explain this result with a simple argument. Im-
agine the disk deformed to a cylinder, and picture the
anyons as bosons with attached flux tubes which
penetrate the cylinder walls. Then a choice of gauge for
the flux tubes amounts to a choice of ho~ the flux tubes
exit from the cylinder —some out the top, some out the
bottom —which may be ascertained by letting one of the
anyons orbit either opening. Clearly, if we let half the
anyon flux out the top, and half out the bottom, the re-
sulting system is, by its symmetry, insensitive to the sign
of any test flux threaded through the hole. Now deform
this system back to a disk. The disk now has a nonzero
flux through its (single) hole; it also has the problem that
nontrivial exchange loops (around the hole) do not give
the correct phase. One readily finds that both of these
problems are cured by inserting p through the center,
which amounts to correcting the gauge choice for the
disk. Thus the correct gauge choice (that with zero test
flux through the hole) differs from one which is sym-
metric about zero test flux by p.

This result may have experimental implications. Im-
agine a macroscopic system of many sheets of supercon-
ducting semions, punctured by a hole. Then, assuming
the superconducting state to be a superposition of states
of even n~, the system should show FQ at values given by
Eq. (2) above, in clear distinction to a fermion supercon-
ductor. Furthermore, as noted by Yang, ' the Meissner
effect is intimately related to flux quantization. Thus an
anyon superconductor which "prefers" non zero Aux
through all closed loops which are confined to the super-
conducting region (e.g., lattice plaquettes) may show a
very different response to applied magnetic fields from
that of a T-invariant, fermion superconductor. An add-
ed complexity arises from the fact that anyons are ex-
pected to appear in real systems as vortices in a back-
ground fluid, in which case they are invariably subject to
an effective magnetic field due to the background.
This latter question has, to our knowledge, not been ad-
dressed in treatments of anyon superAuidity; it may
prove important in clarifying the physical conditions un-
der which anyon superconductivity may be realized.

We summarize some of our observations on semion
and fermion pairing in Fig. 3. The range of values of u
for which pairing (by our FQ criterion) was observed is
shown by an "error bar, " while that value uz at which
the pairing is strongest (as measured by EB) is marked
by a symbol, for each case. The fermion cases were al-
ways bounded by a level crossing in u, both above and
below. In contrast, for some semion cases, the EB sim-
ply became very small as u deviated strongly from u~;
these cases are marked with dashed lines. We note that
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the larger (semion) systems show a larger range in u,
and extend well into the range of positive u, as predicted
by Laughlin. There is thus no question of a two-body
bound state for the semions. There were also two
systems —4x5/14, and 4x4/8 —where we might have
expected to see semion pairing and did not. The former
case showed a behavior of EGS versus test Aux identical
to that of several fermion cases which "almost" showed
pairing. The latter case (4x4/8) is, however, not under-
stood. We can only speculate that some lattice commen-
suration effect dominates the physics in this case. The
size (n~) dependence of the EB at u~ was as follows:
0.184 (4x4/6), 0.224 (4x5/6), 0.276 (3x5/8), and
0.256 (4x4/10). Thus, EB again roughly scales with
system size and with n~ (up to half filling); but further
work with larger systems is clearly needed to substan-
tiate these limited data. We remark finally that we have
searched, without success, for signs of triplets of (2z/3)-
statistics particles (which should give FQ with spacing
hc/3e) ' in systems with 9 particles; we assume our
lack of success is due to the small size of our system. s.

In summary, we have observed paired states —the mi-
croscopic analogs of macroscopic superconductivity —in
small systems of fermions and half-statistics particles, or
semions, on a lattice. We find that the fermions pair
only for values of the interparticle potential u which are
large and negative, but still above the threshold for a
two-particle bound state. In contrast, the semions pair
for a wide range of u, including large positive u. We

FIG. 3. Cases for which we have found paired states. The
range of the nearest-neighbor potential u is indicated with er-
ror bars; points of strongest pairing are indicated with squares
(fermions) and triangles (semions). The number of lattice
sites is given in parentheses beside each symbol. No pair states
were observed for odd particle number.
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suggest a possible experimental signature to distinguish
semion pairing —i.e., flux quantization at odd multiples
of hc/4e. We plan to extend this work to larger systems,
and to examine the magnetic field dependence of the
paired states, in future work.
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