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For the parameters accessible in current experiments, the quantum suppression of classical chaos
arises from a reduction in the effective number of coupled states. A simple theory using conventional
quantum methods provides a good description of the dynamics near the threshold fields for classical
chaos and recovers the classical, Fokker-Planck equation for large fields where many states are coupled.

PACS numbers: 32.80.Rm, 03.65.—w, 05.45.+b

Recent experimental'? and theoretical?”’ studies of
the ionization of highly excited hydrogen atoms by
strong microwave fields have generated great interest be-
cause the classical description of the nonlinear electron
dynamics exhibits a transition from regular behavior to
chaos when the microwave field exceeds a sharp thresh-
old. Since the regular orbits remain bound while the
chaotic orbits ionize, the theory predicts a clear experi-
mental signature for the manifestation of classical chaos
in this simple quantum system. In fact, comparisons of
the measurements by Koch ef al.! of the threshold fields
for the onset of ionization for states with principal quan-
tum numbers ranging from no =32 to 90 in a 9.92-GHz
field show excellent agreement with the classical calcula-
tions for the onset of chaotic ionization (see Fig. 1). Al-
though quantum mechanics appears to be incapable of
exhibiting the dynamical instability which defines classi-
cal chaos, the linear quantum dynamics can successfully
mimic the onset of classical chaos for these highly excit-
ed states, which provides a strong confirmation of Bohr’s
correspondence principle. However, these comparisons
have been restricted to low scaled frequencies, Q¢=ng
x Q <1 (a.u.), where one or more photons must be ab-
sorbed to reach the next level and 45 or more photons
are required to ionize. But Casati, Chirikov, Shepelyan-
sky, and Guarneri (CCSG)° have suggested that if the
experiments were to increase the scaled frequency to
Qo> 1, then quantum interference effects (related to
Anderson localization in solid-state physics®) would
suppress the chaotic ionization. Since Q¢>1 can be
achieved by either increasing the frequency or ny, their
results appear to predict a dramatic failure of the
correspondence principle with increasing quantum num-
ber.

In this Letter we present a novel analytical description
of the quantum dynamics for Q¢ > 1, using conventional
methods of quantum theory, which extends and clarifies
the localization theory of CCSG>® and shows that their
theory is only applicable to much larger quantum states
than those accessible in current experiments. In particu-
lar, our analytical and numerical calculations for a 1D
model of the experiment (which has been very successful

for Q9= 1) indicate that, for microwave fields near the
threshold for classical chaos in the high-frequency exper-
iments of Koch at 36 GHz, the quantum dynamics is
dominated by a sequence of single-photon transitions
which only couple relatively few, near-resonant states.
As a consequence, the correspondence between the clas-
sical and quantum descriptions breaks down, despite the
large quantum numbers, because of the low density of
coupled states.

Our classical calculations*!? for the onset of diffusive

FIG. 1. Comparison of the scaled threshold fields for ioniza-
tion as functions of scaled frequency (1) measured in the
9.92-GHz experiments of Koch et al. for no=32-90 (squares),
(2) determined by the classical theory for the onset of chaos
(heavy solid line), and (3) calculated from the solution of the
time-dependent Schrddinger equation for no=50-90 at 36
GHz with n. =95 (crosses). The boundaries corresponding to
a=1 (heavy dotted line) and @ =2 (heavy dashed line) are also
displayed which roughly divide the parameter space into three
regions described by (A) the sequential two-level Rabi theory,
(B) the truncated basis of near-resonant states, and (C) the
Fokker-Planck equation.
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ionization predict threshold fields (shown in Fig. 1)
which remain relatively constant between Fo=ndF
=0.02 and 0.03 from Q¢=1.0 to 4.0. In contrast, our
quantum calculations'® with 100 to 200 bound-state
basis functions and 200 discretized continuum states
show that the perturbed wave packet rapidly evolves to a
steady-state distribution over the bound states with
negligible (K 1%) excitation to the continuum even at
fields a factor of 2 or 3 higher than the classical thresh-
olds.

For example, Fig. 2 shows typical results for the 1D
quantum calculations for no =80 exposed to a microwave
field with a scaled frequency of Q(=2.8 which was
turned on slowly over twenty periods, remained at full
power for twenty periods, and then was turned off slowly
over twenty periods. [If we extend the calculation to 100
periods of the peak field, the location and the approxi-
mate heights of the narrow peaks (which are accentuated
by the slow turn on and turn off) are unchanged.] Al-
though Fo=0.03 is greater than the classical threshold
for the onset of chaotic ionization, the quantum distribu-
tion in Fig. 2 remains localized near the initial state with
an exponentially decreasing series of sharp, evenly
spaced peaks which are one-photon energy apart. At
Fy=0.05 the distribution is still dominated by narrow
“photon” peaks, which span only one or two unperturbed
states, but the level of excitation has increased. Al-
though our 1D calculations show little true ionization on
the time scales of the experiment, the measurement pro-
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FIG. 2. Final distributions over excited states for no =280 in
a 36-GHz field (Q¢=2.8) at F¢=0.03 (dashed curve) and
Fo=0.05 (solid curve) corresponding to a=0.36 and 0.59, re-
spectively, are compared with the exponential decay rates pre-
dicted by the two-level theory (light solid lines) and the locali-
zation theory (light dotted lines). The squares show the results
of the truncated-basis calculations (Ref. 11).
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cess involves small static fields which counts all excita-
tion above a critical n. as ionization. Numerical esti-
mates of the threshold fields for 5%-10% excitation
above n, =95 (which is the approximate n. for Koch’s
“quenching” experiments) using the final distributions
for np=>50 to 90 in 36-GHz fields are shown in Fig. 1.

These results confirm that the classical and quantum
dynamics are very different at high scaled frequencies;
however, a close examination of the distributions in Fig.
2 reveals that the quantum mechanism for the suppres-
sion of the chaotic ionization is very different from that
invoked by CCSG.>? In particular, their localization
theory’ predicts that the distribution should consist of a
sequence of broad peaks which decay exponentially in
energy as fr =exp(—2N,/l,), where N, is the number of
photon energies (E,=Q) from the initial state and
1,=3.33F*/Q'%"? is the “photonic locatization length.”
Then, by requiring that /, be comparable to the number
of photons required to reach the continuum, N,
=no/2Q, they derive an estimate for the ‘“quantum
delocalization border” for the onset of diffusive ioniza-
tion given by

Fp=0{%/(6.7n¢) /2, 1)

which is much larger than the classical thresholds shown
in Fig. 1.

However, the key assumptions of their theory, that
there are a large number of photon peaks with many
states under each peak, are simply not valid for the
quantum states which are accessible in current experi-
ments. Since we find that the quantum dynamics is
dominated by relatively few resonant states, we have
developed an alternative theory which provides new esti-
mates for the width of the quantum distribution as well
as a necessary condition for diffusive ionization. Our
analysis begins with the important observation® that for
high scaled frequencies the dipole matrix element for
resonant one-photon transitions*'? between states n and
m with E, —E,, = Q,

Xum = —0.411(nm) 72 75~ —0.411n 0 733, (2)
for nm>1, |n—m|<n,

decreases rapidly with increasing quantum number. If
we restrict our attention to a pair of consecutive resonant
states n; and mi+=I[n/(1—20n*)"?1 (where [---]
denotes nearest integer), then the Rabi theory'? predicts
that starting from state n; the probability of occupying
state n; +1 will saturate to a time-averaged value of

Piyi =W (Wi+AY), 3)

where W= |x,,i+,,,,.F| is the Rabi width and A=FE
— E,,— Q is the detuning from resonance.

For each pair of states the size of the detuning will
vary from O to the maximum detuning A, =1/2n’,
given by 3 the separation of unperturbed states. If we
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introduce a key parameter
a=0.822F/ Q%3 =0.822n¢Fo/ 03", 4

which is the ratio of the Rabi width to the maximum de-
tuning, then we can calculate a typical value for the
time-averaged probability of occupying the excited state
by averaging Eq. (3) over the possible detunings giving '

13i+|=1—’=%atan_'(l/a). (5)

Since both the Rabi width and the separation of unper-
turbed levels decrease as 1/n?: |, the parameter a and the
mean excitation probability P are independent of n;+1.
Therefore, when a and P are small, we can apply the
same two-level analysis to each pair of resonant states,
starting from the initial state no. This simple theory pre-
dicts that the wave function will evolve to a steady-state
distribution of narrow peaks decreasing exponentially
with a decay length'® /g = —2/In(P) which agrees well
with both of the distributions displayed in Fig. 2. More-
over, for values of a < 1, the Rabi width for each reso-
nance is much less than the local level spacings, so that
each peak will be dominated by a single state.

Figure 3 shows a comparison of the peak-to-peak de-
cay factors, P and exp(—2/l,), predicted by the two
theories, along with the decay factors determined by
fitting an exponential to the peaks of saturated distribu-
tions, like those in Fig. 2. (The associated error bars
were estimated by the range of reasonable fits to the
data.) These comparisons show that for small values of
a, the CCSG theory greatly underestimates the extent of
the excitation to higher levels.
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FIG. 3. Comparison of the peak-to-peak decay factors pre-
dicted by the two-level theory P (solid curve) and the localiza-
tion theory exp(—2/l,) (dashed curve) as a function of a with
the results from numerical calculations at 36 GHz (crosses)
and from some of the published distributions of CCSG (Ref.
9) (squares).
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As a increases, the height of each succeeding photon
peak increases and the sequential two-level theory breaks
down. For values of a between 0.5 and 2 the actual de-
cay factor rises rapidly towards 1.0. (Remarkably, the
CCSG theory shows fair agreement with the numerical
results despite the fact that the Rabi widths near reso-
nance span only one or two states.) In this parameter re-
gime, where the narrow photon peaks are all strongly
coupled, the quantum dynamics can be well described by
numerical calculations which keep only the resonant
states.!' For example, Fig. 2 displays a comparison of
the results using only 17 resonant states with the full cal-
culation for Fo=0.5 with 150 basis states.

Finally, for a>2 the Rabi width spans many states
and both the sequential two-level and truncated-basis
theories break down. However, the high density of cou-
pled states suggests another approximation. If we as-
sume that the many states contained in each peak form a
quasicontinuum, then the coupling from one peak to the
next can be estimated using the Fermi “golden rule.”!3
Then, including only the one-photon processes which
couple adjacent peaks, we can write down a set of master
equations for the transport of probability between the
photon resonances, 14

dpi/dt = — (aji+1+ Bii—-)pi+ ai—1ipi—1+ Bi+1ipi+1,

6)
where p; is the integrated probability associated with the
ith photon peak from the initial state and a;+, = 1
X7l xi+1>F?piv1 and Bi—1=7%r|xy—1|2F%pi— are

the one-photon excitation and de-excitation rates.

For large quantum numbers the density of states,
pi+1=n+ |, cancels the dependence on the final state in
the square of the dipole matrix elements, so that only the
n; dependence remains in a;+1=pB;-1=y;. Then, if
there are a large number of photon peaks, V;>> 1, and p;
varies slowly with i, we can approximate the master
equation with a diffusion equation,

.
dt

by expanding p;+; and y;+, in Taylor series to second
order. Moreover, if we change variables in Eq. (7) from
photon number i to quantum number #;, using the rela-
tion i =(E; —E()/Q, then we recover a Fokker-Planck
equation for the distribution, f(n;) =p;di/dn; =p;/ n’Q,

df(ni) =_d__
dt dn;

2
=%(m) , @

Y
D(n;) an f(n,)] , (®)

with the classical diffusion coefficient,?
D=0.27Fn3/Q*?, 9)

which is expected from the correspondence principle. '
This derivation of the diffusion equation for the quan-
tum probability fills in some missing arguments in
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CCSG’s theory for the exponential photonic localization®
which assumed that the evolution of the quantum proba-
bilities would be determined by a random walk between
the photon peaks with an effective rate of diffusion!’
given by Eq. (9). In particular, since this diffusive
description is only valid when a>> 2, this condition leads
to a new field criterion

Fo>»Fr=2.408"/n,, (10)

which must be satisfied for the quantum dynamics to ex-
hibit diffusive behavior which mimics the classical chaot-
ic dynamics.18 However, because of the different fre-
quency dependence of Fp and Fpr the condition for the
application of the CCSG theory, Eq. (10), can be more
stringent than the delocalization border predicted by the
theory, Eq. (2). In particular, if we consider the ratio
R=Fp/Fr=0.23N;"?, then the CCSG theory will only
be applicable when R>>1 or the number of photon peaks
between the initial state and the continuum is large,
N;>19.

Since the ionization of np=72 to 90 in a 36-GHz field,
corresponding to scaled frequencies from Q(=2.0 to 4.0,
requires between N; =18 to 12 photons, it appears that
the CCSG theory will not be relevant to the interpreta-
tion of the current experiments.'® If we assume that Qg
=2.0 is large enough for the high-frequency theory to be
valid, then, to achieve a ratio R =2, the experiments
must study the ionization of initial states with no= 300
in 500-MHz fields.
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