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Pair Potential from Neutron Diffraction on Argon at Low Densities
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We report the results of measurements of the static structure factor S(x) for gaseous Ar at 140 K
and four (subcritical) low densities from which, for the first time, we derive the well of the isotropic pair
potential directly by means of a simple Fourier transform inversion.

PACS numbers: 61.12.Gz

The determination of the precise form of the interac-
tion potential in simple monatomic systems, like noble
gases, has been a matter of study for many years. The
joint use of a large amount of experimental data on vari-
ous physical quantities, like second virial coefficients,
transport coefficiencies in low-density gases, atomic col-
lision scattering cross sections, spectroscopic properties
of dimers, and properties of solids led to parametrized
functions that are accepted as good representations of
the pair potential of noble gases. ' However, none of
these physical quantities by itself yields directly, or by a
simple inversion scheme, without additional information
on the pair potential. As an example, compare the cal-
culations of the potential curve of the ground state of
Ar2 by Colbourn and Douglas from their accurate spec-
troscopic data, together with information from 1ong-
range forces and information from the second virial
coefficient. As far as inversion schemes are concerned,
the best possibility is found in atomic scattering experi-
ments, where the deflection angle is inverted to the pair
potential. Recently McLean, Liu, and Barker reported
ab initio calculations that yield in the repulsive region
probably the best available estimate of the argon pair po-
tential. They expect that empirical potentials are more
accurate in the region of the attractive well and therefore
they constructed a composite potential that agrees with
their calculations for r & 0.343 nm and with the empiri-
cal pair potential of Aziz and Slaman for r )0.343 nm.
The experimental quantity that, in principle, is most
directly connected to the interaction potential is the zero-
density limit of H(x) =[S(x)—1]/n, where n is the
number density and S(x) is the structure factor, which
is measured in neutron-diff'raction experiments. This has

already been shown to be possible for krypton, where
experimental data of Teitsma and EgelstaA' were used.
In that case the accuracy of the data at densities below 2
atoms/nm and the limited x range, which was restricted
to the maximum value K =40 nm ', did not permit a
satisfactory and precise derivation of the pair potential.
An earlier attempt to derive the pair potential of argon
from neutron scattering data at low density was made by
Andriesse and Legrand. ' In that case the x. range and
precision were limited also. Moreover the measurement
was performed at one density only, not low enough to
neglect many-body contributions. Karnicky, Reamer,
and Pings'' derived the pair potential of argon from x-
ray scattering data at several densities, in a limited K.

range. They applied an integral-equation theory to cor-
rect for many-body contributions.

In our method it is of fundamental importance to
determine the density dependence of S(x), from which
the zero-density limit is derived. In fact, the quantity
H(x) is the (three-dimensional) Fourier transform of
the total correlation function h (r) =g(r) —1 of the
monatomic fluid, where g(r) is the radial distribution
function, i.e.,

h(r) =hp(r)+nb|(r)+O(n ), (2)

where in the classical limit,

h p(r) =exp [ PUq(r) l —
1 . — (3)

H(x) =„h(r)exp( —ix r)dr.

For a low-density microscopically isotropic gas at tem-
perature T, the virial expansion yields
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h
~ (r) is the coe cien o)

'
h ffi

' t of the first density correction, P
d U (r) is the pair potential between two

particles at a distance r. Substitution of Eq. &~ in o
(1) yields

H(x) =Hp(ic)+nH~(ic)+O(n ), (4)

( ) and H i (x ) are the Fourier transforms of
hp(r) and h ~(r), respectively [cf. Eq. (1)]. From e
perimental values of S(x ) the values of C(x.), the
Fourier trans orm o e if f th direct correlation function c(r),
which is defined by the Ornstein-Zernike integral equa-
tion ' can be derived as follows:

C(x) = [S(x)—1]/nS(x)

=H(x)/[1+nH(x)] . (5)

Therefore also rc canC( ) be given by a virial expansion,
similar to Eq. (4):

C(x) = Cp(x) +nC ( (rc) + O(n ') .

It is straightforward to show that

Cp(ic) =Hp(ic),

C, (x) =H, (x) —[H, (x)] '.

(6)

(7)

Equations (4) and (6) show that Hp(ic), H~(x), Cp x,
(ic) can be determined from the experimental

density dependence of H(x) and/or C(lc, i(lc) in a range of
r n ma be neglected, withdensities where terms of order n m y

the sizeo t e nf h 0( ) terms as the theoretical limit to t e
(4) and (6) represent series expan-precision. Equations an

sions of two i erendifferent quantities whose terms are con-
nected. Therefore both can be used to extract in orma-

(x) =C (x), H~(ic), and C~(x). Here we willtion on Hp K

tal resultsonly give a e ai e id t '1 d discussion of the experimenta
will be dis-for Cp(ic). The terms Cl (x) and H

~
(x) wi e is-

cussed separate y. e e1 . The determination of Hp K and

Cp(x) from qs.E s. (4), (6), and (7) in a wide range o x

r b means of thevalues permits the derivation of hp(r by means o e
Fourier transform

13)], were performed at four densit' ies n =0.902, 1.399,
.900, and 2.393 atoms/nm, at T =140 K for 2.4 ( x

&1 at e00 the D4B diffractometer of the Institute Laue-
36Lan gevin in(ILL) in Grenoble. The Ar was kept in a

thin walled cylindrical vanadium container eig
d' 5 75 mm and wall thickness 0. 1 mm),

=14 .0~0.1mounted on an ILL "orange cryostat" at T=140.0

sured continuously and turned out to be stable to at least
one part per t ousan .h d The accuracy of S(ic), from

t' statistics, varied between six p parts er tencoun ing s
er thousandh d at the lower density and two parts pert ousan a
he incidentat the higher density, for each K value. he

'

h was k =0.0703 nm and the scattering percen-wavelength was
ix and fourteentage romf the samples varied between six an ou

eg one atapercent. wo e. T He ~as multidetectors were use,
rc 2.4 & x.distance of 2.92 m for measurements at low x. (2.4 x.

& 15), and the other one at 0.73 m for measurements at
( 0 & 100). The measurements were taken

in repeated runs to judge the stability of the experimen-
tal setup.1 . "Background" measurements, inc u in

scattering rom ef m the container and the vanadium ai
the cryostat (approximately 1.5% scattering), were one

of He in the container that the mac-with such amounts o e i

total cross sections of the Ar samp es an t eroscopic o a
t e He werecorrespon ing ad absorption cross section o t e e

equal. This allowed us to subtract properly t e ac-
The time apportionment betweenground scattering.

sampe an c1 nd corresponding background was chosen to
minimize e sthe statistical inaccuracy on

that aftermeasuring ime st'
i ent on each density was such a

f h background all H(x)'s should have ap-correction or t e ac gr
t 1 the same statistical accuracy. e a a

were corrected for background, multiple scattering in-
le and the container

and the tail of the cryostat), attenuation effects, and
ff ts for inelastic scattering. ' Finally we app ie ae ec s or

'

in an le b thecorrection o ret' to replace the nominal scattering g y
is due to thettering angle (the difference is ue o

s . Thenfinite sizes of the sample and the detector cells). e

f
hp(r) =(2') ' Hp(x)exp(ix r)dr

and of the isotropic pair potential

U (r) = —k Tin[ho(r)+1].

(9)

(10)
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3.6

since noisevalues are required to perform this program, since
f H (x) are the final limits for theon and truncation o p x a

f h F urier inversion for the determination
f h (r) and in turn of U2(r). This implies thato pr an
h ld be determined in the low-densi y gsit as over a widesou e

0 & x ( 100 in our case (x is give'ven in nmK range,
n thethroughout t is e er,h' L tt ) with a higher precision

lower the density.
in Ar, chosen or i sh f 'tsOur measurements of S(rc) ', h

'
s
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FIG. 1. Experimental C(n, ~) at variourious x values (symbols)
and weighted linear fits to the data (lines).
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FIG.G. 2. Co(x) from extrapolation of C(, )
ols and calculated from pair potentials taken from the litera-

ture (Refs. 2 and 3) (line).
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FIG. 3. Pair potential from this experiment (symbols) and
taken from the literature (Refs. 2 and 3) (line).

the data taken with the two detectors were matched in

t e overlap region. We normalized the data using the
act that S(n, x )~ 1 for high-x values.

From the four experimental structure factors S(n, x)
we determined H(n, x) and C(n, rc), including estimates
of the statistical inaccuracy based on count' t tun ing s atistics.

e calculated the values of H(n, x ) and C(n, x ) at x =0
for the compressibility theorem '

S(n, x=0) =kaT/(dp/dn)T

for the four experimental densities, using the equation of

could be represented extremely well by a linear function
o the density, with the correct C(n=0 re=0) lim't,
whereas for H(n, x =0) this was not the case.

For each value of x we estimated Ho(rc), Ht(x),
Cp(x), and C
the

rom a weighted least-squares fit t
e data, taken at four densities, of a function linear in

s 0

t e density. In Fig. 1 we show the typical density depen-
at various x. values, characteristic for

diff'erent rc ran eanges. In the K range we explored, both the
H(n, x) and C nC(n, x) data could be represented within
the experimental accuracy by a linear function of densi-

ty, in agreement to first order with Eqs. (4) and (6).
The result for Co(tc) is plotted in Fig. 2, together with
the theoretical prediction based on thon e pair potential of
either Ref. 2 or 3. [The differences between Co(x)'s,
ca culated from these two pair potentials, are for our
purpose negligible. ] Within the experimental accuracy,
the relations between the coefficients given by Eqs. (7)
and (8) were verified.

At the ow
2.92 m we o

e ower K values, measured with d t t 1eecor at
m, we observe relatively large deviations, up to 30%,

of the experimentally determined values of Co(x), com-
pared to the theoretical prediction. The values deter-

the ones predicted by the pair potential taken from the
iterature.

0.73 m th
In the range 25 & K & 35, measured with d t 2e ector at

m, the experimental values are larger than the pre-
icted ones. These deviations are significantly in excess

of the (statistical) inaccuracy, estimated from counting
statistics cf. Ftg. 2). Note that at higher x values, mea-
sured mainly with detector 2, the statistical accuracy is
better due to the higher count rate of this setting.

From Fourier transformation of Co(x) we determined
cp(p) =Ap(r) and U2(r) using Eq. (10). We verified that
truncation of the experimental Co(x) at low x (( 2.4)
and at high x () 100) affects co(r) by an amount of ap-
proximately 1% in the region of the peak. Quantum
corrections to ho(r) amount to less th I'F '

h
o t' e eak. l7

ss an o in t e region
f h p . In Fig. 3 we show the pair potential for

r as derived from the present experiment together
with the pair potential of Ref. 2 or 3. The value of r

=0.338 +
where the experimental pair potential e 1ia equa s zero is o.

0.001 nm and the well depth is e/k~ =134 K.
We estimate the accuracy of the pair potential deter-
mined this way to be approximately BU2(r)/k~ =3 K
from propagation of errors.

We have shown that in the favorable case of Ar, due
to its lar e cg oherent neutron scattering cross section, it is
possi e to obtain experimentally direct access to the airess o e pair
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