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Nonlinear Light Scattering Accompanying Multiphoton Ionization
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We confirm in computer experiments the presence of unexpected plateau and cutofI features in high-
order harmonic generation accompanying multiphoton ionization. We show the connection between
these features and above-threshold ionization.
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The quantum-mechanical theory of nonlinear suscepti-
bilities is well known ' and is based on perturbation
theory. However, it has been shown that light intensities
above about 10' W/cm would be sufficient to call into
question the validity of both perturbation theory and all
conventional expressions for polarizability and suscepti-
bility. ' These are the same high intensities associated
with above-threshold ionization (ATI).

Now two series of experiments ' have actually ob-
served nonlinear optical processes in atomic gases with
high-power lasers operating above this value of intensity.
Several unexpected phenomena have been reported.
These include the following: (1) a "plateau" of high-
order harmonics (up to the 33rd harmonic has been re-
ported) in which successive harmonics are approximately
equal in strength or falling off slowly; (2) a relatively
abrupt cutoff" above a certain harmonic order; and (3)
a continuous background of light scattered at all wave-
lengths between the high-order harmonics.

A theoretical interpretation of these phenomena has
not appeared, and in view of the real uncertainties in-
herent in such dificult experiments it may be questioned
as to what extent the reported results are fundamental
atomic eAects. For example, the gas pressures used were
not extremely low, and one may ask whether many atom
or propagation or plasma processes played a role. In
this Letter we report computer experiments that contrib-
ute theoretical evidence that the eAects observed are
indeed fundamental single-atom eAects, and our results
suggest that they can be expected in essentially all atom-
ic vapors.

In addition, we suggest, on the basis of a nonperturba-
tive analysis of the atomic wave function, that at least
two of the unexpected features found in the light scatter-
ing spectra are intimately related to features of the cor-
responding ATI photoelectron spectra, which have been
extensively studied in different laboratory experiments.
Our computer experiments allow the first comparison of
corresponding ATI and high-order harmonic spectra
taken with the same laser pulse, and we believe that
they corroborate our suggestion.

Now we describe our computer light scattering experi-
ments. As mentioned above, it is doubtful whether any
susceptibility of finite order can be qualitatively reliable,
let alone numerically accurate, in the range of laser in-
tensities (10' —10' W/cm ) of the recent laboratory
light scattering experiments. ' Thus, we do not attempt
to compute a susceptibility, but compute instead a more
fundamental quantity, the ionizing atom s time-
dependent dipole moment. This is easily obtained
directly from the atomic wave functions: D(t)
=(@(t)

~
ex

~
~(t)). Unfortunately, exact wave functions

~
@(t))do not exist for any atom, even for atomic hydro-

gen, in the presence of a strong laser field eosinmt. How-
ever, by solving Schrodinger s partial diAerential equa-
tion (in atomic units),
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=i Be (x, t )/Bt, (1)

we can compute ab initio wave functions numerically
with good accuracy. We include a density-of-time
points not only su%cient for convergence of the wave
function calculation but also sufhcient for subsequent
Fourier resolution of the highest harmonic frequency to
be analyzed. Furthermore, since the recent light scatter-
ing experiments ' showed similar results for a variety of
atoms, we suppose that, for the moment at least, we are
not compelled to introduce the many details that distin-
guish real atoms from each other and so choose a simple
"representative" V(x) for the binding potential. In Fig.
1 we show the lowest bound levels of our model atom.

The coherently scattered light power at a given fre-
quency co is proportional to the square of D(co), the
Fourier transform of the dipole expectation value D(t).
Thus we can take ~D(co)

~
to represent the coherent

photon spectra. We report results for the photon spectra
obtained in ten-photon ionization experiments. We have
chosen two square laser pulses of 16.25 cycles duration
and field strengths of 0.04 and 0.05 a.u. (intensity be-
tween 10' and 10' W/cm ).

In Fig. 2 we show the computed photon spectra in

1989 The American Physical Society 881



VOLUME 62, NUMBFR 8 PHYSICAL REVIEW LETTERS 20 FEBRUARY 1989

I I I I I I I I I I I I I I I I I I I

plateau (.)

ten-
photon
ionization E = 0.04

I
cut off

f

I I I I I I I I I I I I I I I I I I I I

5 10 15 20 25

I4&
f3& I I I I I I I I I I I I I I I I I I I I I I

plateau

I2&

11 th
harmonic

E = 0.05

I I I I I I I I I I I I I I I I I I I I I I I I

5 10 15 20 25

FIG. l. Upward arrows indicate laser-photon absorption,
and the downward arrow indicates eleventh harmonic genera-
tion, superposed on a diagram showing only the lowest-energy
levels of our model atom, approximately to scale.

FIG. 2. Light scattering spectra computed for a square
16.25-cycle laser pulse. The horizontal axis unit is laser-
photon energy, and several peaks are labeled by their harmonic
number. The peak electric field strength (in atomic units) is

(a) 0.04 and (b) 0.05. The locations of "plateaus" and cutoA's

are indicated. The vertical axes are logarithmic and the curves
in (a) and (b) are independently normalized. The third har-
monic peak is 7 times stronger in (b).

these cases. Both spectra contai n the unexpected
features of the recent data from laboratory experi
ments mentioned above: (l) a "plateau" of several
approximately equal-strength high-order harmonic
peaks, (2) a relatively abrupt high-harmonic cutoA' after
the plateau, (3) a low-level continuous background of
light frequencies between the harmonics.

Since our computer results follow from the purely
one-electron theory of Eq. (l), they cannot possibly be
attributed to collective or propagation or plasma process-
es. Thus the appearance of all three unexplained
features of the experimental data ' provides independent
evidence that the laboratory experiments may have ob-
served new fundamental single-atom phenomena. Note
that the extreme simplicity of our "representative" atom-
ic model is an advantage rather than a deficiency in
drawing conclusions of this kind.

Another advantage (not exploited up to now) of nu-
merical experiments with ab initio wave functions is that
the same electron and its wave function can be analyzed
in several ways. In Fig. 3 we show the ATI photoelec-
tron spectra that would be obtained from the same laser
pulses as produced the photon spectra in Fig. 2. This is
the first report of a comparison of ATI spectra and pho-
ton spectra under identical conditions.

Several of the photoelectron peaks in Figs. 3(a) and
3(b) are labeled according to the number of photons
needed to create them. Note that in Fig. 3(a) the ten-
photon peak has already disappeared and, between Figs.
3 (a) and 3(b) the eleven-photon peak also shifts below
threshold. These shifts agree with the ac Stark shift or
so-called ponderomotive threshold shift: hE =e eo/
4m', as expected.

More interesting is the envelope of peak heights. We
observe that the photon number at which the ATI peak
envelope cuts oA' is nearly or exactly the same as the har-
monic number of the cutoA of the corresponding photon
spectrum. Furthermore, the photon numbers of the har-
monic peaks in the "plateau" regions correspond well
with the photon numbers of the major ATI peaks. Both
ATI and harmonic spectra have continuous backgrounds.
In other words, our data show that the main features of
the harmonic spectra that are new to nonlinear optics all
appear to be counterparts of features of ATI spectra that
have been recorded in the last five years.

Now let us see how to explain this situation without
the benefit of computer analysis. We consider the
atomic-state vector, expanded in the bare (eo =0) basis:

I +(t)) =X a (t) exp( —iE t) l m), where of course the
sum is interpreted as an integral when E is in the con-
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FIG. 3. Computer photoelectron (ATI) spectra obtained
from the same laser pulses used in Fig. 2. The horizontal axis
is electron kinetic energy in units of photon energy. Various
peaks are labeled according to the number of photons needed
to produce them by excitation from the ground state. The
vertical axes are linear, and the fifteen photon peak is 4 times
stronger in (b).

This clearly shows that, to a good approximation, the
amplitude of a high qth harmonic is proportional to
a~*„ao (where E =qco, and the zero energy is at the
ground state: En=0), and the scattered power at the
qth harmonic is proportional to

~
ao

~ ~ az
Note that, in addition to the energy phases

exp[ —iE tl, the amplitudes a could themselves vary
rapidly enough to obfuscate the origin of the Fourier
peaks. This occurs if the electron populations ~a
vary on an optical-frequency scale, implying an ioniza-
tion rate of the atom more rapid than co. The qth har-
monic peak would be aAected if the ionization rate were
on the order of qco. At the intensities under considera-
tion here, our atom ionizes at a rate less than cu and thus
much less than 13m or 19', so we can safely ignore the
possibility of high frequencies in the a s to a good ap-
proximation.

tinuum. The atomic dipole moment is given by

D(t) = +xi, a~*a exp[i(E/( E )t] .
k, m

We can assume that the ground-state amplitude remains
much larger than any continuum-state amplitude. Thus,
at least for the continuum contributions, the dipole mo-
ment is well approximated by

D(r) =gxo a*aoexp(iE t)+c.c.

Using the same state vector
~
@(r)), we now compute

the ATI probability density P(Em) =
~
(E~

~
+)

~
for the

corresponding photoelectron peak E„=qco, the peak as-
sociated with the absorption of q photons from the
ground state. This probability is trivially P (qru)

This derivation is fully nonperturbative and does not
employ the rotating-wave approximation. There is no
assumption that

~ a~„~ is proportional to the qth power
of the intensity, or that a0=1. The result shows that
precisely the same amplitude aq„ is responsible for both a
high-order harmonic peak and the corresponding ATI
peak. This means that at least the qualitative charac-
teristics of the ATI peak envelope should be reproduced
in the high-order harmonics. That is, ATI peaks of
comparable strength should produce harmonic peaks of
comparable strength, and the locations of cutoA's should
be approximately the same in ATI as in harmonic spec-
tra. Also, there should be no qth harmonic if there is no
q-photon ATI peak but not vice versa. Since aq„ is
nonzero for all q, there are ATI peaks for all integers q,
but the dipole matrix element xo obeys dipole selection
rules, so D(r) and the photon spectra will have strong
contributions only from odd-valued harmonics. We be-
lieve that an inspection of the spectra presented in Figs.
2 and 3 supports these conclusions. '

Of course, more data are needed to test these con-
clusions more widely, and establish their limits. Almost
certainly they will not hold well for low-order harmonics,
which can be generated by bound-bound as well as
bound-free transitions. However, we have already found
confirming results in another, quite diA'erent, regime of
ATI and harmonic generation, in connection with two-
photon ionization, and also using longer laser pulses and
pulses that are smoothly turned on and oA. These
findings will be presented elsewhere.

In summary, we have presented the results of multi-
photon ionization computer experiments with a model
atom. We believe our atom is realistic enough to allow
these following conclusions: (l) the recent observations
of slow harmonic decrease, ' and more particularly the
cutoA plateau behavior will be found to be true of any
atomic species, not only noble gases; and (2) high-order
harmonic generation is necessarily associated with ATI
production in a specific way. In addition, our observa-
tion of plateau and cutoff features provides independent
evidence that (despite the nonnegligible gas pressures
employed) the real experiments were observing funda-
mental single atom, not many atom or plasma eAects in
light scattering.

We thank S. L. Chin, L. A. Lompre, and G. Mainfray
for discussions, and the Allied-Signal Corporation and
the John Von Neumann Center for support of computing
resources. Since completing this work, we have learned
that a near replication of the harmonic peak structure in
xenon of Ref. 6 has been obtained from a computer ex-
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