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Can 8QcD x?
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Recent work suggests that wormholes in spacetime may drive OqcD to x, and it has been argued that
this is not in conflict with any observations. We have therefore determined current-mass ratios of the
light quarks in second-order chiral perturbation theory, with attention to the relative sign of the up-
quark mass. We discuss an ambiguity which makes it impossible to determine the quark mass ratios
from chiral-Lagrangian considerations alone. Using results from lattice QCD we resolve the ambiguity
to obtain m„/md 0.61 ~ 0.26, m, /md 21 ~ 2, implying that OQcn 0.

PACS numbers: 14.80.Dq, 11.40.Fy, 12.38.Aw, 13.25.+m

Since the invention of axions twelve years ago, several
hundred papers have been written about them. Less
effort seems to have gone into trying to determine wheth-
er the up quark is massless, which would render axions
superAuous, or has a wrong-sign mass, which would rule
them out. In the latter case, the physical 0 parameter of
QCD would take the CP-conserving value n rather than
zero. It has long been thought that current-quark-mass
ratios, hence OQCD can be determined from comparing
predictions of the chiral Lagrangian for pseudo Gold-
stone bosons with measurable quantities like their
masses. ' Such calculations, including Weinberg's deter-
mination m„/md-0. 56, m, /md-20. 1, indicate a posi-
tive up-quark mass, or OQcD 0.

However, Kaplan and Manohar have pointed out that
such predictions could plausibly be upset by second-order
corrections in chiral perturbation theory. They found
that if one allows mesons to get up to 30% of their
theoretical (mass) from second-order corrections, the
ratio m„/md could vary between 0 and 0.8. It would
thus seem possible that m„could be zero or negative.
But can a more definite prediction be made? Although
this question is interesting in its own right, our immedi-
ate motivation for trying to answer it stems from recent
attempts to solve the strong CP problem using worm-
holes in spacetime, which were originally proposed as
a solution to the cosmological-constant problem. Niel-
sen and Ninomiya argue rather generally that wormholes
should cause the wave function of the Universe to be
strongly peaked at OQCD 0 or x, while Choi and Hol-
man, and Preskill, Trivedi, and Wise, argue that the pre-
ferred value is x. Reference 7 further claims that instan-

!
ton effects could make this value of OQQD phenomenolog-

ically acceptable.
The reason Kaplan and Manohar did not get a definite

prediction for the sign of m„ is that their expressions for
the five meson masses depended on six undetermined pa-
rameters of the Lagrangian. To do better one needs to
compute an additional measurable quantity to the same
accuracy, preferably one that is sensitive to the up-
down-quark mass difference. We have chosen to use the
partial width for the isospin-violating decay g~ 3z be-
cause it is free from annoying electromagnetic correc-
tions at one loop. Although I (rl 3x) was previously
computed in second-order chiral perturbation theory by
Gasser and Leutwyler, they did not try to extract any
constraints on quark mass ratios from it. We find that
m„/md 0.31+0.06, m&/md 23.3+0.1 for the cur-
rent-quark-mass ratios, which would appear to rule out
OQ( D TE'.

After completing the above calculation we were made
aware of an ambiguity that appears to cast serious doubt
on the validity of any attempt to get information about
current quark masses from chiral Lagrangians alone. '

The point is that effective Lagrangians can only give in-
formation about an effective quark mass matrix which is
some function of the true mass matrix M that transforms
the same way under SU(3)t XSU(3)z as M does. This
function could be determined only with a detailed under-
standing of nonperturbative QCD dynamics, as would be
afforded by a lattice computation. After describing our
calculation we will discuss this issue more fully and show
how existing lattice results can be used to resolve the am-
biguity, with the effect of shifting the above mass ratios
to m„/md 0.61 ~0.26, m, /md 21 ~ 2.

One starts with the second-order Lagrangian
+%4,

(f /4)tr(8„Z8 Zt)+(f /2)tr(pMZ+H. c.);
(f /2A )[c~!tr(pMZ)! +c2[tr(pMZ)] +H.c.+c3tr[(pMZ)] +H c +c4(a/4')A .t.r(QZQZt)

+contr(pMZ)tr(8„Zcl„Z )+H.c.+c6tr(pMtl„ZB„Z Z)+H.c.+c7tr(r) Ztl Z )]+0((8n') ), (2)

where Z exp(2in, T,/f) and f=-f 93 Mev; z, are the components of the pseudoscalar-meson octet; M and Q are,
respectively, the quark mass and charge matrices, M =diag(m„, md, m, ), Q =diag( —,', ——,', —

—,
' ); p is an indeterminate

mass scale of order 1 GeV. As noted in Ref. 4, all the eff'ects of the c6 and c7 terms can be absorbed into other
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coefficients by an appropriate SU(3)r. X SU(3)z transformation, so they can be ignored. Let A 4' be the cutoff'
scale for the theory and e pm, /A . Using the above Lagrangian, including one-loop effects from X2, we obtain the
following expressions for the meson masses to second order in e:

m o A e(x+y)[E ——,
' ln(4e/3)], m, + m o+A (a/4n)D,

mgo A e[(1+y)E+c8(1+2y)+c(x+y)/9+(4c/9)(1 —x/2+2y)ln(4e/3)],

mg. + (ms o with x ~y ) +A (a/4x) D,

m„A e((4+x+y)E/3+8e8/3+2'(1 —x —y)C/3

+b/(27 + —', in[4(x+y)/3]+ —, ln —', ]+(e'/27)[4+26(x+y)]inc),

where x m„/m„y md/m„A c~/2+ c2 —2c5,
8-2c3, C-4c2 —2c~, D-c4, and E 1+2eAtrM/pm, .
We used dimensional regularization with the renormal-
ization scale A for the loop graphs, and subtracted the
combination I (2 —d/2) (4m) "i + 1 wherever it ap-
peared. As in Ref. 4 we have ignored contributions of
order x,xy, y compared to x,y since the latter are
small, —2'o . The tree diagrams in (3) agree with Ref.
4, " and the loop contributions agree with Refs. 12 and
13 (both of which assume x y). The only possibly sub-
tle point in the calculation is that although g-x mixing
can be ignored almost completely, there is one diagram
in which it is important, Fig. 1. This makes a contribu-
tion of order e(x —y)inc to m~+ and mgo.

Although Eqs. (3) may appear to depend on seven pa-
rameters, A can be removed by defining a new expansion
parameter b F(1 —2FAtrM/pm, ). D and 8 can then

be eliminated from the equations for the pion and kaon
masses to obtain parametric expressions for x and y as
functions of Z. This curve, shown dotted in Fig. 2, diA'ers

somewhat from the one displayed by Kaplan and
Manohar. (We come very close to their curve if we leave
out the contribution in Fig. 1.)

The next step is to calculate the g~ 3x amplitude to
the same order in e, x, and y. This could be very tedious,
but happily one may reduce a month's work into a day
using the background-field method, by making the re-
placement Z~ )Zq( (Ref. 13) in the Lagrangian (1)
+(2). Here Zq is the quantum field and g Zb is the
background field. One could imagine other ways of
making the split between quantum and background
fields, but this one seems to be the most convenient.
(For instance, using Z~ ZqZb is not parity invariant and
introduces cubic couplings, making more diagrams to
compute. ) We find the amplitude to be

i& (1/J3)(4x)'e(x —y) 1+ (3~/4) p s f2(s, rr) —(s' —»+ 3 )f2(s K)s~t~ u

+(3e/16) g s(s —-', )[f2(s,K+) —f2(s,K')1/(x —y)

+e[f)(K)—fi(ri)/6]+e(2A —C) +O(e )+O(x,xy, y ),
where s s/pm, (q~+q2) /pm„q; are the pion momenta, r (qi+q3), u (q2+q3), and

f((P) -(mp2/pm, ) ln(mp2/A'),
r

aparc—tan[sap/(2@m, —s)], P K+,K
f2(sP) 1 ln(mp/A )+ '

1 [(1 )/(1+ )] p

ap-(I 1 —4m,'/s I ) '".

(4)

(5)

The values of mp2 appearing in the loop contributions f~

and f2 can be taken to be the leading-order terms in Eqs.
(3). Actually f2 also has an imaginary part, but when

the matrix element is squared this would appear at order

FIG. l. A nonnegligible contribution to the kaon masses in-

volving g-x mixing.

t o, which we are ignoring.
Amazingly, Eq. (4) depends only on the same com-

binations of Lagrangian parameters that contribute to
the masses. This was not guaranteed by chiral symmetry
or any other principle. For example, the operator
cstr(8„ZB„Zt B„ZB,Zt) [which Ref. 13 showed to be the
only independent operator of order (Bx) once the X2
equations of motions are imposed] contributes to
g x+x x, but not to g 3m . Similarly, there is no
reason that c5 should combine with c~ and c2 to make
A c&/2+cd —2c5, but it does. A subtle way in which it
appears is through rewriting the Lagrangian parameter f
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30 TABLE I. Values of the Lagrangian parameters corre-
sponding to experimental limits on the g 3z partial width.

15—
(I)

0.20
0.21
0.22

mg/md

0.37
0.31
0.26

mg/md

23.2
23.3
23.3

—0.3
—0.3
—0.4

—4.9
—4.4
—4.0

Width
(keV)

0.283
0.347
0.406

10—
is allowed to break the symmetry. Choi has pointed out
to us that the combination '

Q
0 0.4 0.6 0.8

M M+ (ap/A )(detM)(M ') (8)

u/d

FIG. 2. Dotted curve: effective quark mass ratios, con-
strained by a second-order chiral-perturbation-theory fit to the
meson masses and the Kaplan-Manohar bound. Solid curves:
the true quark mass ratios, obtained from the dotted curve us-

ing Eq. (11) with ae —0.10, —0.37, and —0.64, from left to
right. The brackets indicate the extreme values consistent with

the g 3z partial width; the heavy dot is the preferred value;
the range of ae' values refiects lattice-QCD uncertainties.
Cross: Weinberg's lowest-order determination.

in terms of the physically measurable decay constant f,
in the leading contribution to At(ri~ 3rr): f =f(1
+2ec5trM ——,

' cine').
We can check the S-matrix elements (3) and (4) for

consistency by demanding that they be renormalization-
group invariant. Any change of the arbitrary renormal-
ization scale entering through the logarithms mus; be
absorbable into a redefinition of the couplings in L4, '

which is a nontrivial constraint. We find that (3) and

(4) are indeed invariant under the combined transforma-
tions lnt. 1nat. ; A A+ —,

' lna; B B+ —', lna; C~ C
+2 lna.

The partial width for g~ 3z can now be computed
numerically using Eq. (3) for m„ to determine C in (4).
Stepping through the values of t. that parametrize the
curve in Fig. 2, we obtain Table I for the couplings con-
sistent with the uncertainty in I (ri 3rr ) as given by
the Particle Data Group. ' In particular,

m„/m, +md/rn, —=x+y - 1/(13 ~ 2.5 ) (9)

in a simulation using dynamical fermions. Maiani and
Martinelli' obtained a similar number in the quenched
approximation, 1/(12 3), which agrees with Hamber's
earlier quenched calculations. ' If we write the true
quark mass ratios as x and y, and the effective ones as x
and y, then (8) can be inverted to give

transforms just like M under (7). Therefore one can
never know, solely on the basis of chiral-Lagrangian cal-
culations, whether mass ratios thereby computed are
those of the true current quark masses M, or just some
effective quark masses M. This is true to any order in
the chiral expansion, essentially because only S-matrix
elements, and not the mass ratios, are determined as
power series in e. Nevertheless we can still say a few
things. First of all, the same ambiguity that applies to
our calculation also afBicts Preskill, Trivedi, and Wise s
(and perhaps Choi and Holman's) prediction OQcD rr,

for it shows that what they predict is not the sign of the
true up-quark mass, but rather the effective up-quark
mass m„ in M, since they also used chiral perturbation
theory. Our result indicates it is unlikely that m„ is neg-
ative.

However, we can do even better than this. We have
argued that the coefficient a in (8) can never be deter-
mined from chiral Lagrangians alone, but there already
exist lattice calculations which, taken together with our
result (6) can be used to solve for the true quark mass
ratios. Hamber' finds that

m„/md 0.31+'0.06; m, /md 23.3+ 0.1. (6) x x —any, y y —aux, (10)

X~ LZRt, M~ RML~. (7)

M does not really transform, but this rule tells one how it

(The meaning of the tildes will be explained presently. )
No attempt is given here to estimate the theoretical un-

certainty, but one can form an opinion by comparing Eq.
(6) with Weinberg's first-order results, 0.56 and 20. 1.

On the face of it, (6) would appear to rule out OQcD

x. But now we must discuss an unpleasant surprise.
The chiral Lagrangian's form is dictated by the formal
SU(3)L x SU(3)~ symmetry'

ignoring terms quadratic in x and y as usual. Of course
we expect there to be higher-order contributions to (8)
such as (pp /A )(detM)M that would add terms of or-
der pe x y to (10). It seems reasonable to assume (and
we shall show it for a) that the dimensionless coefficients
a, p are —1 so that these higher-order contributions
should be negligible. Equations (9) and (10) can be
solved for x, y, and ae with the result

m„/md 0.61 ~0.26, m, /md =21+'2,
ae —0.37+ 0.27.
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Therefore the ambiguity in the true identity of the
current masses, when resolved via lattice QCD, only
tends to bound m„ farther away from zero, resulting in a
stronger determination that 8QCD 0.

It should be emphasized that these conclusions do not
exclude wormholes as a solution to the strong CP prob-
lem (although other difficulties may well do so ).
Wormholes unequivocally drive OQCD to 0 or z, but the
argument that x is favored depends upon unproved as-
sumptions about the infrared properties of QCD. What-
ever the mechanism of CP conservation in the strong in-
teractions, it appears that there is little room for the pos-
sibility that OQcD Ã.

I would like to thank Kiwoon Choi, David Kaplan,
David Hitlin, John Preskill, Junko Shigemitsu, and Cos-
mas Zachos for their assistance. This work was funded
in part by the U.S. Department of Energy.

Note added. —I have been informed of the following:
(1) Gasser and Leutwyler extensively reviewed the re-
sults of various methods (different from ours) for deter-
mining quark masses in Ref. 21. (2) Leutwyler says that
the ambiguity Eq. (9) can be removed using sum rules
derived from spectral representations of current-current
correlations. Although this is unpublished, the SU(2)
version of these sum rules is given in Ref. 22. (3) Some
experts question the accuracy of the lattice results quot-
ed here. If a different value for (m„+md)/m, should

emerge as the consensus of the lattice-gauge community,
it is trivial to revise Eqs. (9)-(11). Better yet, perhaps
lattice workers will soon determine m„and md indepen-
dently, providing additional evidence about OQcn.
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