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Chaos and Bifurcations in Periodic Windows Observed in Plasmas
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We report the experimental observations of deterministic chaos in a steady-state plasma which is not
driven by any extra periodic forces. Two routes to chaos have been found, period-doubling and intermit-
tent chaos. The fine structures in chaos such as periodic windows and bifurcations in windows have also

been observed.
PACS numbers: 52.35.Ra, 05.45.+b, 52.80.—s

Since deterministic chaos was discovered by Lorenz'
in numerical simulations, the subject has attracted much
attention in many fields.>3 In the case of physics, many
experimental studies on chaos have been performed in
nonautonomous systems such as nonlinear circuits,* or in
time-delayed systems such as nonlinear optics.® The
chaotic behavior of the systems was determined by the
frequency and intensity of period-driven forces or by the
feedback term of time delay. Such chaotic behavior may
thus be classed as “driven chaos.” Recently, driven
chaos in plasma has also been observed.®” In this Letter
we report experimental observations of deterministic
chaos occurring in an undriven plasma system. Two
routes to chaos have been found, period-doubling and in-
termittent chaos. Fine structures such as periodic win-
dows embedded in chaos and bifurcations occurring in
the periodic windows have also been observed. The
plasma oscillation is a kind of self-generated oscillation
because the plasma system is not driven by any extra
periodic forces. The fundamental frequency of self-
oscillations varies with the changes of control parameters
in the discharge, and there is no defined frequency that
can be referred to in the system. So here, plasma chaos
may be classed as “undriven chaos.” The Lorenz chaos
is a theoretical example of undriven chaos.

The experimental apparatus is schematically shown in
Fig. 1. A cylindrical stainless-steel chamber 80 cm in di-
ameter and 160 cm in length is surrounded by rows of
permanent magnets on its surface to form a steady-state
plasma device. The chamber is evacuated to a base pres-
sure of 1.5%10 ~% Torr and filled with argon as a work-
ing gas. Tens of tungsten filaments are connected in
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FIG. 1. Schematic of experimental apparatus.

parallel to two copper rings 40 cm in diameter which are
located at one end of the chamber. The primary elec-
trons emitted from hot filaments are accelerated to ion-
ize the background-neutral argon gas to produce a plas-
ma. The discharge is controlled by the argon pressure
(P,), the filament current (I;), and the discharge volt-
age (V;) which biases the filaments negatively with
respect to the grounded chamber wall. The main diag-
nostic apparatus involves movable single Langmuir
probes. Typical plasma parameters in this device are
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FIG. 2. Current-voltage characteristic of discharge obtained
at I;=240 A and (a) P, <1x10"* Torr; (b) P,=8x10"*
Torr; (¢) P,=1.5%10 3 Torr.
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FIG. 3. A period-doubling sequence to chaos observed at I, =240 A, P, =2.4x10 =3 Torr. The temporal evolution of the poten-
tial of unbiased probes, the power spectra, and the trajectory in phase space (Vy,V/) is shown. (a) V;=7.35V; (b) V4=7.55V; (c)

Vi=7.80V; (d) Vys=8.44 V.

T.=2-3 eV and N, =10"7-10° cm ~3, where T, and N,
are the plasma electron temperature and density, respec-
tively.

The experiments are performed in the following way.
For given values of P, and I;, the current-voltage
characteristics of the discharge can be plotted on an X-Y
recorder by changing the discharge voltage. Figure 2
shows typical results obtained at /, =240 A and different
values of argon pressure. At small values of pressure,
the discharge current (I;) varies monotonically with the
discharge voltage [Fig. 2(a)l. When the pressure is in-
creased above 1x10~* Torr, hysteresis occurs in the
current-voltage curve, and the higher the pressure is, the
more obvious hysteresis becomes [Fig. 2(b)]. When the
pressure is further increased above 9x%10 ™% Torr, the
hysteresis curve begins to have two lower branches la-
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beled by A— B— C and A— B'— C' through bifurca-
tion [Fig. 2(c)]. This bifurcation is stochastic in the
pressure range of (0.9-2.5)x10 3 Torr. This means
that of the two lower branches the one the current will
follow is purely stochastic in the above pressure range,
but at a lower pressure the probability for the
A— B— C branch to appear is larger than that for the
A— B'— C' branch, whereas at a higher pressure the
situation is just reversed. When the pressure is increased
above 2.5%x10~3 Torr, the 4— B— C branch will
disappear.

Following the branch 4 — B'— C' before the current
jump in the I-V curve, the discharge may display chaotic
behavior through period doubling or intermittency. At
first, the discharge state is stationary. The signals of
discharge current I,, the floating potential of an un-

FIG. 4. Some periodic windows observed at I, =240 A, P,=(1-1.7)x10 72 Torr. (a) 7P: V4=9.39 V; (b) 5P: V3=9.60 V; (c)

3P: Vy4=996 V.
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biased probe ¥V, and I, the electron saturation current
of the probe biased positively above the plasma potential,
are all dc values. As V, is increased above a certain
threshold value, I, Vy, and I, all become “self-
generated” oscillations. The left-most wave form in Fig.
3(a) shows the temporal evolution of these self-
oscillations for ¥, with the corresponding power spectra
shown in the center panel and the trajectory in the phase
space (V;,V/) on the right. As V¥ is further increased, a
very clear period-doubling sequence to chaos is observed
as shown in Figs. 3(b)-3(d). The self-oscillation of ¥y
bifurcates first into the state of 2P [Fig. 3(b)], then into
that of 4P [Fig. 3(c)], and then rapidly into a chaotic
state [Fig. 3(d)], where 2P and 4P signify the states of
periods 2 and 4, respectively. That further bifurcations
fail to be observed in experiments is due to the restraint
of noise in the system. Similar results have also been ob-
tained but on the upper branch of the I-V curve on
another device.?

After entering into the chaotic region, the discharge
displays alternatively chaotic and certain periodic-
window behavior, depending on the control parameters.
Figures 4(a)-4(c) show several periodic windows ob-
served in experiments. When ¥V is increased to a certain
threshold value, the chaotic discharge state changes sud-
denly into the periodic window of 7P [Fig. 4(a)l. As V,
is further increased, the periodic window of 7P is re-
placed by the chaotic state gradually rather than sudden-
ly. This situation appears again for the ensuing periodic
windows of 5P [Fig. 4(b)] and 3P [Fig. 4(c)] when we
continue to increase V,;. Moreover, it is found that the
periodic window of 3P occupies the largest interval of
Va.

In the periodic window of 3P, a fine structure is also
observed, as shown in Fig. 5. It is evident that this is the
period-6 state which has bifurcated from the period-3
state through period doubling. Here, in fact, is a secon-
dary period-doubling sequence which makes the transi-
tion from the periodic window of 3P to the chaotic state
and can be designated as the 3x2"P (n=0,1,2,...) se-
quence.’ Again, the noise of the system prevents us from
observing further bifurcations.

The above results contain all three steps of routes to
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FIG. 5. Bifurcations occurring in the periodic window of 3P.
I;=240 A, P, =1.7x10 "3 Torr, and ¥V, =10.10 V.

chaos through period doubling: main bifurcation se-
quence (2"P,n=0,1,2,...); periodic windows embedded
in the chaotic region; and secondary bifurcation se-
quences occurring in the periodic windows.

Another route to chaos commonly observed is inter-
mittent chaos. In experiments, intermittent chaos
possesses a considerable variety of evolution wave forms,
depending on the control parameters of the discharge.
Figures 6(a)-6(c) show only a set of experimental re-
sults for intermittent chaos. The temporal evolution of
the discharge state [Fig. 6(a)] displays clearly intermit-
tent chaotic behavior, with an inner and outer trajectory
in phase space as shown in Fig. 6(c). Random jumps
occur from one trajectory to the other frequently. The
evolution of intermittent chaos is very sensitive to
changes of the control parameters.

Here, the plasma system displaying chaotic behavior is
not driven by any external periodic forces, it is only a dc
discharge. The plasma oscillation observed is a kind of
self-generated oscillation. Because there is no defined
frequency that can be referred to, the fundamental fre-
quency of self-oscillations is determined only by the
peaks on the power spectra. Figures 7(a)-7(c) show the
relationship of the frequency with the control parameters
of the discharge. The frequency changes continuously as
the control parameters change: The frequency increases
with an increase of Vy, Iy, or P,; when period doubling
occurs, the increase in frequency becomes smooth. In
Fig. 7(a), the arrows pointing upwards and downwards
indicate the onset and offset of plasma self-oscillations,
respectively. Hysteresis is also present here, but it
occurs in the frequency. The oscillations in the regions
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FIG. 6. Intermittent chaos observed at I, =240 A, P,=9.8x 10 ™% Torr, and V4;=11.90 V. (a) Temporal evolution of ¥; (b)

power spectrum; (c) trajectory in phase space (V/,V/).
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FIG. 7. The dependences of the fundamental frequency of plasma self-oscillations on (a) V, at I; =240 A and P, =2.4x10 "3
Torr; (b) Iy at ¥4 =8.10 V and P, =5.4x10 ~> Torr; and (c) P, at ¥, =8.90 V and I, =220 A.

of A and B are essentially chaotic. In addition, the bi-
furcation diagram in Fig. 7(a) is surprisingly similar to
results of 1D maps. '°

Bifurcation and chaos can be described by systems of
ordinary differential equations. In order to describe the
undriven chaos, one needs autonomous differential equa-
tions which involve at least three independent variables.
In the experiments, there are at least three variables, the
discharge current, plasma potential, and electron density,
which all display chaotic behavior. These three variables
may probably compose a set of autonomous equations
with the general form

dxi/dt =ﬁ(X1,x2,x3;,u|,,u2,ﬂ3), i=19213a (1)

where the x; (i=1,2,3) represent the above three vari-
ables, and u;, u, and u; represent the control parame-
ters of Vy, Iy, and P,, respectively. The right-hand side
of Eq. (1) is the nonlinear functions. Equations of such
form have been well investigated and shown to display
chaotic behavior.*!"' In addition, the correlation dimen-
sion of plasma undriven, chaos computed from the time
series of ¥, '? is about 2.6. This result (to be published
elsewhere) supports the idea that the experimental re-
sults should be described by autonomous equations of at
least three variables.

In conclusion, we have reported experimental observa-
tions of deterministic chaos occurring in an undriven
plasma. A period-doubling sequence and intermittency
have been found as the two routes to chaos. Fine struc-
tures such as periodic windows and bifurcations in the
windows have also been observed. The experimental re-
sults were surprisingly similar to the dynamics of 1D
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maps, and should be described by a set of autonomous
differential equations involving at least three variables.
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FIG. 3. A period-doubling sequence to chaos observed at I; =240 A, P, =2.4x10 =% Torr. The temporal evolution of the poten-
tial of unbiased probes, the power spectra, and the trajectory in phase space (Vy, V) is shown. (a) V;=7.35V; (b) V,=7.55V; (c)
Va=7.80V;(d) V;,=8.44V.
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FIG. 4. Some periodic windows observed at 1, =240 A, P,=(1-1.7)x10 ~* Torr. (a) 7P: ¥4=9.39 V; (b) 5P: V;=9.60 V; (c)
JP- Vy=996 V.
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FIG. 5. Bifurcations occurring in the periodic window of 3P.
I;=240 A, P,=1.7x10 " Torr, and ¥4 =10.10 V.
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FIG. 6. Intermittent chaos observed at Iy =240 A, P,=9.8x10* Torr, and ¥4=11.90 V. (a) Temporal evolution of ¥y; (b)
power spectrum; (c) trajectory in phase space (Vy, V).



