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Use of a coherent-state representation of the sphaleron allows a direct calculation of its production
rate in a thermal gas of W and Higgs bosons. Technical considerations permit a straightforward calcula-
tion only in the case A/g2=1 (My=3Mw), where A is the Higgs-boson quartic coupling, and g is the
SU(2) gauge coupling. For this case it is found that the rate is unsuppressed for temperatures
T=2.4Mw(0), where My (0) is the zero-temperature W mass. Thus anomalous B+ L violation is also

unsuppressed above this temperature.

PACS numbers: 11.30.Ly, 11.15.Kc, 12.15.Ji, 98.80.Cq

Baryon-number violation in the standard model is in-
duced by a U(1) anomaly' for the axial-vector baryon
current. At zero temperature, the AB=0 processes are
instanton dominated, and are suppressed? by factors
~exp(—4n/a,). However, it has been argued® that at
high temperatures AB#0 processes are unsuppressed be-
cause classical thermal fluctuations can allow ambient
field configurations to cross the potential barrier between
distinct topological vacua. The resulting violation of
baryon number, which could wash out any pre-existing
B+ L excess, may then be understood as resulting from
fermion level crossings* in the presence of the unstable
classical field configurations interpolating the vacua.
The configuration of minimum energy,” called the
“sphaleron,”® plays a central role in these semiclassical
discussions: The transition rate is controlled by the
Boltzmann factor exp(—E,n/T), and by the Gaussian
and zero-mode fluctuations of the fields about the sphale-
ron.’

Several recent studies have focused on the nature of
the transition in real time. A computer study® of the
1+1 Abelian Higgs model (which contains an anomaly,
sphalerons, and topologically distinct vacua) confirms
that a random field configuration selected from a heat-
bath environment will evolve in real time, at an un-
suppressed rate, to configurations with nontrivial winding
number, and hence will precipitate fermion level cross-
ings. In doing so, the field passes through the “kink” of
the 1+1 theory, which is the sphaleron of this model.
These real-time transitions have also been discussed for
the pendulum problem,® and, in a variational approxima-
tion, for the gauge theory itself. '°

In all of these studies, the sphaleron evolves from ini-
tial configurations chosen in a basis of classical fields.
The question then arises: Can one calculate the rate for
sphaleron creation in the more canonical early universe
environment, an incoherent quantum gas of free W’s,
Higgs bosons, and other particles? Such a calculation is
the subject of this work. In what follows, it is shown ex-
plicitly that for the (calculable) case A/g?==1, the rate
for the process W’s,H’s— sphaleron is unsuppressed for

temperatures 7= 2.4My (0), where My (0) is the zero-
temperature W mass. Here, as usual, A is the Higgs-
boson quartic coupling, and g is the SU(2) gauge cou-
pling. There is no reason to suspect that the rate is
suppressed for other values of A/g?—it is just that, for
reasons which will become clear, the calculation becomes
grossly unreliable unless A/g?==1. Accompanying the
unsuppressed sphaleron production is, of course, the
violation of B+ L described above.

The starting point for the analysis is the scattering for-
mula

S,-_,Sph=—27rl'8(E,'_'Esph)Ti4'spha (1)

where

Tiﬁsph=<Wsph(R) 'Hint'kl, e ,knW;‘Ily ce ,an) 2)

describes the formation of a sphaleron, centered at R,
from an initial state consisting of ny W’s and ny Higgs
scalars. For typographic economy, both the spin and iso-
spin components of the ith W are included in the
momentum label k;.

For the purpose of this work, I ignore the finite life-
time (~Myu ') of the sphaleron, and take the state
| wsph(R)) to be a normalized eigenstate of the complete
Hamiltonian: (ygn(R') | wspn(R))=68g g It is con-
venient to work on a finite lattice constructed in
configuration space, with lattice spacing ~2rsogh~My I
This description reflects the fact that sphalerons are not
eigenstates of the total three-momentum, but are
appropriately labeled by their centers R. The state
|k, ... wknyiq1, . - . ,qn,) is a Fock-space ket describing
the initial state, constructed from single-particle states
normalized in a box of volume V- (k; | k;) =0,k Final-
ly, Hin is the SU(2) +Higgs-boson interaction Hamil-
tonian.

Central to this work is the use of a coherent- (Fock-)
state representation of the classical field configuration.
Such representations have been previously given.'! It is
a property of a coherent state (prepared at z =0) that if
the interaction energy is small and the occupation num-
ber is large, then the field eigenvalue changes only by a
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phase as time passes (the minimal wave packet does not
spread).!? If the interaction energy is large, the field ei-
genvalue is unstable with time (the wave packet will
show a large spread). Hence, in order to sensibly use the
formula (2), we must have a configuration which is al-
most an eigenstate of the free Hamiltonian. From Ref.
11, this occurs for the case A/g2=l, in which case the
expectation value of the free Hamiltonian in the sphale-
ron state is approximately equal to the mass of the
sphaleron, E,,. For this case, it is also true that the
contribution of Higgs bosons to the energy and occupa-
tion number is small, and can be ignored. Thus, I con-
centrate on this case.

We may then expand 7. i in the free-particle basis,

xasph—zz (l//sph(R)lkl,...,k';y)

xCkiy ..k, | Hind kit ok . (3)

The interaction Hamiltonian H;, mediates various
2— 2 scattering processes, containing all possibilities of
(W/H)+(W/H)— (W/H)+ (W/H). To avoid nota-
tional confusion, I will proceed including only WW
— WW. It will be obvious that this will suffice to obtain

the results of this paper. Thus, I take
<k{, P ,k" |Him|k|, .. ’k”W>=
,,W,,WZ(k'k | Hing | kikm )1\: 1‘[5kk 4)

I# m
a;#rs
The first matrix element in Eq. (3) was obtained in the
previously referred to analysis.!! With a slight change of
notation, and a shift of the origin to R, the results of
Ref. 11 give

(l//sph(R) | &1, ... ’kr:;'v> = (njy!) 12, —NW/ZefP'R
1 ny nw
x Vg IIwiria!), (5)
i=1
where

P=3k;, w(kka)E(%wk)”2e(kl)-fd3reik"W"(r),
and
or=ki+ME) V2,

W is the regulated, unitary-gauge vector wave function
in configuration space,!' and

d3k
Nw f 2n)3 E

For the interacting pairs, we have

|wkra) | 2. 6)

(kikes | Hing | kikp) = Q)3 83 (ki +kp — ki kD) Qo20m20.20!) " 2A/WVDFUm— rs) , @)

so that, on replacing the closure sum on k,, k; with ¥2(2x) ‘(’fd3k,’d3ks', one obtains [from Egs. (3)-(7)]

1 1
()2 nw(aw —1)

Ti%sph =
Imi=l.m

Aim =
AAsa/al (277:) 3

On dimensional grounds, I set

m = (aw/7) TClmw (kihia))w (kpAmam) s

Ny
e —NW/ZeiP-RZ H wlkira;) A ,

(8)

fd3k d3k! 83k + Kk — k. +FkDwEALaDdwlkAia!) Qui2om2ol20)) ~2F(Um— rs) .

9

where T denotes temperature, a,, =gdu@)/47=1/28, and C},, is a number ~1. It will be sufficient for the purposes of

this paper to set Cj,, ~ C ~const ~

10°%2, The sum on {/m} in Eq. (8) will approximately cancel the combinatoric fac-

tor nw (ny — 1) in the denominator, and I obtain as my approximation to the amplitude

Ay

— 1 —Nwl2 ——'pAR"W
T,-ﬁsph—C[—”—]TWe "o TP RTTw(kria;) .

i=1

(10)

From (1) and (10), the rate of sphaleron formations in the plasma is given by

% My 3 L[k

a
T spn=27(C|? [l
T

where iy (oy) =lexp(wi/T) —11 71,

" d3k;
RnW—OnW' i=1 Qr )3

aw (or,) 2 | wkina;) |26 [ Esph— wa(k)] (11)

Apay

According to the previous discussion, we make the replacement Xgr— VM.

The energy-conservation condition is implemented by the replacement

ny

2né

Ny oo
Epn— 2, o(k;) =f_wdtexp —i
=1

Epn— .Z‘(D(k")

I
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The sum can then be carried out, and the equation for the rate per unit volume becomes

2
/)= € [7

where

3 .
f(t)Ef%ﬁw(wk)Elw(kxa)Ize"‘”". (13)

The ¢ integral in Eq. (12) can be evaluated using the
saddle-point method. The saddle point is located at a
point to=it on the imaginary ¢ axis, where 7 is given by

3 W T
Esph=f(‘2’T’)‘35W(wk)wk§|w(kxa>|2e L (14)

If the second derivative of f(z) at the saddle point is ap-
proximated by M %, the rate becomes

2
(rYV)i*wh=ICW2[f%1 T>Mp eV, (15)
where
AN =E nt—Nw+ f(i1) . (16)

It should be remembered that one-loop corrections will
induce a temperature dependence in the vacuum expec-
tation value of the Higgs field, and hence a temperature
dependence in the quantities My, My, and Ey,.’ This
dependence must be implemented whenever one of these
quantities appears.

From Eq. (15) we can see that the formation of
sphalerons will be (exponentially) unsuppressed at tem-
perature T if AN =0, with 7 at any temperature given
by Eq. (14).

The result is very simply stated, and is shown with a
bit of detail in Table I: The rate of formation of sphale-
rons (with A/g%=1) is exponentially suppressed at tem-
peratures T < 2.4My(0), and is unsuppressed at temper-
atures T=2.4My(0). [My(T)=5gv(T) denotes the
value of W mass at temperature 7.] The relation be-
tween sphaleron creation and the net rate of generation
of B+L in a radiation-dominated universe is given by '3

L dng — mpj (F/V)i—-—sph
ng dT - T? T4

, 17)

so that unsuppressed sphaleron creation in a finite-
temperature interval will imply the washout of pre-
existing B+L.

In conclusion, several comments are in order.

(1) The calculation presented here shows that in at
least one nontrivial case (A/g?#1), the classical sphale-
ron field configuration is formed at an unsuppressed rate
in a high-temperature environment. The more general
cases A/g?==1 cannot be consistently examined using the
simple approach in this paper. As a check on the con-
sistency of the approach used here for the case A/g?=1,
one may calculate the decay rate of the sphaleron in vac-
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f— Red —_ +
T>Miye NWf_mdte Eapnt +1(1)

(12)

-

uum. This is given by the expression (11), with the sum-
mation over R removed, and with all the Ap(wg,) set
equal to 1. The result is of O(My) (i.e., AN=0), which
is the result expected from the classical analysis.

(2) Scaling arguments applied to the finite-tem-
perature action’ make plausible the idea that static
configurations (like the sphaleron) will dominate the
transitions at high temperatures [7>>2My, (T)]. 1 find
that the sphaleron is actually formed in the plasma at an
unsuppressed rate at temperatures only slightly above
2Mw(T). [More quantitatively, for A/gZ=1 and in the
temperature range shown, the ratio My (T)/My(0)
=0.75. Hence the rate is unsuppressed for 77 = 3.2
X Mw(T).]

(3) At these temperatures, a simple calculation shows
that the radius of the sphaleron, Rgpn=[2Mu (T)] ", is
approximately equal to the Debye screening length Rp
=(gT) ~!. Thus screening corrections (discussed exten-
sively in Ref. 7) should not affect the results of this
work in any qualitative manner.

(4) During the era [T > 2.4M(0)] in which sphale-
rons are produced at an unsuppressed rate, the elec-
troweak plasma should be considered as strongly in-
teracting. Perhaps sphalerons and other nearby classical
field configurations are the correct quasiparticles of the
system. This then may provide justification for the
quasiclassical approach which has thus far been used in
the analysis of the problem.

(5) It is important to state that fermion level crossings
will take place for all field configurations with nonzero
Chern-Simons density. The work done here samples
only the (finite width) sphaleron.
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TABLE I. Numerical profile of the transition to un-
suppressed sphaleron creation, for A/g2=1, at a temperature
T =2.4Mw(0). e is the suppression (or enhancement) of the
rate, as defined in Egs. (15) and (16). The quantity it is the
position of the saddle point in the energy-conservation integral
[Eq. (12)]. For A/g?=1, the mass of the sphaleron Ep
=2.10x[2Mw(T)/aw], and in the temperature range shown,
the ratio Mw (T)/Mw(0) =0.75.
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