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The potential-energy-surface concept of the generalized collective model is given a shell-model inter-
pretation. For deformation less than the equilibrium value, 8 < fo, the shape of the potential is related
to intrashell dynamics while the sharp rise for > fo is shown to be an intershell phenomenon that de-
pends on competition between major shell excitation energies and the binding energy of the residual in-
teraction. The exclusion principle plays an essential role in the argument. Results for **Mg illustrate

the necessity of an open-shell picture.

PACS numbers: 21.60.Ev, 21.60.Cs, 21.60.Fw, 27.30.+t

The purpose of this Letter is to give a shell-model in-
terpretation of the potential-energy-surface (PES) con-
cept of the Gneuss-Greiner model (GGM).! The latter is
a phenomenological theory that describes nuclei in terms
of collective quadrupole bosons that represent shape os-
cillations. This objective will be met within the frame-
work of the microscopic collective model (MCM) which
is an algebraic theory that has the dynamical group of
the three-dimensional oscillator as its fundamental sym-
metry.? It is a fermion-based shell-model theory that in-
cludes intershell mixing phenomena generated by the nu-
cleons interacting through their quadrupole fields. The
MCM can be thought of as a multishell generalization of
the Elliott model.?

Specifically, a simple Hamiltonian consisting of the
isotropic harmonic oscillator and the collective quadru-
pole-quadrupole interaction is shown to suffice for the
explanation of the general features of the collective-
model potential. This result, together with the relation
between the microscopic quadrupole operator and the
collective quadrupole variables, implies that the high-
order terms that enter into collective-model theories of
nuclear structure serve to mimic exclusion-principle
effects. If a residual rotorlike term is added to the
harmonic-oscillator plus quadrupole-quadrupole interac-
tion, low-lying spectral features like the K-band splitting
can also be explained. Calculated results for the excita-
tion spectra and E 2 transition rates of >*Mg are given to
illustrate the theory.

The GGM gives a description of nuclear properties in
terms of collective coordinates a»,=a, that define quad-
rupole deformations of the surface,

R(6,0)=Ro|1+2Xa%,Y>,(00,0)], )]
u
and the corresponding coujugate momenta n,=m,,

where in a quantized picture [n,,a,] =—ihé,,. Specifi-
cally, the Hamiltonian consists of kinetic and potential

parts built out of scalars in the collective coordinates,

H=T+V where V=23V, (cos3y)°. )
p,o

This Hamiltonian is diagonalized in a five-dimensional
harmonic-oscillator basis with N < N.x bosons. The
parameters of the Hamiltonian, given in (2) in principal-
axes form (az0=pBcosy, as, +,=0, as, +>=1/~/2psiny),
are determined through a least-squares-fitting procedure.
Gneuss and Griener used a sixth-order theory
(2p+30=<6) with Np,=<32. An extension adds
deformation-dependent terms to 7" and nonpolynomial
parts to ¥.* A plot of the resultant ¥ as a function of 8
and y is the PES of the GGM. The theory embodies all
special cases of the collective model: the rotor, triaxial
as well as symmetric, the quantum vibrator, and the so-
called rotor-vibrator limit.>

Terms in V in order 4 (6) or greater in f are required
to obtain a nonzero equilibrium By (y¢) deformation
value. Furthermore, it is clear that if V; enters with a
negative sign there must be a positive ¥ or Vo, to bal-
ance it so the potential does not go to negative infinity
for large B, etc. In other words, all the familiar prob-
lems encountered whenever polynomial expansions are
used enter in the theory. One purpose of this Letter is to
point out that these high-order terms are necessary be-
cause the GGM does not address the particle dynamics
properly. Specifically, it ignores the elementary but im-
portant fact that nuclei are made up of fermions that
obey the exclusion principle. Another complementary
purpose is to show that stable nonzero equilibrium values
for the deformation arise naturally within the framework
of the shell model with no more than two-body interac-
tions.

Consider the following simple shell-model Hamiltoni-
an:

H=Ho— 7 xQ°NQ°, (3)
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FIG. 1. A traditional (8,y) or polar plot, with B the radius
vector and y the azimuthal angle, which shows the relationship
between the collective-model shape variables (8,y) and the
SU(3) irrep labels (A, u).

where H is the three-dimensional isotropic harmonic os-
cillator and Q°AQ° is the collective quadrupole-
quadrupole interaction. The latter builds coherence into
calculated eigenstates so they yield enhanced E2 transi-
tion rates. The strength of H is fixed by Aw, the
major-shell separation distance. The operator Q¢ cou-
ples shells that differ by = 24w and is a generator of the
noncompact group Sp(6,R). If the action of Q¢ is re-
stricted to the valence shell, SU(3) is a good symmetry.
However, the full Hamiltonian (3) has Sp(6,R) as its
dynamical symmetry group. The Sp(6,R)— SU(3)
— SO(3) group structure defines the MCM. It is the
Elliott SU(3) model extended to incorporate the inter-
shell couplings generated by Q¢. The SU(3) tensor char-
acter of the non-SU(3)-conserving, 2A® raising and
lowering parts of Q¢ are (2,0) and (0,2), respectively.
Because shells above (below) the valence one are essen-
tially empty (full), these raising (lowering) operators can
be replaced to high accuracy by (/=0 and 2) boson
creation (annihilation) operators with the same SU(3)
tensor character. This yields a contraction of MCM
known as the U, (6) x U, (3) or U(3) boson model.®
Before we present results of calculations, it is neces-
sary to establish a connection between the shape vari-
ables B and y of the collective model and the irreducible
representation (irrep) labels A and u of SU(3). In a re-
cent paper this was done by the invoking of a linear map-
ping between the eigenvalues of the invariant operators
of the rotor [tr(Q°)2=k?B? and tr(Q°)3=(k3/V6)p>
xcos3y where k?=327A(r)2] and the second- and
third-order Casimir invariants of SU(3).7 A simple
justification for this can be offered: The invariant mea-
sures of two theories used to describe the same quantum
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FIG. 2. Expectation value of H in L =0 states for the indi-

cated irrep’s of 2*Mg. The curve cuts through the PES with
y=20.6° for the (8,4) irrep.

phenomena must agree. The relationship is

B2=(4r/5)(A(r?) 22 +au+pu+30+3u+3),
(4)
\/§(u+1)

- t
YA 3

i}

where A is the total number of nucleons and (r?) is the
nuclear mean square radius. In this way each (A, u) ir-
rep is associated with a specific point in the (B,7) plane.
A schematic diagram that illustrates the mapping is
given in Fig. 1.

The Ohw SUQ3) irrep’s for 2*Mg are (0s)*(1p)'2-
(ds)® particle configurations. They are determined by a
U(6)— SU(3) group plethysm.® For example, the most
symmetric spatial symmetry ([f]=1[444444]) contains
the following SU(3) irrep’s with L=0 states: (\,u)=
(8,4), (4,6), (0,8), (6,2)% (2,4),*> (4,0),> and (0,2)
where the superscript is a multiplicity label. Of all the
allowed irrep’s, including those in less symmetric spatial
symmetries, the (8,4) yields the maximum value for B
and for this SU(3) irrep y =20.6°.

The expectation value of H (Aw=12.6 MeV and
x=0.0438 MeV) between basis states of the U,(6)
xU;(3) model are plotted as a function of g in Fig. 2.
The solid curve traces out the locus of minimum expecta-
tion values in the Ohw space for B8 < Bp and connects
leading irrep’s of the 2Ah w, 4A w, etc., spaces in the prod-
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FIG. 3. A schematic diagram illustrating a shell-model real-
ization of the collective-model PES for **Mg. In each major
shell the allowed representations fall in a conical strip or V-
shaped band with terminus defined by the SU(3) irrep that
gives the maximum deformation in that shell. The PES corre-
sponds to the envelope defined for 8 < o by the irrep’s of the
O w shell that lie lowest in energy and for 8> Bo by leading
SU(3) irrep’s of the higher shells.

ucts (2,0)"x(8,4) for B> Bo. The y values range from
46.1° for the (0,2) irrep, to 20.6° for the (8,4), and to
15.6° for the (12,4). A point to be noted is that the slow
rise to the left of the minimum (8 < fB¢) is a 0Aw phe-
nomena while the sharp rise beyond the minimum
(B> Bo) is primarily due to the shell structure. SU(3)
irrep’s with 8> By only exist in higher shells. If y is set
to zero, all irrep’s of the nth shell would lie at nAw. The
actual position of the irrep’s is lower than this because
Q°AQ°¢ increases the binding energy of the system. The
strength of Q°AQ° must be large enough to build in the
required coherence yet small enough so the shell struc-
ture established by Hj is not destroyed. A trivial diver-
gence can be overcome by our removing from Q°AQF€ its
major-shell, trace-equivalent part.® This was done in the
calculation.

A general microscopic (shell-model) interpretation of
the macroscopic (collective-model) PES concept can now
be given. A schematic plot of the expectation value of
the Hamiltonian, (H), versus the deformation, S, that in-
dicates the process is given in Fig. 3. In each major shell
the allowed SU(3) representations fall into a conical
band with terminus defined by the leading SU(3) irrep,
that is, the (A,u) for which B was given by (4) is a max-
imum. The PES corresponds to the envelope that is
defined for B < By by the irrep’s of the 04w shell that lie
lowest in energy and for 8> By by leading SU(3) irrep’s
of the higher shells. Of course, SU(3) is not an exact
symmetry so (A,u) mixing occurs both within and
among the shells. This mixing blurs the boundaries but
so long as SU(3) is a reasonably good symmetry the ar-
gument applies. Regions below and to the left (right) of
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FIG. 4. Experimental and calculated [U,(6) xU;(3)] spec-
tra for 2*Mg. Parameters of the Hamiltonian are Aw=12.6
and y =0.0438 for the shell and quadrupole-quadrupole terms,
respectively, and @ =0.130, b= —0.0408, and ¢= —0.00521
for the residual SU(3) parts. All quantities are given in MeV
units.

the enveloping curve for B <o (8> By) are forbidden
domains due to the Pauli principle. The equilibrium
value for the deformation By is determined by a compli-
cated convolution of intrashell and intershell dynamics.

The calculated spectra for >*Mg is compared with ex-
periment in Fig. 4 and an analysis of the corresponding
eigenstates is given in Table I. These results were ob-
tained for the Hamiltonian of (3) augmented with a re-
sidual rotorlike SU(3) term that allowed the interaction
to be fine tuned to reproduce the observed low-energy
K-band splitting, 1°

H=Hy— 5 y0°ANQ°+aL?+bX3+cX,. ()

In (5) the operators X, are rotational scalars built from
the generators of SU@B): X3=(LxQxL)° and
Xs=[LxQ)'x(@xL)'1° In these expressions Q is
the part of Q¢ that acts within a single shell. The X,

TABLE I. Eigenstate intensity analysis for members of the
24Mg ground band.

Shell Angular momentum

(hw) 0 2 4 6 8
0 61.1 61.4 62.0 65.4 70.3
2 23.9 23.7 23.3 21.6 18.8
4 10.9 10.8 10.6 9.5 8.2

Higher 4.1 4.1 4.1 35 2.7
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TABLE II. Experimental and calculated E2 transition strengths in *Mg.

L; Ly Sp(6,R) U, (6) xU,(3) Experiment
2 0 20.3 21.0 20.5+0.6
4 2 26.9 27.9 23+4
61 4, 25.6 26.6 34+ 1%
8 61 20.5 21.5 16 +2°
4, 2, 10.8 11.1 16+ 3
5 3 16.3 16.8 28+5
62 4, 17.7 18.0 23+ ¢
T 51 18.5

8, 62 14.8 14.4 >3
2, 0 1.3 1.6 1.4+ 0.3
4, 2, 0.8 0.9 1.0+ 0.2
62 4 0.8 0.8 0.8+ §%
8> 6 1.1

operators are members of the SU(3) — SO(3) integrity
basis and like L? have zero matrix elements in L =0
states so the addition of this SU(3) term to the Hamil-
tonian does not change the arguments given regarding
the PES. Interband as well as intraband transition rates
were calculated and found to be in excellent agreement
with experiment and full Sp(6,R) calculations (see Table
ID.'12 No effective charge was needed. As the intra-
band transitions are 10 to 20 times stronger than the in-
terband ones, this is a sensitive test to the theory.

In conclusion, the results show that the sharp rise in
the PES for B> B is a shell-model feature that can be
reproduced with a simple two-body interaction. The
GGM requires high-order terms in the potential to get
stable nonzero equilibrium deformation values because
there is no other mechanism for building the exclusion
principle into the theory. The importance of the shell
admixtures in low-lying eigenstates is signaled by
enhanced E2 transition strengths. Typically, in low-
lying eigenstates the summed intensities of shell admixed
configurations is between 30% and 40%. This percentage
is much too large to be ignored in any microscopic
theory of nuclear structure.
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