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width in velocity space of the brief heating, and the dc
parallel electric field E. The inference of details of the
heating pulse has been considered previously. '' Know-
ing the viewing angle is the same as knowing the current
profile, since, with the toroidal magnetic field given, the
poloidal magnetic field is deducible from the viewing an-
gle. The current profile and the ion-charge-state profile,
both of interest in tokamak experiments, are already
measured through other means, but further resolution
using the synchrotron emission is useful.

If is of particular interest here, however, to deduce the
dc parallel electric field, something entirely unavailable
otherwise. Typically less than a volt per meter in a
tokamak, this field is far too small to be inferred through
atomic phenomena, and cannot be measured directly by
probes because the plasma is too hot. Its eA'ect is mani-
fest, however, in the dynamics of superthermal electrons,
exactly those that synchrotron radiate most profusely. It
turns out that both E and the other parameters of in-
terest can be deduced almost orthogonally; i.e., ig-
norance or even misinformation concerning some param-
eters does not impair significantly the inference of other
parameters. The radiation response changes in very
diA'erent ways when diAerent parameters are varied. It
is a conclusion of this work that simultaneous inferences
can be made with surprising success.

We exploit here a fortuitous separation of time scales
I/co « rd„« r, « r~„From the first inequality we have
that the radiation frequency to (-300 6Hz) is
su%ciently characterized on the instrumental detection
time scale of rd„, which can be 50 ps. (It is a similar
separation of time scales that makes possible the 2D
frequency-time speech spectrogram used in the machine
recognition of human speech. ) The amount of processi-
ble information that would be available in a nontransient
analysis is multiplied by r, /rd„(typically 10 —10 ), the
number of detector observations in a slowing down time,
~„of a superthermal electron. The parameters change
on the longer time scale ~~,. „so that their values may be
treated as constant during the transient analysis, with
the opportunity, by repeating the probe, to average the
results of several transient analyses.

Why is there this great multiplication in the amount of
processible information? To be sure, any frequent mea-
surement of the radiation records a great deal of data,
but unless something is liable to change on that time
scale, those data are redundant. It would not be infor-

mative to measure temperature (which governs the back-
ground radiation) every 50 ps, were the temperature al-
ready known to change only on the time scale of a
second. Only by producing a transient signal, do we en-
dow the time measurements with informative potential.

Perturbing the high-velocity, superthermal electrons
has many advantages: These electrons synchrotron radi-
ate most copiously, but lose energy slowly, so that there
can be more independent time points in the radiation
pattern R(co, t). Dominated by Coulomb collisions and
the dc electric field, these electrons mainly flow along the
magnetic field, largely immune to temperature fluctua-
tions and other turbulence in the bulk of the ion or elec-
tron distributions. This understanding of the dynamics
of fast electrons has received considerable experimental
verification. ' ' What makes the inverse problem of
determining parameters from the radiation response of
fast electrons tractable is that relatively few parameters
govern this response, and powerful analytic tools exist for
finding the response given the parameters.

The incremental or transient radiation response is
defined as R(ro, t;O) =Rt,t(to, t;O) Rb„k(—to, t;O), where
Rb„. ,k is the background radiation associated with a rela-
tively constant distribution function and R is the incre-
mental radiation specifically due to an externally im-
posed impulsive momentum-space flux I (p, t). We can
then write the distribution function f as f=fM (1+hatt

+p), where fM is a Maxwellian distribution, p~ de-
scribes the relatively constant deviation from Maxwellian
of the background distribution, and p describes the
time-dependent distribution specifically associated with
the source 1". For problems of interest, in terms of con-
tributing to the collision integral, both Ptt and P may be
treated as small, so that f obeys the linearized Fokker-
Planck equation. The evolution of p is then governed,
after the brief excitation, by Coulomb collisions and the
dc electric field,

fM 8$/Bt+pE Vpf~f —Q(p) =0,
with initial condition f~p(p, t =0) =Q(p), which is the
result of the impulse I . The incremental or transient ra-
diation response, viewed at angle 0 with respect to the
magnetic field, is then

R(to, t;O) =„d'p fMy(p, t)I(ro, p;O),

where the radiation intensity I can be of ordinary or ex-
traordinary polarization; for the latter, I=I, we have

2 2

I (to, O, u) =g — (1 —p )J„' n (1 —p ) ' — 6(to —neo, /yk),
y y

(3)

where n is the cyclotron harmonic, J„' is the derivative of the nth Bessel function of the first kind, co, =eB/mc is the cy-
clotron frequency of nonrelativistic electrons, u =p/mc, y (u):—1+u, p =pii/p, and X =1 —up sinO/y is the extent of
the Doppler shift through viewing the radiation at angle 0.

Very fast algorithms have been developed for solving for the radiation response R(to, t). The fast algorithms, w»ch
make feasible a statistical analysis that would otherwise be unthinkable, exploit several properties of Eqs. (1)-(3).
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=a) a2R(co/a), t/a3, B,Q, n, E/a3) . (4)

The impulsive heating can be arranged to aA'ect only
nonrunaway electrons, so that Eq. (4) simplifies further
through the linearization R =Rp+ ER &.

Second, note that since Eq. (1) is linear in p, a Green's

First, note that Eqs. (1)—(3) admit several scale-
invariant transformations of the radiation response
R(co, t). Having solved for R(co, t;B), where B is a set
of parametric dependences which includes the magnetic
field amplitude 8, the electric field E, the density n, and
the perturbation amplitude Q, we also have for any con-
stants ei, aq, and a3,

R(co, t;a)B, apQ, a3n, E)

function, y, for the radiation response can be defined.
We write the radiation response as an integral over ini-
tial condition Q(p),

R(co, t;8) = d'u y(co, p, t;8)Q(p) . (5)

The Green's function makes efficient the simultaneous
consideration of many perturbations Q(p).

Third, choosing to perturb electrons on the tail of the
distribution function, superthermal but not runaways,
makes possible an analytic solution for y. For these
electrons, energy diff'usion by collisions is ignorable com-
pared to energy loss. The Green's function for the radia-
tion response, y, solves the relativistic Fokker-Planck ad-
joint equation, ' which we write as

By By 1 2 By 1+Z iiy+ y'u y —
y

'
(1 —p') y =0,B. Bu„ u, Bu 2 Bp Bp

written for superthermal excitation in the high-velocity
limit, and in terms of the normalized variables r=v, t,
v, =nq inA/4tzm roc, and 6' =qE/mcv„and to be
solved with the following initial condition y(co, u;0, z =0)
=I(co,u; B).

An analytic solution is available as follows: Separate
y and the initial conditions into Legendre harmonics
[y(u, p, z) =gq Pt, (p ) yi (u, z) ], expand in the electric
field [yq (u, z) = yk +8 yk' + ], and then integrate
the equation for yI, along characteristics to obtain"

0)) ( ) 1+y(u) 1+@(x) ( )
D X

where ai, =k(k+1)(Z, tr+1)/2, and the characteristic
function x(z, u) can be written as x=g '[g(u) —z],
with g(u)—:u —tan 'u; g ' is defined such that
g '[g(u)] =1. The equation governing y), ', to be
solved with homogeneous initial conditions, is driven by
the kth Legendre harmonic of By /Buii, ' fortunately,
this inhomogeneous term can be simplified enormously so
that yi,

' can be put into an efficient closed form.
These fast algorithms enable us to consider essentially

all competing parameter sets that might possibly explain
our obtained data. More than that, we can estimate the
worth of data prior to obtaining it. Suppose that experi-
mental measurements are of the following form R„(co,t)
=R(co, t)+R(co, t), where the extraneous signal R(co, z)
is Gaussian noise, uncorrelated in both frequency and
time, with (R) =0 and (R ) =a . Given this model for
data generation, and given a set of plasma parameters
[B], we can express the probability P(R„ I B;a) of gen-
erating a specific data set R„ in the presence of noise
characterized by cr Given an .a priori distribution P(B)
for the parameter set [B], by Bayes's theorem we can
write P(B I R„;a)=P(R„

I B;cr)P(B)/P(R„). The prob-
ability distribution of the plasma parameter set {B],
given that the data were obtained in the presence of

noise o. and generated with the specific plasma parame-
ter set [B~j, can now be written as

P(B
I B,;a) = P(B IR.;a)P(R. I B,;a)

R„J

»m g P(B
I
RP);a),1

~R-- R i=]
where, in the first equality, the summation over all possi-
ble data sets [R,J is both unfeasible and, in practice, un-

necessary; the second equality obtains, since, by con-
struction, P(B I R, ;cr) is sampled with probability
P(R

I B~;a). Generally N~ —80 suffices to approxi-
mate P(BIB~;a). Of course, the fast algorithms for
generating R(co, t) are indispensable, since R must be
obtained for each competitive data set.

Carrying out a program of examining P(BIB,;a)
with various sets of plasma and heating parameters un-
known, we find that the a priori probabilities P(B) can
be improved upon meaningfully. To taken an example of
particular interest, consider the simultaneous viewing of
radiation from the core periphery of a tokamak, where in
a coarse model, the two regimes have, respectively, den-
sities n, and np, and electric fields 8, and Cp In other
relevant respects, such as viewing angle or ion charge
state, the two regimes are presumed identical. One
detector then sums

R(co, t) =Q,R(co, t;n„h, )+Q~R(co, t;nq, C„),
where Q„Q~, 8„and 8~ are assumed unknown, but n,
and np are known from other measurements. Of course,
were n, =np, there would be no distinguishing the radia-
tion source. However, even a 10% variation in density is
exploitable. As shown in Fig. 2, the marginal probability
distribution P(C„C~) (the joint probability summed
over all [Q„Q~]) reveals the true parameters 8, =0.08,
Np =0, i.e., a loop voltage on axis not yet relaxed via
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