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In this Letter we describe a new technique for investigating phase transitions and dynamics in in-
teracting electron systems. This technique is based on the derivation and self-consistent solution of
infinite-order conserving approximations. It provides a new approach to the study of two-particle corre-
lations with strong frequency and momentum dependence. We use this technique to derive a low-
temperature phase diagram and dynamic correlation functions for the two-dimensional Hubbard model.

PACS numbers: 71.10.+x, 74.20.—z, 74.65.+n, 75.10.Jrn

Experimental studies of heavy-electron compounds, '

the organic Bechgaard salts, the recently reported bis-
(ethylenedithiolo) -tetr athiafulvalene superconductors,
and the oxide superconductors have emphasized the
need for new approaches to strongly correlated electronic
systems. , While quantum Monte Carlo (QMC) tech-
niques can, in principle, provide exact results for elec-
tronic correlation functions, such techniques are at
present limited to relatively small systems and high tem-
peratures. Furthermore, QMC furnishes direct informa-
tion on imaginary-time, rather than real-time correla-
tions; the treatment of real-time dynamics remains prob-
lematic. In this Letter, we describe a semianalytical ap-
proach to strongly correlated systems which satisfies mi-
croscopic conservation laws, treats strong frequency and
momentum dependences, and provides information on
both static and dynamic properties. This approach may
be used to treat large systems and temperatures lower
than those currently accessible to finite-temperature
QMC. Furthermore, this approach naturally incorpo-
rates realistic features such as Fermi surface nonspheri-
city, which may explain property variations within a
series of otherwise similar compounds.

In this Letter, we restrict attention to the two-
dimensional Hubbard model. This lattice model is an in-

teresting test for approximate many-body approaches
since it involves a potential competition between antifer-
romagnetic and superconducting ground states. The
simplest Hubbard Hamiltonian for electrons moving on a
square lattice is characterized by a hopping integral t,
which connects neighboring sites with separation a, an
on-site Coulomb repulsion U, and a temperature-
dependent chemical potential p, which must be adjusted
to fix the electronic filling n. A "conserving approxima-
tion" for this model, i.e., an approximation consistent
with microscopic conservation laws for particle number,
energy, and momentum, may be generated following an
approach introduced by Baym to treat the Coulomb

gas: (a) First, write down a "free-energy" functional e
of the dressed single-particle Green's function G and the
interaction U. The diagrammatic representation of this
functional formally resembles the expansion for the
ground-state energy. (b) Generate an approximation for
the single-particle self-energy X, by functional dif-
ferentiation of + with respect to G:

z(1,2) =Be/6G(2, 1) .

(Our notation is that of Ref. 5.) Compute G self-
consistently using this self-energy. (c) Generate an ap-
proximation for particle-hole (or particle-particle)
response functions L by computing G in the presence of
an external potential S', then performing a functional
diA'erentiation with respect to VE:

L (1,2;1',2') =6G (1,1')/8G (2', 2)
~ ~ =0 .

The correlation functions generated in this way automat-
ically obey microscopic conservation laws, are consistent
with Luttinger's theorem, and lead to Fermi-liquid be-
havior at low temperatures in the normal state. The N
diagram describing the repulsion of opposite-spin elec-
trons in the absence of fluctuations is shown in Fig. 1(a).
The conserving approximation generated by this diagram
is just Hartree-Fock, or mean-field, theory. The dia-
grams describing the interaction of electrons with spin,
density, and two-particle fluctuations are shown in Figs.
1(b)-1(d). These diagrams lead to a "higher order"
Hartree-Fock theory which consistently incorporates the
efI'ect of the simplest fluctuations. We shall hereafter
refer to this approach as the "fluctuation-exchange ap-
proximation. " ' In the past, technical limitations have
generally prevented the self-consistent solution of con-
serving approximations beyond mean-field level. We de-
scribe below a general approach for solving approxima-
tions which incorporate strong collective fluctuations,
and use this technique to obtain a fully self-consistent
solution of the fluctuation-exchange approximation for
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FIG. 1. Hubbard model diagrams for the fluctuation-
exchange approximation. The interaction U is represented by a
dashed line. (a) Lowest order &P diagram (Hartree-Fock
theory), (b) &9 ring diagrams representing the interaction of
longitudinal spin and density fluctuations, (c) transverse spin
fluctuations, (d) particle-particle fluctuations, (e) Bethe-
Salpeter kernels for the particle-hole, and (f) particle-particle
channels. The double lines represent self-consistent Green's
functions based on the 6& approximation in (a)-(d).

the Hubbard model.
In general, steps (b) and (c) above lead to singular in-

tegral equations in the Fourier transform variables
k =(k, rv). These equations cannot be solved in closed
form, but may be conveniently treated by (a) discretiz-
ing the Brillouin zone (or, equivalently, restricting the
calculation to a finite lattice in real space), and (b)
analytically continuing the energy variable m to discrete
Matsubara frequencies on the imaginary axis. Using the
self-energy generated by Fig. 1, we have solved iterative-

ly for the single-particle Green s function, taking into ac-
count its full momentum and frequency dependence.
Use of symmetries in momentum and frequency space
significantly reduces the computation time and storage
requirements. Real-frequency correlation functions, in-

cluding the one-electron density of states and the mag-
netic spectral density (or neutron-scattering function),
may be recovered using N-point Pade approximants to
reverse the analytic continuation.

The competition between two or more ordering transi-
tions' may be studied using the results of a conserving
approximation and the Bethe-Salpeter equation. Singlet
and triplet superconductivity correspond to the develop-
ment of a scattering pole in the particle-particle channel,
while spin and charge ordering correspond to a scattering
pole in the particle-hole channel. In the nearly half-filled
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FIG. 2. (a) Leading d-wave singlet eigenvalues of the
particle-particle kernel for U/t =4. These results are based on

a 16X 16 discretization of the Brillouin zone. Successive curves
vary in n by increments of 0.04 from n =1.0 to 0.8. (b) Lead-
ing commensurate [aQ =(zc, z)] and incommensurate magnetic
eigenvalues of the particle-hole kernel. As in (a), values of the
filling vary regularly by increments of 0.04. Incommensurate
eigenvalues (for fillings n =0.80, 0.84, and 0.88) are shown

only when they exceed the corresponding commensurate eigen-
values. Inset: Approximate phase diagram derived from the
transitions (Ref. 10) in (a) and (b).

Hubbard model, an almost instantaneous attractive in-
teraction occurs in the triplet particle-hole channel, cor-
responding to spin ordering with wave vector at or near
the zone-boundary vector aQ=(x, z). On the other
hand, it is believed from the random-phase-approxi-
mation ' " and from QMC ' studies that a strongly re-
tarded attractive interaction occurs in a particle-particle
channel with singlet d 2 y2 symmetry. ' The Bethe-
Salpeter equation, which treats time-dependent two-
particle interactions, allows the study of both instabili-
ties.

An instability occurs when an eigenvalue of the
Bethe-Salpeter kernel K reaches unity. The imaginary-
frequency kernel takes the form shown in Figs. 1(e) and
1(f). It is a product of two single-particle Green's func-
tions and v, the effective particle-hole (or particle-
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The calculation described above may be extended to
more elaborate Hubbard or electron-phonon models and
to more complex lattice structures. In the future, the
self-consistent solution of conserving lattice approxima-
tions, which treat frequency and momentum dependence
on an equal footing, may prove useful in developing a hy-
brid many-body band-theory approach to strongly in-
teracting systems.
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