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Eff'ective Theory of the T- and P-Breaking Superconducting State
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We propose an eflective theory of superconductivity based on a microscopic theory of the T- and P-
breaking spin-liquid state. There are two independent gauge invariances broken by two separate conden-
sates. The theory may be useful for phenomenological calculations. In particular, we find that the H, &

are diAerent for magnetic fields with opposite orientations. We also find that the polarization of an elec-
tromagnetic wave is rotated after reflection from these T- and P-breaking superconductors.

PACS numbers: 74.65.+n, 74.20.De

Recently it was suggested' that the ground state of
high-T, materials may break time reversal (T) and pari-
ty (P). The T and P breaking may have many experi-
mental consequences both in the normal state and in the
superconducting state. We propose here an eA'ective

long-distance theory of superconductivity in such a T-
and P-broken state. Our theory is not a "pure Landau-
Ginsburg" theory in that we incorporate certain features
suggested by microscopic considerations.

Firstly, we suppose that the excitations in high-T, ma-
terials may have unusual quantum numbers, as was first
proposed by Anderson. In particular, we believe that
the excitations obey fractional statistics. ' Specifically,
Kalmeyer and Laughlin have argued that the excita-
tions are semions (or half-ferrnions). Their argument
has recently received support from general considera-
tions, from field-theoretic models, and from mean-field
studies on the lattice.

Secondly, we assume that the ground state of the
quantum systems describing high-T, superconductivity
violates time reversal and parity spontaneously. This im-

plies that our effective theory, unlike the standard
Landau-Gin sburg theory, can contain T- and P-odd
terms. Actually, this second supposition is closely in-

tertwined with the first: In general, particles with frac-
tional statistics violate T and P.

In the microscopic picture described in Ref. 3, we start
with the electromagnetic gauge-invariant electron hop-

ping operator c; c, exp(i f Atdx) on the lattice. (Here A„
denotes the electromagnetic gauge potential and c; the
electron annihilation operator. The indices & and j label
lattice sites. ) Our convention is such that the covariant
derivative of the electron field y, is given by
(t)„+iA„)y,. We then introduce an effective gauge po-
tential a„in a mean-field analysis by saying that the hop-
ping operator c; c~ exp(l ftA dx) can be replaced by
const xexp( —i f/d dx). In other words,

t j
(c; c, ) =constxexp —i„(a+A)dx

The potentials a„and A„appear in the combination

—(a„+A„)=a„.We showed' that an effective Chern-
Simons term is induced in the Lagrangian:

&cs =ae""aJ'„. (2)

Here f„„=8„a„8~„.At —half-filling the quasiparticles
are described by an electrically neutral spin- 2 fermionic
field y, coupled to the gauge potential a„through the co-
variant derivative (r)„+t'a„)tlt, We f.ind it useful to bor-
row the terminology of the resonating-valence-bond
(RVB) discussion and call the quasiparticle the spinon to
emphasize its character as a neutral spin-2 particle.
However, our picture diA'ers from the original RVB
theory by incorporating fractional statistics and violation
of T and P. In particular, the spinon may not obey fer-
mion statistics as proposed in Ref. 6. Because of Xcs,
the spinons have a statistics given by ( —)e'i '. As men-
tioned above, theoretical considerations favor a = I/4tr so
that the spinon is a semion (half-fermion). When two
semions are interchanged, their wave function acquires
the phase ( —)e' i .

As we dope the system with holes, superconductivity
may set in at some finite hole density. With our conven-
tion the hole couples to the electromagnetic gauge poten-
tial A„ through the covariant derivative (t)„—t'A„)y;
(The hole here is a charge-e spin- & object. ) In the T-
and P-broken ground state the charged quasiparticles are
holons (again to use a sort of RVB terminology), which
carry no spin. The holes can be regarded as bound states
of the holons and the spinons, tlr; —pt, tlt, . We see the
holon field pp, (which is a bosonic field) has a coupling
described by [8„—t'(a„+A„)jest,

There are two gauge symmetries in our model since a„
and A„can be transformed separately. The Chern-
Simons term (2) does not break the gauge symmetry of
a„.When pt, condenses and obtains a nonzero vacuum
expectation value, these two gauge invariances reduce to
a single gauge invariance a„a„+B„Aand A„A„—B„A. Because of this residual gauge invariance, there
can be no Meissner effect and the pt, condensed state is
not superconducting. It actually describes a state with
quantum Hall eAect. ''
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To obtain superconductivity we break both A„and a„gauge symmetries. We suggest that the spinons play an impor-
tant role in breaking the a„gauge symmetry. We suppose that singlet pair condensation of spinons breaks the a„gauge
symmetry. Introducing the pairing order parameter p„—y, y„we propose the following effective Lagrangian for the
T- and P-breaking superconducting state:

X=pqi[r), —i(ap+Ap)]pq+A pp p+ Pq[8& —i(a;+A;)]'P~ —&(PjP/r)

+p„i(8,+2iap)p„+ p„(8;+2ia;)p„—V, (p„p„)+—e"' aJ'„q+ (E —B ) . (3)

Here pp denotes the background charge density which is

equal to the doping concentration. The Lagrangian in

(3) describes a three-dimensional system consisting of
many weakly coupled two-dimensional layers. The spi-
nons and holons discussed above are confined to the lay-
ers. The Chem-Simons term in (2) is defined in each
layer. To convert it into a three-dimensional density we
need to divide it by the interlayer distance d. In this pa-
per we take the convention that indices i,j take values
1,2 and indices p, v take values 0, 1,2. The potentials in

(3) may be taken to have the standard form
~ I @~ I'+&

I @~ I' and &. =&,.@„I'+&, I e„I'.
Here h,„corresponds to the energy gap of the spinon
pair excitations.

While the effective Lagrangian (3) is introduced by a
microscopic picture, we would like to suggest that it may
be quite robust and largely independent of the fine de-
tails of our microscopic theory, as long as one believes
that the fundamental quasiparticles obey fractional
statistics. The essential physics is the existence of two

gauge invariances broken by two separate condensates
(or Higgs fields) and the appearance of the T and P-
breaking Chem-Simons term.

In the superconducting state, the pl, and p„fields ob-
tain some constant vacuum expectation values, v and u,
respectively. Varying with respect to a„and A„for con-
stant &I, and p„,we obtain

1
v 3

g a F,„.4ze, =p
(5)

(Strictly speaking, while v and u are determined largely
by V and V„they also have some dependence on a~ and

A~. We ignore such higher-order effects here. ) Accord-
ing to (4c), a~ is proportional to Ai, up to higher deriva-
tive terms negligible at long distances. As a result of the
Meissner effect, e~f~~ =0 and (4a) implies that v =2u .
Alternatively, we note that after gauge symmetry break-
ing, there is an effective mass term for a~ and so finite
energy requires f~

=0. Thus the densities of the spinons
and the holons are the same. If we also take into ac-
count the equation of motions from varying pz and p„,
we find that Ap =0 and ap=0.

At finite temperatures, the holons are described by the
two-fiuid model with

I pz I corresponding to the density
of the superfluid of the holons. The density of the nor-
mal fluid is given by pp. The total density of holons is

nI, —=pq+ I pq I . When the holon normal-Iluid density is

finite, we need to include a term (ap+Ap)ph in the
effective Lagrangian (3). The constraint (4a) becomes

i The first two equations are constraints imposed by vary-
ing ap and Ap. We have defined the electromagnetic
current

(v 2u ) + 2 E(~fjg =0, '

(v pp) = Jp2

e

2 p 4 p a
(a~+A, )v + a, u +2 e, l fpl, =0,——

(a+A)v=J2 2 1

(4a)

(4b)

(4c)

(4d)

(v '+ pg
—2u ) + 2 e"f;,=0. —

The constraint v =2u in the superconducting state is
replaced by nh = v +pq =2u . Equation (4b) is also
changed to —(v +pl, —pp) =Jp. (Note that pp=nq, so
that Jp remains zero. )

Since we are only interested in physics at long dis-
tances, we can solve for the current J~, dropping terms
with two derivatives or higher. After eliminating a~

from the last two equations of (4) and using ap=O, we
obtain

J =—
J

4ev u Qv PPl
& + p~q QpgI, + terms with two or more derivatives .

mv +2Mu 2du (mv +2Mu )
(7)

The first term describes the Meissner effect and thus superconductivity. Note that it vanishes when v or u vanish.
Breaking a„gauge symmetry is necessary as well as the condensation of pz in order to obtain superconductivity. The
second term in (7) appears to imply a Hall effect at zero magnetic field. But in the superconducting state the electric
field E=0 and there is no measurable Hall effect. In the normal state v=0 and J; in (7) vanishes. However, (7) only
contains the contribution to the electrical current from the superfluid. When E~O the normal fluid also contributes to
the electrical current so that the normal state is metallic. But we expect no zero-field Hall effect for the normal fluid at
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least at order O(e /h).
We can easily obtain the Hamiltonian (or free energy) of the model (3):

2H=+) d x, d xb2e lnIx, —xb I lI pb(xa) I +pb —
pollI &b(xb) I +pb po~+„d x 8'

+ dx'—
~J

1 p„(8;+2ia;)p„+V, (p„)j+J d x'—
27Pl

qtla; i (a—, +A;) I'qb+ V(yb)

where the constraint (6) (at finite temperature) is

satisfied. In general the parameters in the potential such
as x. and h,„depend on doping concentration p0 and the
temperatures.

Although the effect of T and P breaking does not ap-
pear in the uniform state, it does appear in nonuniform
states. For example, a vortex with positive magnetic flux
has different energy from that of a vortex with negative
flux. Assume (itib, p„,A„,a„)is the solution for a vortex
with positive Aux. Then if a =0, from the Hamiltonian
(8) and the constraint (6), we see that (pb, p„,—A„,—a„)is also a solution corresponding to a vortex with

negative Aux. Both vortices have the same energy. But
if a~o, the second vortex configuration does not satisfy
the constraint (6) if the first one does. Therefore vor-
tices with opposite Aux in general have different energies.
This implies that the lower critical field H, l has different
values for magnetic fields with opposite orientations.

Noticing that pb carries unit charge, one may wonder
whether the magnetic flux is quantized in units of hc/e
rather than hc/2e in the superconducting state. Actual-
ly, there are two kinds of fundamental vortices. ' (A)
We can have a vortex in which the phase of pb twists
around 22r at infinity [thus implying, according to (7),
fdx (a+A) =22r], while p„has an asymptotically con-
stant phase (thus implying fdx a=0). The electromag-
netic Aux and the statistical "magnetic" flux are then
(+,4) =(2',o). (B) We can also have a vortex in which
the phases of both pb and p„twist around 22r. Accord-
ing to (7) this implies fdx (a+ A) =fdx 2a =22r and
thus (N, b) =(ir, ir). In other words, the sinallest unit of
magnetic flux is ir (or hc/2e in traditional units) as car-
ried by a type-B vortex. A type-A vortex carries two
units of magnetic flux. All other vortices can be thought
of as combinations of these two vortices. The same argu-
ment applies to the magnetic Aux through a supercon-
ducting ring.

In their analysis of Aux quantization, Byers and
Yang' noted that time-reversal invariance implies that
the free energy is a symmetric function of the flux.
Thus, it has been suggested ' that T and P breaking may
result in a shift in the value of the magnetic Aux through
a vortex so that it becomes hc/2e+const. Although our
effective theory breaks T and P, such a shift does not ap-
pear here. This is because the T- and P-breaking term in

our theory appears as the Chem-Simons term which has
one more derivative than the gauge-symmetry-breaking

aj g and Aj U The T and P breaking effects
only appear at short distances and high frequencies.

v 3

g a "F„+p'A,+Pe,,a,A, =O,
v=0

(io)

where the parameters p and p may be read off from
(4b) and (7). Outside the superconductor, p and p
vanish, of course. We consider an idealized situation in
which z & 0 is empty space while z )0 is filled with the
superconducting material. We study a solution of nor-
mal incidence (and also with the direction of propagation
perpendicular to the planar layers) with Ao =0 and
Aj~e '"' independent of x and y. The equation of
motion

(8, + co —p )A;+ iProe;~A~ =0

implies the boundary condition that A; and 8,A; must be
continuous. We have, outside the superconductor,

b eikz+c e
—ikz

J J J

and inside,

JC+ 2 K' 2
Aj =aj+e ' +aj e

(i2)

(i3)
Here cj represent the reAected wave.

Inside, we find that
r

2 2~p t/2 (i4)

We will consider the low-frequency region so that K+
are real. Notice that there is a frequency regime in
which K+ remains real while x becomes imaginary. At
high frequencies, our effective Lagrangian treatment
breaks down. Also we have

a~+ = T-la2+ (is)
Outside, we have k =co, of course. Matching the bound-
ary condition, we can readily determine cj and aj~ in
terms of the incoming wave parameters.

Let us parametrize the reAected wave by

c~ =ccosp, c2=csinge'".

(Note that, in general, c;, b;, and a; can be complex. )

The change in the polarization of an electromagnetic
wave reflected off a superconducting sample provides
another signal of T and P violation. The propagation of
an electromagnetic wave is described by the phenomeno-
logical equation

v 3

g a "F =o,
v=0
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Then we find

1+i tangle'"I x —+ik x+ —ik b ~+ ib2 (i7)
1 —itanpe'" &++ik ~ ——ik b~ —ib2

For the case of a linearly polarized incoming wave
b2=0, we find that in the low-frequency regime, since
both x+ and x are real, g =0 and the outgoing wave
remains linearly polarized but with the polarization axis
rotated by an angle p. For p —tu»Pcu, we find

p
2

( 2 2)3/2

At zero temperature we have
2 2ae m

(m+M) '
In the intermediate- and high-frequency regime, x+
may become imaginary so that g is no longer zero, lead-
ing to an elliptically polarized outgoing wave.

Our theory admits three possible normal states (non-
superconducting states) depending on the values of the
parameters in the theory: (I) p„=tlih =0, (II) pt, &0,
p„=0,and (III) pt, =0, &„NO. In all these states, it is

energetically favorable to have uniform charge density

po
—ph. In the states (I) and (II) we have

f )2
= —ppd/4a due to the constraint (6). In (II) we also

have 8 =F~2= —f~2 due to the effective mass term
(a;+A;) . A magnetic field is generated. In

(III), however, the effective mass term
~ p„~ a; en-

forces f) =0. Thus we must have ~p„~ =po/2 due to
the constraint (6). The phase transition from the normal
state (I) or (II) to the superconducting state is a first-
order transition because

~ p„~ jumps from zero to po/2
after the transition, while the transition between (III)
and the superconducting state is a second-order transi-
tion as observed in high-T, materials. Therefore it ap-
pears that only the normal state (III) is consistent with
experimental observations. Our consideration here is
limited to uniform states. It may be possible to have
domain structures with different phases in different
domains.

We would like to point out that our effective Lagrang-
ian (3) is not the most general Lagrangian for the T
and P-breaking superconducting state. We did not in-
clude a possible "Maxwell" term f„,and possible cross
terms like

~

hatt,

~ ~ p„~ in the potential. The inclusion of
these terms would not affect our previous results about
the T- and P-breaking properties in an essential way.
However, the energies of the three possible normal states
do depend on these terms. Which of the three normal
states is actually realized depends on those energies.
When the coefficient in front of f„,is large we see that
(III) is favored. The equal density of spinons and holons
suggests the binding of spinon and holon. In phase (III),
the excitations may include the vortex in the spinon pair
field p, , with statistics dual to that of the spinon pair
field and hence semion statistics. '

In the above discussion we have used a fermionic field

to describe the spinon. We may alternatively use a bo-
sonic field to describe the spinon and change a from I/4tr
to —I/4tr to keep the statistics of the spinon unchanged.
In this case the holon is described by a fermionic field so
that it has the same statistics as before. Now the super-
conducting state is realized as a result of spinon conden-
sation and holon pair condensation. Although the
effective theory has a very different appearance, the
qualitative properties are the same as before. We expect
the properties discussed here to be generic for the T- and
P-breaking state.
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Note added. —G. Baskaran has kindly informed us
that a discussion of the microscopic basis of our effective
macroscopic theory may be found in Ref. 16.
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