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Heavy Top-Quark Mass Predictions

William J. Marciano
Brookhat. en N'ational Laboratory, Upton, 1Vew York J 1973

(Received 16 March 1989)

Renormalization-group equations and asymptotic conditions are used to obtain top-quark mass predic-
tions. In the standard model with an explicit Higgs mechanism, our analysis becomes identical to the
Kubo-Sibold-Zimmermann coupling-reduction approach. Refining their prediction, we find m&=95
GeV. In the simplest case of self-consistent dynamical symmetry breaking, we obtain m&=1 l5 GeV.
An illustration of how short-distance new physics can alter these predictions is given.

PACS numbers: 12.15.Ff

The apparent large value of the top-quark mass is in

sharp contrast with the masses of all other known fer-
mions. In fact, it appears that m, is much closer to the
8 —- and Z-boson masses

mw =81+ 2 GeV,

mz =92 ~ 2 GeV,
(2)

than to its fermionic brethren. Given that situation, it is
natural to ask whether there might be some calculable
relationship between m, and mw that would allow one to
predict the top-quark mass before its discovery.

Here we would like to present predictions for m, that
are based on renormalization-group equations and as-
sumptions regarding the asymptotic behavior of their
solutions. In the first case, we consider the standard
SU(3)zxSU(2)z xU(1) model with an explicit Higgs
mechanism. There, although our starting point is some-
what different, the analysis becomes identical to results

by Kubo, Sibold, and Zimmermann (KSZ). Those au-
thors employed a coupling-reduction technique in which
Yukawa couplings and Higgs-boson self-couplings were
expressed as a function of the SU(3)g gauge coupling a3
such that renormalizability was preserved. They found
in lowest order

4 ap(mg )
mw ~9 a2(mg )

(3)

with a3 and aq the SU(3)~ and SU(2)l. gauge couplings.

It now appears that the top quark is much more mas-
sive than originally anticipated. Direct searches at KEK,
CERN, and Fermilab have, so far, failed to find the top
quark. Instead, they provide' the lower bound m, &44
GeV. On a separate front, the observed large By-By
oscillation rate seems to suggest m, ~ 55 GeV, with most
theoretical analyses favoring higher values. At the other
extreme, electroweak phenomenology including top-
quark loop effects gives m, ~200 GeV. So, even though
the top quark has not been directly detected, it is rather
safe to assume that its mass lies in the range

44 GeV ~ m, ~ 200 GeV .

Q3(mg )
m~ (no Higgs boson),

3 Q2(mg )
(4)

which (after including electroweak and higher-order
QCD) results in a prediction of m, =115 GeV. The
finding in (4) is reminiscent of general results obtained
by Jackiw and Johnson and Cornwall and Norton' in
their classic papers on dynamical symmetry breaking. It
is also in keeping with work by Carter and Pagels''
which suggested that discovery of a heavy fermion near
the 8' — or Z masses would be evidence in favor of
dynamical symmetry breaking.

Both cases assume no new physics beyond the three-
generation standard mod~I. They are, howev«, ~uite
sensitive to new short-distance effects which could in-
crease m, to the 200 250 GeV range or, if fourth-
generation fermions exist, lower it somewhat.

We begin with the usual assumption that the local
SU(3)&XSU(2)I. XU(1) gauge symmetry of the stan-
dard model is spontaneously broken to SU(3)c XU(1),
at a scale of v=250 GeV. That breaking gives rise to
gauge-boson masses as well as fermion masses. The
scale v may correspond to a Higgs-scalar vacuum expec-
tation value or be related to the scale of fermion-anti-
fermion vacuum condensation in dynamical scenar-
ios, analogous to the BCS theory of superconductivity.

After including electroweak effects, KSZ gave the nu-
merical prediction m, =81 GeV, mH;ss, =61 GeV, with
quoted uncertainties of about (10-15)%. The same low-
est-order prediction in Eq. (3) was also obtained by
Pendleton and Ross (PR) in their analysis of infrared
fixed points in grand unified theories. They used a larger
uq(m~) as input and gave a numerical prediction of
m, = 135 GeV, mH;ss, =72 GeV. (Our subsequent
refinement of the KSZ analysis gives m, =95 GeV. )

In our second scenario, a dynamical symmetry-break-
ing framework, i.e., no explicit Higgs scalar, is assumed.
Fermion and weak-gauge-boson masses are included in

loop effects self-consistently in the spirit of Nambu-
Jona-Lasinio, but required to vanish asymptotically
where the symmetry of the massless theory is presum-
ably restored. We find in lowest order
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mzcos O~=m~=naq(m~)v2 2 = 2 = 2 (5)

with sin 0~ =0.23 and a2(m~) the running SU(2)t.
gauge coupling evaluated at scale p =m~. The fermion
masses are related to v by

mf 27l'K'f t.'t2= 2 (6)

The specifics of the symmetry-breaking mechanism do
not initially concern us. We need only assume that the
SU(3)~x SU(2)i &&U(1) model with three generations
of fermions (with or without a Higgs scalar) perturba-
tively describes all strong and electroweak physics. (Of
course, the scale v itself is very likely to be of nonpertur-
bative origin. ) The W —- and Z-boson masses are given

by

sequently taken to be running couplings xf(p) with
xf=x(mf) up to calculable corrections. ] Our goal is to
compute the xf in terms of the known gauge couplings.
Then, using

a2(mg ) mf GF
Kf = mf

mw A@2
(7)

a3(mg ) =0.107 —o'OO7,

a2(mg ) =0.0344 ~ 0.0007,

with GF=1.16637X10 GeV, one can predict mf.
The gauge couplings a; =—g; /4n, i =1,2, 3 are well deter-
mined ' and relatively small at a scale p=m~ [using
couplings defined by modified minimal subtraction
(Ms)],

with xf arbitrary parameters in the standard Higgs ai(mg ) =0.0169~0.0001,
mechanism (related to Yukawa couplings), generally
fixed to accommodate phenomenology. [The xf are sub- so perturbation theory should be valid. At higher ener-

gies, their evolution is governed by'

d
P3=u

dp

dP2=s-
dp

d
P~=p

dp

—1
a3(p) = (11 ——', ng)a32+

27K

—
1

a2(p ) = ( —", —', ng
———,

'
NH )a2+

7r

—1a)(p) = ( —-', ng
—

,
', NH)aj+—

where . . represent higher orders, ng =3 generations
(for p ~ m, ), and NH is the number of explicit Higgs
doublets. (NH =1 and 0 for the two cases we consider. )
If "new" physics enters at some high-energy scale, (9)
will be modified above that scale.

Since in the massless theory, only the gauge couplings
a; exist as independent parameters, we assume that the
xf are functions of the a;. The approach to small cou-
pling can be studied for the SU(3)z coupling a3(p) by
going to large p, since it is asymptotically free. In the
case of a~(p), it increases asymptotically (albeit slowly)
while a2(p) decreases but at a slower rate than a3(p).

(9)

|Ixf(p)
p „xf(p) = g Pi

dp i =1,2, 3 ai
(io)

The left-hand side of (10) has been perturbatively calcu-
lated in the standard Higgs-boson case. Ignoring quark
mixing, one finds for the top quark

! Therefore, we subsequently set a2 and a~ explicitly to
zero in our study of xf and then treat their eAect as a
perturbation.

Because the Kf are assumed to be functions of the a;
alone, we can write the scale-changing evolution of
x-f(p) as

d 9 4 9 17 3
p x((p) = x(' —x, —a3+ a2+ a, — xb-

dp 4~ n Sz 40m 4z
3

x(
1

2' q =u, d, s, c 2w I =e,p, z

and similar expressions for light fermions. '
We next insert (11) into (10) and solve for x, . Since all xf with f~t are very small, we set them to zero. For the

reasons given above, we also initially set the smaller couplings a2 and a] to zero and subsequently include their effect.
With those simplifications, one finds

7 2dK 9 2 4
a3 Kt a3KI

2n da3 4z

which is the nonlinear diAerential equation studied by KSZ. They gave the general family of solutions

(i2)

a3

C+9a'~ (i3)

with C an arbitrary constant. If we require x, to be continuous for all a3, then C & 0 solutions (which correspond to
very large m, ) are eliminated. All the solutions in (13) automatically vanish as a3 0, but two particular solutions
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C =~ and C =0 are special. The C =~ case corre-
sponds to the ultraviolet-stable trivial solution m(=0.
The trivial solution is presumably chosen in lowest order
for all fermions except the top quark. The second impor-
tant solution, C =0, corresponds to

= 2K'(= 9 Q3, (i4)

the solution advocated by KSZ and PR. It is infrared
stable in that all C&~ solutions approach it for large Q3.

That solution is also the unique nontrivial power-series
solution about Q3=0 and therefore represents a pertur-
bative expansion in Q3. KSZ chose the C=O solution
because it preserves perturbative renormalizability while

PR chose it because it corresponds to an infrared fixed

point.
We single out C=O as the top-quark mass prediction

because that solution is infrared stable and represents
the unique power-series expansion about Q3 =0. It corre-
sponds to the case in which both m, (p) and mii (p)
asymptotically go continuously to zero as a3(p)~ 0.
For the value of a3(mii ) in (8), that lowest-order solu-

tion corresponds to m(=95.2 GeV. There are a number
of refinements that can be made. Treating the elec-
troweak corrections as a perturbation on (14) gives an

approximate shift

2 1 17 (is)

which decreases the mass to 88. 1 GeV. That is compen-
sated by upward shifts of x, by about (0.5/tr)a3 from
two-loop contributions to (12) and (16/27tr)a3 in going
from the MS definition of m( to the physical mass. To-
gether, they shift m( back up to 96.3 GeV. Finally, we

should actually use a;(m, ) rather than a;(mii ) in our
calculation. That adjustment leads to the prediction'

m, =95 GeV (with Higgs boson),

with an estimated error of about ~ 5 GeV from the un-

certainty in a3(mii ). There is also uncertainty from our
reliance on perturbative theory and ambiguities in elec-
troweak effects. KSZ carried out a similar analysis
for the Higgs-boson self-coupling. Updating that study
gives mH;gg, =73 GeV; but the uncertainty is very large
because the electroweak shift is so big. (KSZ found a
smaller shift. )

The above prediction for the top-quark mass is in-

teresting; but it has potential shortcomings. For exam-

ple, embedding the standard model in a grand unified

theory and applying the resulting renormalization-group
operations along with our asymptotic conditions at
unification can lead to a different m( prediction. Also,
the Higgs scheme is renormalizable and well defined
(modulo triviality' ) without additional constraints; so,
the motivation is not so clear.

In our opinion, the above prescription is better suited
for dynamical symmetry-breaking and mass-generation
scenarios, i.e., no explicit Higgs boson, where the rela-

7 2 dry
Q3

2R' dQ3

3 2 4
lC( Q3 lC(,

2x ' (i7)

which can be analyzed in exactly the same manner as the
Higgs-boson case. The counterpart of the C=O solution
in (14) is

icy 3 a3 (dynamical) . (i8)

We single it out as the nontrivial self-consistent solu-
tion because it is an infrared-stable perturbative expan-
sion about Q3=0. That solution corresponds to the case
in which both m, (p) and mii (p) asymptotically go to
zero. ' Of course, to be physically stable, the solution in
(18) should minimize the vacuum energy. We do not
address that important issue or why v =250 GeV instead
of say 100 MeV (the scale of ordinary chiral-symmetry
breaking) is the electroweak scale. Since it seems un-
likely that a3(m, ) alone is strong enough to cause sym-
metry breaking at 250 GeV in the top sector, we must
conjecture that some unknown new physics gives rise to
dynamical mass generation for the top quark and also
leads to gauge-boson masses. " It is interesting to note
that at least three generations are required to generate a
nontrivial, physically relevant, perturbative solution.

The lowest-order prediction in (18) corresponds to
m, =116.6 GeV. Including electroweak and QCD cor-
rections, which again tend to cancel, gives

m, =115GeV (dynamical) . (i9)

That prediction is about 20 GeV larger than the Higgs-
boson case. If a very tightly bound pointlike 0++ tt
state mimics the fundamental Higgs boson, we expect
the dynamical prediction to be lowered somewhat to-
wards the Higgs-boson prediction.

The result in (18) can also be derived using the weak-
isospin-breaking top-quark self-energy (including QCD
corrections)

4/7
a3(p)

Z, (p) =m,
a, (m, )

(20)

in the W-boson two-point function. Following the

tionship between m, and mii can be viewed as a kind of
self-consistency condition and it is natural to assume that
Kf varies continuously with the Q;. Even the results
resemble earlier findings '' in dynamical models.

To derive an analog of (11) for the case of dynamical
symmetry breaking, we can self-consistently compute the
one-loop corrections to Q2, m(, and m~ keeping fermion
and gauge-boson masses in those calculations. That
amounts to taking the standard-model calculation for
p di~, /dp and throwing away corrections due to the phys-
ical Higgs scalar. In that way we find the analog of (11)
with (9/4') ir, (3/2') x, and —(9/8') a2x', ~ —(3/
4tr)aqic, . Again setting icf =0 for fat and a2 =a| =0
leads to
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mg a3"'(m, )

3 a2(m~) a3 (m, ) —a (A)
(22)

For A ee, we get (18); however, even for A = 10 '

GeV, where a3(A) =0.023, that expression gives m,
=250 GeV. So, new physics can have a significant
influence on m, and lead to a very heavy top quark.
Another possibility is to have a fourth generation. In
that event, m, may be lowered somewhat due to the pres-
ence of heavier quarks in loop dynamics. Corresponding-

ly, large t-t' mixing may be likely. '

In both the Higgs-boson and dynamical scenarios, a
heavy top-quark mass is predicted. That has interesting
experimental consequences. It suggests that finding the

top quark at Fermilab's 1.8-TeV pp collider will take
some time, but will not be difficult once somewhat higher
luminosities are achieved. The production pp tt+X
via gluon-gluon scattering will lead to W+W pairs in

the final state from t W+b. Background from direct
W+W production is small; so, the heavy-top-quark sig-
nature will be very distinct.

If the top quark is responsible for or closely connected
with W —and Z mass generation, it plays a special role.
We will, therefore, want to explore its properties very
thoroughly. It is likely to be the key to understanding all

fermion masses and mixing.
Self-consistency may relate top-quark and W masses;

but it does not explain their origin or the electroweak
scale. It is hoped that ongoing and future experiments
will give us the answers.

This manuscript has been authored under Contract
No. DE-AC02-76CH00016 with the U.S. Department of
Energy.

Note added. —After the submission of this Letter, two

new relevant papers were published. J. Kubo, K. Sibold,
and W. Zimmermann [Phys. Lett. B 220, 185 (1989)]

analysis in Refs. 9-11,one finds

3ta2(m~)
8tr' " p (p —Z,')

Integrating that expression leads to the results in (4)
and (18). This approach illustrates a sensitivity to new

physics, even at very short distances. If we cut the in-

tegration oA at some very large scale A, one finds from
(21)
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