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Shape Fluctuation as Responsible for Signature Inversion
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The problem of signature inversion is studied by using a model of particles coupled to a rotor. We
have assumed an axially symmetric equilibrium deformation and taken into account the y vibration
around it. The calculated signature dependence is found inverted, in agreement with the experimental
data if we adopt a set of moments of inertia which favor the rotation around the shortest axis, but not if
we employ the set of the irrotational-flow model.

PACS numbers: 21.60.Fw, 21.10.Re, 27.70.+q

The phenomenon called signature inversion has been
observed in issHo, ' ' Ho i, 2 i57Tm '5 Tm, 4 i6iLu s

Lu, and ' Lu, and has received much attention.
Signature is a quantum number associated with the rota-
tion of a deformed nucleus around a principal axis by
180' and defined as at =

2 ( —1) 'i, where I is the to-
tal nuclear spin. A rotational band whose bandhead is
determined by a quasiparticle moving in a unique-parity
orbital specified by j, such as h&ti2 and i~3i2, consists of
levels I =j,j+ 1,j+2, . . . , and is split into two se-
quences of I =j (mod2) and I=j+1 (mod2) according
to the signature. The former is shifted downwards in en-
ergy compared with the latter in almost all the experi-
mentally known cases; hence the names adopted: the
favored band for the former and the unfavored for the
latter. This shift is well understood in terms of the
Coriolis coupling. In the h t ~tq proton bands of these Ho,
Tm, and Lu isotopes, however, the favored sequence is
found to lie higher in energy than the unfavored one for
I & I„I, denoting the spin at which the first band cross-
ing takes place. This situation is called a signature in-
version. In the discussed unique-parity rotational bands
an h ~ ~t2 quasiproton is excited for I (I, and in addition
two i13g2 quasineutrons for I & I,. This configuration
change gives rise to a specific phenomenon called the ro-
tational alignment: the quasiparticles align their angular
momenta along the total angular momentum. This
phenomenon is a consequence of the action of the
Coriolis force. Obviously the number of quasiparticles
changes at the band crossing. Despite the difference be-
tween the configurations below and above I„the Coriolis
force invariably continues to favor the levels of I —j =
even over the ones of I —j =odd in the ordinary model of
particles plus a symmetric rotor.

The signature dependence of an energy spectrum can
be seen clearly when illustrated in the form et= [E(I)

E(l—I)]/2I, where E(l) is—the energy of the state of
spin I. The energy spectrum of ' Ho is illustrated in
Fig. 1(a) in this way, and we see that the signature

dependence is normal below the band crossing and that it
is inverted above it for a rather wide range of spin.

Bengtsson et al. found that a signature-inverted ener-

gy spectrum is obtained in the cranking model for limit-
ed regions of rotational frequency and Fermi energy
when a triaxially deformed nucleus is cranked around
the shortest axis ("positive-y rotation" in the Lund con-
vention of the triaxial deformation y). It was suggested
that the spectrum of ' Ho may be understood in the
cranked shell model if y is assumed to be negative below
the band crossing, which is necessary to produce the ob-
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FIG. l. (a) The experimental and (h) the theoretical energy
spectrum of the unique-parity rotational band of ' Ho in the
form of 01 vs I. Solid and open circles represent 01's of I=j
(mod2) and Rt's of I=j + 1 (mod2), respectively. The experi-
mental data are taken from Ref. l.
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served large normal signature splitting, and to be positive
above it, the condition necessary for the signature inver-
sion. One of the present authors (A.I.) and %berg tran-
splanted' the idea of positive-y rotation to the particle
plus triaxial rotor model and found that the signature in-
version takes place for positive-y rotation, in accordance
with Bengtsson's prediction, but only for rather large
values of y, i.e., for y) 18 . The study has also indicat-
ed that only very weak inversion is expected for the Fer-
mi energies of the discussed Ho, Tm, and Lu isotopes.
Matsuzaki et al. ' ' performed detailed cranked-shell-
model calculations, but obtained no signature inversion
for any of those nuclei. They attributed the failure to
the smallness of the calculated equilibrium values of y,
which are around 5 for ' Ho and 9 for ' 'Lu. To our
knowledge no cranking calculation has ever reproduced
the observed signature inversion quantitatively.

It was reported' that the quadrupole-type proton-
neutron interaction between rotation-aligned quasipro-
tons and quasineutrons gives no signature inversion
within a reasonable range of the interaction strength.
Assuming a p-n interaction derived from the Schiffer-
True interaction" for the aligned particles, we have car-
ried out particle-rotor-model calculations. ' Signature
inversion is seen to take place for some combination of
parameter values but it occurs only instantaneously for a
very narrow range of spin, and cannot be identified with
the experimentally observed signature inversion. Thus

the effective p-n interaction alone does not explain the
signature inversion either.

This lack of a satisfying explanation of the signature
inversion has motivated us to look for a model that can
reproduce this remarkable phenomenon under reasonable
assumptions and to find out what degrees of freedom are
involved in it. The triaxial shape fluctuation around an
axially symmetric equilibrium deformation, which is
called the y vibration, is known to produce characteristic
signature dependences in the BI=1 E2 and M1 transi-
tions. ' Such prominent effects of the y vibration on the
signature-related properties suggest that it may well
infiuence the signature dependence of the energy spectra
and may cause the signature inversion.

We have carried out the calculations in the model of
particles plus a symmetric rotor, in which the config-
urations of (xh 1 lg2)

' and (xh 1 liq) '(vi f3/2) and the exci-
tation of the y vibration have been explicitly taken into
account. Such a model is a straightforward extension of
the one of Ref. 15 to include three-quasiparticle config-
urations in addition to the one-quasiparticle one. We do
not give all of the details here but outline only a few
facts. The dynamical deviation of the rotor from axial
symmetry, which is exactly what is meant by the y vibra-
tion, affects the correlation between particles and rotor
through the shape dependence of the mean field and
through that of the moments of inertia. The latter can
be written in the small-y limit as

y Jl '(y) (Il —J, )'+ 7, '(y)
dy y=o dy ] =o

an expression which assumes the following form in the irrotational-flow model:

f 2

y[(I+ +I ) —2(I+J++—I J )+ (J+ +J )] .
2S

We should note here the importance of the behavior of
the moments of inertia around the 1 and 2 axes at small

y s. Quantities characterizing the y vibration are its ex-
citation energy and the matrix element of y between the
vacuum and the first excited vibrational state, which is
related to the E 2 transition strength as

b= [8(E2:Og 2g=2)lB(E2:Og ~ 2g=o)]

1n the present calculations we assume b = (0.06) 'i,
which is considered to be a reasonable value for the nu-
clei of interest. We use the quadrupole force as an
eff'ective p-n interaction and fix its strength according to
Bohr and Mottelson. ' Multiquasiparticle configurations
of the BCS approximation contain a spurious state relat-
ed to the violation of the particle-number conservation,
and we have removed it from the model space.

First, we have assumed the irrotational moments of in-
ertia and carried out a number of calculations, aiming to
reproduce the characteristics of the unique-parity rota-
tional band in ' Ho. We have varied the Fermi energy

for the protons, ~, around E'p
g Q 7/2 and X„around

Q 3/2 The other parameters are varied in the fol-
lowing ranges: [0.25,0.30] for P, [0.8, 1.5] in MeV for

[0.8, 1.5] in MeV for 6„, and [20,35] in keV for
6 /2Z. We have varied the strength of the quadrupole
p-n interaction in the range of a factor of 3 and applied
the surface delta interaction also. In spite of these
efforts we have obtained only negative results. Signature
inversion has been seen in some calculated spectra for a
very narrow region of the spin which contains only a few
spin values. Although we have not swept all the lattice
points of the parameter space, we believe that the ob-
served signature inversion cannot be described using the
irrotational moments of inertia.

However, we should not disregard the possibility that
the y vibration may cause the signature inversion, be-
cause we have only carried out calculations in the mode1
with the assumed specific set of moments of inertia and
the model is not yet fully explored. The results could be
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quite different with a different set of moments of inertia.
As a simple but quite a different choice, we employ the
y-reversed irrotational moments of inertia (which are ob-
tained by reversing the sign of y in the irrotational mo-
ments of inertia): '

J„(y)= —,
' 2 sin'(@+2+x./3) .

This effectively changes S~ and Sz and, thus, the largest
one corresponds to the shortest axis. This change simply
implies the need of changing the sign of the rotation-
vibration interaction in the computer code.

In Fig. 1(b) a calculated result is presented. Here the
Fermi energies are

~p =
&/s

s spa, ss =5/2+ 0'9 ~~/s
s sp, ss = 7/2 ~Is

s sg, ss = 5/2~

and

~n ~&', 3/2, & =13/2 ~

We have assigned 0.89 MeV to E~, which is the observed
excitation energy of the lowest K=2 state in ' Dy. The
binding energies and 8(E2)'s of the neighboring even-
even nuclei are used to estimate the gap energies as

A~ =1.2 MeV and h,„=1.3 MeV, and the deformation as
p=0.27. The moment of inertia is adjusted to reproduce
the spectrum well, and the result is h /22=24 keV.
The most remarkable feature of Fig. 1(b) is that the sig-
nature inversion is reproduced at the right place, i.e., just
above the band crossing. The calculated spectrum is sa-
tisfactory in other respects as well: The size of the inver-
sion and the range of its extension in spin compares very
well with the experimental data and the band crossing is
reproduced at the right spin value. We should note that
these satisfactory features are obtained with reasonable
parameter values and that our model yields the signature
inversion above the band crossing not only instantane-
ously for a specific combination of parameter values but
rather steadily in a small but finite region of the parame-
ter space. This feature is essential for the present model
to be realistic, since the nuclei in which the signature in-
version is observed differ in parameter values, especially
in deformation and Fermi energies.

If one draws a line through the averages of adjacent
open and solid circles in Fig. 1(b), which represent the
effective moment of inertia corresponding to the theoreti-
cal spectrum, one finds that it grows too fast with spin
both below and above the band crossing compared with
the corresponding experimental line. This inaccuracy
must be largely related with the rigid-rotor assumption
of the model. The nuclei of interest and their even-even
neighbors show large deviation from the rigid-rotor spec-
trum. This may be due to possible variation of p defor-
mation and pairing correlation with spin. We hope to
obtain better results if such degrees of freedom are in-
corporated in the model.

In order to see how the signature inversion is brought
about, we have decomposed the total energy into the con-

tributions from the various terms in the Hamiltonian.
The rotational energy term, H„,&

= g; (I; —J;) 6 /
2S;(y=0), is found only to make a large contribution to
the normal signature dependence. On the other hand,
H~, the sum of the rotation-vibration and particle-
vibration couplings, works to invert the signature depen-
dence. Their expectation values are shown in Fig. 2. An
important point about these two contributions is that
they increase with spin at almost the same pace. This
makes it possible for H, to cope with the strong normal
signature dependence produced by H„t for a wide range
of spin. Other terms such as the quasiparticle energy
and the p-n interaction are found to work in favor of the
signature inversion, but they do not grow with spin so
rapidly as H„t. This fact explains the result of Refs. 12
and 14; i.e., the p-n interaction can hardly be the major
cause of the signature inversion.

After this analysis, we can view the signature inversion
as a consequence of the competition between the Coriolis
coupling, which always works to produce the normal sig-
nature splitting, and the other terms which are found to
work in the opposite direction when the y-reversed irro-
tational moments of inertia are assumed. If we change
the moments of inertia back to the irrotational ones, H~
is found to work in favor of the normal signature depen-
dence.

In conclusion, we have studied the problem of signa-
ture inversion in the framework of a model of particles
plus a symmetric rotor with the y vibrational degree of
freedom taken into account. It is found that the ob-
served signature inversion is hardly reproduced if the ir-
rotational moments of inertia are employed. Introducing
a different set of moments of inertia by changing the sign
of y appearing in the irrotational-Aow model, we have
reproduced the experimental signature inversion very
well. Decomposing the total energy into various terms,
we have found that the particle-vibration and rotation-
vibration couplings give the major contribution to the
signature inversion. Thus we have proposed a new
theoretical model which gives a reasonable description of
the phenomenon of the signature inversion. Since the
key ingredient of this model is the dynamical fluctuation
around an axially symmetric equilibrium deformation,
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FIG. 2. The contributions to the total energy from H„t and

H~, which are defined in the text, as functions of I.
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the present view of the phenomenon is in contrast to the
view of Refs. 8 and 9 in which a nuclear system with a
permanent triaxial deformation is cranked around the
shortest axis. However, we cannot deny a possible con-
nection between the two models because our set of mo-
ments of inertia had to be such that the one around the
shortest axis was the largest. Moreover, such a set of
moments of inertia is likely to lead to rotation around
the shortest axis when the nuclear shape deviates from
axial symmetry, which is in other words positive-y rota-
tion.

Calculations of the energy spectra for other nuclei
where the signature inversion is observed and of the E2
and M1 transition strengths are in progress and will be
published elsewhere.
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