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Calculation of the Lifetime of a Davydov Soliton at Finite Temperature
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The standard Davydov Hamiltonian can be partially diagonalized using a method due to Eremko,
Gaididei, and Vakhnenko. The complete Hamiltonian in this partially diagonalized form, however, in-
cludes a term omitted by these authors. Using this term in a first-order perturbation-theory calculation
results in an estimate of the lifetime of a Davydov soliton at finite temperatures. The lifetime at 300 K
is on the order of 10 ™% s for parameters appropriate for the a-helical protein molecule. This is too short
to be useful in biological processes.

PACS numbers: 87.15.By, 03.65.—w

In the 1970s Davydov proposed a soliton model for en- Some have questioned the stability of Davydov solitons
ergy transport in biological molecules.!™® Following his at temperatures of biological interest,®'® while others
original suggestion, the concept of the “Davydov soliton” maintain that the Davydov soliton is stable at 300 K.'"!?
has been utilized in many studies, including work by However, these investigations were based on the semi-
Davydov and his colleagues as well as a number of other classical Davydov treatment generalized for finite tem-
investigators. In particular, the Davydov soliton has perature.
been put forward as the solution to the “crisis in bioener- In the research reported in this Letter, we have taken
getics” described by Green* and as a mechanism useful a different approach, exploring a quantum mechanical
in the description of a variety of biological phenome- aspect of the Davydov model, namely, that an analytic
na.>® Numerical studies by Scott and co-workers”8 sup- perturbation-theoretic calculation of the lifetime can be
ported the appearance of Davydov solitons in a-helix made if the Hamiltonian is partially diagonalized using
protein molecules. the method of Eremko, Gaididei, and Vakhnenko.'> Our

Considerable controversy has arisen in recent years result is that the standard Davydov soliton has too short
over whether the lifetime of the Davydov soliton at a lifetime at nonzero temperatures to be useful in biolog-
nonzero temperature is sufficiently long for it to be bio- ical processes.
logically useful. This problem has been explored by a In the Davydov model, the system is a one-dimensional
number of researchers using numerical simulations. | chain of NV identical sites described by the Hamiltonian

H=XleoB B, —J(B B, +1+B,+ 1B+ + X Ip2m+wu, —u,—)1+x 2 (up+1 —tun—1)B) B, , 1)
n n n

where B, and B, are the creation and annihilation operators of an intramolecular excitation energy €p on the nth site,
and u, and p, are the displacement and momentum operators of the nth molecule.
By considering state vectors which are the product of a normalized one-exciton state and a coherent phonon state,

[w()) =§‘_,a(n,t)8,f | 0)ex [exp [ - —lm—§[fq(t)a;+f; (D)a,l ] } [ O)ph . 2)

Davydov obtained, using semiclassical approximations, nonlinear equations for the functions a(n,#) and f, (¢) with soli-
ton solutions of the form

1/2 ) R
aln,t)=|£& sech[,u(n—vt)]exp[% hz}/n -—Esol(v)tH s 3)
f @)= iny m 2 a’q+qv eiquf eiql't (4)
? wu(l—s2) | 2ho, sinh(zqR/2u) a

in the continuum limit. Here aq’\ and g, are the phonon creation and annihilation operators, v =vR is the soliton veloci-
ty, s=v/v, is the ratio of the soliton speed to the speed of sound in the chain,

2.2 2
Eg(v)=¢—2J+ v _ L,uzJ, u =—J2—— , vta=Rw/m)'"?, w,=2(w/m)"?*|sin(gR/2)| .
4J 3 A —s?)wJ
In order to carry out the partial diagonalization, the Hamiltonian is first replaced by
H=H—-Y hkv(ajax —B{—By), (5)
k
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where The partial diagonalization is achieved by the follow-
1 ing transformation:
Bi=——2"" B/

\/— n ’ A;:L =Eax(n)B,f ) (8)

Thus the analysis is made in the reference frame moving

with the soliton at velocity v. New phonons can be with
defined by —;
ai(n)= ! ytanh(yr:t) ikR exp hv L kR )
bl=al———r¥* b,=a,———, 6) VN nTHKR 2
¢ 7% T e PaT T s a and
The coherent phonon state (lattice distortion) then be- 12 A
comes the vacuum state of the new phonons: a;(n) = %] sech(un)exp |i 2“’]” (10)
~ 1
|0>ph=eXP - Wz(fqa;"'f:aq) |0>ph ’ ) Here A, an excitation which is localized at the lattice
¢ distortion, while A,f creates an unbound excitation with
where b, | 0)pn =0. wave vector k.

A=E.ATA+ZE Al A +Zh(wq —qu)blb,+ T+ %Eh(wq —q)(1 — A4 B, +1¥b,)
q

It is straightforward to calculate that

LS X, Al s, AT +bq)+#q):z)?(k,q)(AJA_k+AJAS)(b*_q+bq), an

-\/ q.k
where
E,=€y—2J —h*v¥/4J —u?J, Ex=ey—2J—h*v¥4J+(kR)*J, 12)
1/2 R
.y . ing
- 1— , 13
Ake.q) =iz q] S'"(qR){ [u—i(k+q)R][p—ikR]} (13
)" R R
—2imy | 1 _igR | | ZR (- 4
X(k,q) Vo | 2ma q] sin(gR) PEY sec [2 (q k)}. (14)

In the paper by Eremko, Gaididei, and Vekhnenko'? the last term of H, containing (4,54 —; + 4] 4, )(b* +b,), is
omitted. If this term is omitted, the Davydov soliton state Aj |0>ex|0)ph is an exact eigenstate of H w1th energy
Es+ % u?J. It is this term, however, that yields a lifetime in first-order perturbation theory.

For the perturbation calculation, consider H=H,+V, where

S R, U A+ ATA) BTy +b) + — =3 X (k) Al g A (BT, +b,) . (15)
Nq,k \/_q k

In the calculation, the initial states are of the form
b))

i) =TT———

a (A)'"?

and the final states are of the form

(a)"
—ﬁg!‘j‘vz—/llj [ 0)ex | (1) a7n

sT I 0>ex | 6>ph (16)

|y =T1

q (nq

Note that the initial state is expressed in terms of the “new” phonons, while the final state is expressed in terms of the
ordinary phonons.

In the case of interest, the initial phonon distribution will be taken to be a thermal average, so that we consider the

transition probability for a transition from a state consisting of a single Davydov soliton together with a thermal distri-

bution of new phonons to a final state without the soliton:
iH ot —iHot'
|fk')(fk'|exp[—l-—0— Xp %} Ii)}. (18)

W———f dtfdt"{EZP(ph)(t!exp[ ﬂ} .

Using the explicit form for ¥ and the fact that the sum over states | fk'Y contains a complete set of phonons for each

n ’

Vexp Ve
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value of k' one can rewrite W as
1/2
h
2mwy
! t
XJ; dt j;)dt {exp e

x<<exp [i%(wq —qv)beq(t'—t")](b;:r+b—k)

=__l_ﬂi ﬁ — ' E_Ii "_ gt
w > 2N(k k') |sech 2#(k k')

h2 2uN* %%

sech

A )" R (k"R)sin(kR)sin(k"R)
2mewy u?+(k'R)?

=i

2
%‘—+J(k'R)2J(t'—t")}

><exp[—iZ(wq‘qv)aJaq(t’—t")](bik"‘*‘bk")»}’ (19)
q
where
«on =Tr{exp [ — B2 (wy—qu)bjb, ] 8}/Tr{exp [ -2 (0, —qv)beq] }
q q

is the thermal average.
To estimate a lifetime for the soliton, we are interested in the long-time behavior of dW/dt. By straightforward cal-
culation this is seen to be

2.2
lim dw _ 1 |4rn’y
1—o dt h?2

12 1/2
h h (kR)(k"R)sin(kR)sin(k"R) R .,
%kzk" [ 2mawy ] [zmwk”] qu+(k/R)2 SCCh[Z,u (k—k )}
2R S A
xsech[zu (k k)]ZRe{j; dtexpl Py [ 3 +J(k'R) tl

x <<exp [i;((nq —qv)b;bqt] (bl +b )

Xexp [ —izq:(a)q —qv)a;aqt] (blkn+bk')>>} . o)

In order to evaluate this expression, it is necessary to calculate the thermal average,

Uk,k") =<<exp [i;(wq —qv)b‘;bqt] (b +b - )exp [ —i%(a)q —qv)a(;raqt] (biku+bk~)>>. Q@n

Since the energy of the soliton state is less than that of the localized exciton in the undeformed lattice, the part of
U(k,k") corresponding to the absorption of a phonon makes the major contribution to the sum in (20) at the tempera-
ture and parameter values of interest. Furthermore, the off-diagonal terms of U(k,k") are negligible unless |k | and
|k"”| are of the order of 2u/zR or less. Since small wave vectors do not significantly contribute to the sum when
7%/2u> 1, we may replace U(k,k") by I,(k,k")8;,in (20), where

1, (k,k) =expli(w —kv)t]<<b1:'exp [i;(wq - qv)b;bqt]exp [—izq:(a)q —qu )a;aqt] bk>> . 22)

I,(k,k) can be evaluated exactly as |
expli(ay — ko)t +g (1) + ()] where

I1(k,k)= 12 12
: explph(wy —kv)]l—1 ’ (23) 22 |m © —2u |w
where B hw | w | 0 % o | m ’
2(0) =%Z £, | 2expl—i(w, —qu)e] — 1}, (24) For > 0.002/w,, g(t) is well approximated by
q g()=—golin($+ wgt) +1.577+ +ixl. ©Qn
) = _ 4 | fo | *sin[ 3 (g —qv)1] (25) £(t) can be easily evaluated for v=0 and temperature
¢ NG explph(o,—qv)l—1 T > Ty, where To=hw,/kg:
.21l
. o —4 o sin’[ 7 wt]
For soliton velocity v =0, o) = 8o | T f do ——— p)
oy oy Ty |VO sinh*(w/w,)
g)=—gof - {1~ cos(@qry)]
sinh“y . .
=2g0|=— |[1 = 7 rw,t coth( 5 nw,t)].  (28)
+isin(waty)idy, (26) 807, : 2
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We note that lim, . «£(t) = — yt, where y=ngo/Bh =nrgoksT/h. If we write Ak, k') =+ Ju?+ (K'R)*J — hoy,

x

2u

(kR)%sin2(kR)sech* [(zR/2u) (k — k')]
u*+(k'R)?

= exp(—iAt/h)explg(t) +¢(1)]
><2Re{f0 dt explBhwg] — 1 } (29)

h

2mwy

aw

1o dt

= (2”]22

kWJ koK'

1
hZ

Using ¢(t1)=— yt and g(t) = — golIn(} w,1) +1.577+ % iz] the integral can be evaluated '*:

Re [ "drexp | 22L |explg (1) +¢(1)]

=02.420,) T —go) |y*+

X {cos

— 8o
= | La - Y
¥ 2+ (A/h)?’
The small-go approximation is appropriate, since go==0.06 for typical values of the physical constants used to describe

the a-helical protein molecule.
Hence, for go K1, T> T, and v =0, we find

271 —(1—gg)/2
A
h

gom

=l

for goK1. ‘ (30)

cos [(l —go)tan ! [yAh] } —sin [ig;—”]sin [(1 —go)tan !

lim_______l__)(i 2r ZZ h (kR)*sin*(kR)sech*[(xR/2u) (k —k')]

t—e dt  h? u | N | kx| 2moy [+ (k'R)*exp(Bhwy — 1]
o —&o
: — L ~. (1)
Y Y2+ Uu?3h+J(k'R)*/h — wi]

This expression can be calculated numerically using generally accepted values for the physical constants. In the litera-
ture there is wide agreement on the following values®”

J=1.55x10"22), m=(1.17-191)x10 "> kg, w=13-19.5N/m, x=(2.0-6.2)x10"'' N.

Using values in these ranges yields values for lim, . .dW/dt between 5.3x10'" s 7! and 2.9%10'? s ! with correspond-
ing lifetimes between 3.4x10 '3 s and 1.9%x10 " '? 5. In this amount of time a Davydov soliton, traveling at half the
speed of sound in the chain, would travel fewer than ten lattice spacings. Thus the lifetime of the Davydov soliton at
300 K appears to be at least 2 orders of magnitude too small to allow this soliton to be biologically useful.
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