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Tricritical Point in Compact U(1) Lattice Gauge Theory with Dynamical Fermions
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The compact U(1) lattice gauge theory with dynamical fermions of mass m =0.1 and 0.05 with the
gauge action Pp(Pcos9p+ ycos26p) is studied numerically along phase-transition lines in the P, y plane.
On an 8 lattice, discontinuities appearing in the internal energy and in the chiral order parameter (yy)
at @=0are shown to vanish as y decreases to negative values, indicating an existence of tricritical points.
These results are compared with high-statistics data of the internal energy in the pure gauge theory on a
l 64 lattice.

PACS numbers: 11.15.Ha, 11.30.Qc, 11.30.Rd, 12.20.Ds

High-energy behaviors of quantum field theories are
governed by their ultraviolet fixed points. Well-known
examples are asymptotically free fixed points, which give
logarithmic scaling violations. Properties of these fixed
points are calculable by a perturbation theory, since they
are located in weak-coupling regions. In order to search
for new fixed points in strong-coupling regions, however,
one should rely on some nonperturbative methods. The
lattice formulation of field theory provides a suitable tool
for such study. Since the pioneering work of Wilson, it
is well known that, if fixed points are located on
(multi)critical surfaces, continuum theories constructed
at these points have power-law scaling violations with
powers given by critical exponents. These power-law
scalings are expected to revive technicolor theories and
to give a new scenario in grand unified theories.

The first step in this approach is a search for
(multi)critical points in strong-coupling regions. Re-
cently, this problem was extensively studied in strongly
coupled QED. Kogut, Dagotto, and Kocic found
that noncompact QED has a second-order chiral phase
transition. It was also shown that compact QED with
Wilson gauge action has only a first-order phase transi-
tion. The purpose of the present paper is to study a
phase structure of compact QED with mixed gauge ac-
tion. Previously, this model was studied by Dagotto and
Kogut for a restricted range in the coupling constants'
space, where they found only first-order transitions.
show that the transitions become second order as one of
the coupling constants decreases to large negative values.
There are two main reasons to persist in compact gauge
group: (i) It is not clear whether compact and noncom-
pact QED belong to the same universality class. In fact,
I show that compact QED has tricritical points whereas
the data in Ref. 4 suggest that noncompact QED has
critical points. (ii) In compact QED, fermions are
confined in the strong-coupling phase, but this problem is
not trivial in noncompact QED.

I studied the U(1) gauge theory with Nf dynamical
fermions defined by the partition function

Here S~ is the pure gauge action parametrized by two
couplings P and y,

Sg =g(PcosHp+ ycos20p),
P

(2)

with Op the plaquette angle. I used staggered fermions,
so the matrix M(U) is given by

(3)+m6; ).
Here i and j refer to lattice points and p is a unit vector
on the lattice. g;„are the usual staggered fermion
phases and m is the fermion mass. As usual, M~M is
defined only on even lattice points. The simulations have
been done by making use of the hybrid molecular-
dynamics R algorithm of Ref. 7. Let t be the evolution
time of the simulation, and let h, t be the discrete time
step used in the discretized molecular-dynamics equa-
tion. I took ht =0.02 throughout this paper and re-
freshed the momenta every fifty iterations. Measure-
ments were done every ten iterations.

This model was analyzed in a coupling-constant region
P~ 0 and y~ 0 for two values of flavors Nf =4 and 1,
although a theoretical foundation of the simulation with

Nf ~ 3 is not yet clear. On an 8 lattice, I evaluated the
internal energy E =P(cos8p)+y(cos20p) and the chiral
order parameter (yy). The phase diagram is shown in
Fig. 1 for fixed mass rn =0.1. The diagram is divided
into three regions. Region I corresponds to the chiral-
symmetric phase. In the chiral limit m=0, (Py) should
become identically zero. Region II corresponds to the
phase where chiral symmetry is spontaneously broken.
Region III is the antiferromagnetic phase. Topological-
ly, the phase diagram is quite similar to that of pure
U(1) gauge theory, where regions I and II are the pho-
ton and confining phases, respectively. On the line AB
which separates regions II and III, the transitions are al-
ways first order. They were located simply by thermal
cycles. Two transition lines for Nf =4 and 1 are overlap-
ping within large error bars. The line CD separates re-
gions I and II for Nf =4, and the line EF for Nf =l.
The upper-half plane corresponding to I/go =P+4y~ 0
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FIG. 1. Phase diagram of the theory in the p, y plane. I I I I I I I I I I I I I i I I I I I I I j I I

2500 5000 7500 10000

has been studied by Dagotto and Kogut. In this region,
they found that the lines CD and EF are always first or-
der and thus useless. Figure 1 shows that the region
with gp (0 is analytically continued to the region with

gp )0. This result is quite natural since weak perturba-
tion constraints such as gp ~ 0 have nothing to do with
the phase structure in the strong-coupling region.

To study the nature of the transitions along the lines
CD and EF, I measured discontinuities appearing in en-
ergy E and (yy) at five values of y at fixed mass m =0.1.
I performed long runs starting from both ordered and
disordered configurations for several values of P near
transition couplings P, =P, (y). The values P, (y) are
summarized in Table I. At @=0.0, —0.2, —0.7, and
—1.0, I observed clear two-state signals both for Nf =4
and 1, although measurements became more and more
dificult as y decreased due to long relaxation times.
Frequently, I observed two-state signals for more than
one value of P within narrow intervals. In those cases,
the values of P, in Table I represent the center values of
those intervals. As examples, in Figs. 2(a) and 2(b), I
plot two typical time evolutions of (yy) at y= —0.7 with

Nf =4 (one time unit corresponds to fifty sweeps per
site). Figure 2(a) shows the coexistence of two stable
states and Fig. 2(b) shows one stable and one metastable
state. In Figs. 3 and 4, I plot the discontinuities hE and
h(yy) as functions of y. Errors came both from statisti-

FIG. 2. Time evolutions of the order parameter (yy) for
Nf =4. (a) y= —0.7, P=1.439; (b) y= —0.7, P=1.45; and
(c) y = —1.3, P =2. 1 1.
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cal fluctuations within an individual run and from uncer-
tainties in the determinations of P, . It is clear that the
sizes of discontinuities decrease as y decreases.

At y= —1.3, I did not find any evidence of two-state
signals both for Nf =4 and 1. There are no discontinui-
ties in E and (yy). Figure 2(c) shows typical time evo-
lutions of (yy) near critical coupling. In Fig. 5, I plot
(/stir) as a function of p for Nf =4. For Nf =1, I made
long runs of order 8000 time steps at P =2.27, 2.28, and
2.29 and short runs for other values of P, obtaining a
smooth curve such as in Fig. 5. Near critical couplings,
relaxation times are very large. Typically, two runs
starting from ordered and disordered configurations con-
verge to a final value after performing more than 6000

TABLE I. The transition couplings p, (y) as functions of y
for Nf =4, 1, and 0.

0.02—

0.0
—0.2
—0.7
—1.0

1Vf

0.892
1.022
1.439
1.74

0.979
1.12
1.58
1.92

1.0105
1.16
1.6235
1.973

0.00 I

0.0
I

—0.5 —1.0 -1.5

FIG. 3. The discontinuity dE as a function of y.
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FIG. 4. The discontinuity h, (yy) as a function of y.

FIG. 5. The order parameter (yy) as a function of P at
y
= —I.3 and Ny =4.

time steps. (I found that at y= —0.7 and —1.0, the sys-
tem reached equilibrium after 400 and 1400 times steps,
respectively. )

The above data strongly indicate that there are tricrit-
ical points between y= —1.0 and —1.3, where the tran-
sitions become second order from first order. As one ap-
proaches the second-order critical lines, correlation func-
tions diverge and continuum field theories can be con-
structed along these lines. ' Before concluding this pa-
per, I discuss several points which require further investi-
gation.

(i) I cannot rule out the possibility that very small
discontinuities have been missed at y= —1.3 due to the
use of an 8 lattice, although it is hard to imagine that
discontinuities remain finite as y goes to —~. It is in-
structive to study the finite-size efrects for Kg=0. In
I ig. 3, I also plot the data of hE measured in the pure
U(1) gauge theory on a 16 lattice. The standard
Metropolis Monte Carlo method was used and U(1)
gauge group was approximated by Z~ with %=300.
At y=0.0, —0.2, —0.5, and —0.7, clear two-state sig-
nals were observed. At y= —1.0, no clear evidence of
first-order transitions was seen. I repeated the analysis
on an 8 lattice. Clear two-state signals were seen only
at y=0.0 and —0.2. This means that, at least by the
Metropolis method, an 8 lattice is too small to detect
dlscontlnultles of oI deI AE —0.01. Study of compact
QED on a larger lattice is desirable.

(ii) At tricritical points, y has large negative values.
This means that the actions defined at the tricritical
points do not satisfy refIection positivity. Although
this condition is only a sufhcient condition to ensure a
bounded spectrum for a transfer matrix, it is necessary
to check whether the resultant continuum theory in a
Wick-rotated Minkowski space-time is unitary. Con-
cerning this problem, it is worth mentioning my prelimi-
nary result on a Monte Carlo renormalization-group
(MCRG) study of the pure U(1) gauge theory. The sys-

tern on a 16 lattice with P=1.973 and y= —1.0 was
blocked into an 8 lattice. The renormalized coupling
constants were determined in a space of twelve operators.
They are P„,„=0.902, y,„-„=0.04, and for other couplings

~ P,'„'„""
~

& 0.07. Since the renormalized system describes
the same physics as the unrenormalized system, the large
negative value of unrenormalized y is only an artifact in
a space of two coupling constants. A MCRG study of
compact QED is desired. This method is also useful in
determining the orders of transitions since renormal-
ization-group flows at second- and first-order transitions
are known to be quite difkrent. ''

(iii) Usually, at tricritical points, there are two rel-
evant operators. ' If this is the case for compact QED,
Fig. 5 is not enough to obtain critical exponents, since I
approached the tricritical points only from one direction.
Critical exponents govern a scaling law of high-energy
behaviors of continuum theories. In particular, nontrivi-
al field theories should have non-Gaussian exponents.
More simulations with high statistics and careful
analysis on finite-size effects are required to evaluate
critical exponents.

(iv) In the above analysis, I fixed the fermion mass at
m =0.1. To study the finite-mass eAect, I made prelimi-
nary simulations at m =0.05 with %y =4. By measuring
discontinuities at P, (y = —0.7) =1.41 and P, (y =
—1) =1.71, I found that AE =o o& =~Em ——o.»nd

A(l/fl/f)~ =a p5= 1.66(lpga//)~ =a i for both p = 0.7 and
—1. Since discontinuities vanish as A(y —y, ) near tri-
critical point y„the above data suggest that the position
of the tricritical point does not depend crucially on fer-
mion mass. Qf course, more study of the finite-mass
eAect near tricritical points is necessary to obtain con-
clusive results.

In conclusion, I have shown that compact QED has
tricritical points. As was pointed out in the beginning of
the paper, this work is the first step in the construction of
new consistent field theories in strong=coupling regions.
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There remain important qu. estions such as whether the
continuum theories constructed at tricritical points are
unitary and nontrivial. In further work, these problems
should be pursued based on the present paper.
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