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Structure of Relativistic Magnetosonic Shocks in Electron-Positron Plasmas
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The one-dimensional structure of high-Mach-number, transverse magnetosonic, relativistic shocks is

studied computationally by kinetic, particle-in-cell methods. For amplitudes of astrophysical interest,
shocks are mediated by magnetic reAection of the incoming plasma stream. The resulting coherent Lar-
mor loops at the shock front are unstable, and rapidly thermalize downstream to form a relativistic,
quasi-Maxwellian plasma in the momenta normal to the background magnetic field.

PACS numbers: 95.30.Qd, 52.35.Tc, 52.60.+h, 52.65.+z

Magnetized, electron-positron plasmas are thought to
be the dominant constituent in the magnetospheres of
rotation-powered pulsars. ' Relativistic outAow of these
plasmas may be the energy source for the filled super-
nova remnants surrounding active pulsars, of which the
Crab nebula is the most prominent example. Similar
plasmas may be the major material component in jets
emanating from galactic nuclei' and in compact cores of
these galaxies. Nebulas driven by pulsars and extra-
galactic jets shine by synchrotron radiation. The energy
for the accelerated, synchrotron-emitting particles is

thought to come from the kinetic energy and Poynting
Aux of relativistic flows emanating from the energizing
compact objects. 2'7 Shock waves in these relativistic
flows are the most plausible candidate for conversion of
flow energy into random energy of the synchrotron-
emitting particles. '0 These shock waves are expected
to be collisionless.

Relativistic shocks cannot be studied experimentally
either in the laboratory or in interplanetary space.
Theoretical studies of relativistic, magnetosonic solitary
waves suggest that associated shocks have multistream-

ing components in the flow direction. " Kinetic comput-
er simulations therefore provide the major means of in-

vestigating the nonlinear state of the plasma in these
shocks. We present here the first particle-in-cell simula-

tions of relativistic shock waves in an electron-positron
plasma. Shock dissipation is due to collisionless effects;
no model of collisional dissipation is added. Motivated

by the applications to pulsar-driven nebulae, ~ 4 and to
termination shocks in extragalactic radio jets, ' we ex-
amine shock structures with the upstream magnetic field

polarized perpendicular to the flow direction.
The equations of motion and the Maxwell equations

can be scaled" to parametrize soliton and shock struc-
tures solely by the ratio of the upstream Poynting Aux to
the upstream flux, cr=8 /8ttN mc y . Here, N
=

y n is the upstream density of electrons or positrons
measured in the frame where the fluid velocity is cp,
n is the density in the proper frame, m is the rest mass
of the particles, and the upstream Lorentz factor is

y (1 —p ) ' . Since the electric field E in the uni-

form flow upstream of the shock satisfies E +p
&B 0, the magnetic field in the proper frame of the
upstream fluid is 8 /y . Using these relations and the
Lorentz transformations of B, y, and N, one can
show that tr is a Lorentz invariant with respect to trans-
formations perpendicular to B . The magnetosonic
Mach number M~ is related to a by Mz~ =(u' ) /cr,

where u' =y, u (1 —p, p ) is the upstream momentum
in the shock frame, in units of mc, p, =v, /c is the
(signed) shock velocity, and y, =(1 —p2) 'I2. The ratio
of the plasma frequency to~ =(4tte n /m)'I to the cy-
clotron frequency to, —=eB /mcy in the proper frame
of the upstream flow is cop /co, =cs 'l~. Our simula-
tions are parametrized by ts

Studies of magnetosonic solitary waves without
reflected particles' suggest that shock compressions
r Bdownstream/8 are limited to r & 1+2/yoo, corre-
sponding to Mq (M~ =[2(y' +I)]'I2. This is equiv-
alent to tr) cr~—= (y' —1)/2, corresponding to highly
magnetized flow when y' » l. Astrophysically interest-
ing amplitudes occur at smaller ss and larger M~. Incor-
poration of magnetically reflected particles as a single
Larmor loop" yields larger-amplitude solitons, with the

peak amplitude limited to Bm,„/8 ~ Jl 1. These
single-loop structures exist for cr & 0.2, tMq (JSy', sug-
gesting that the associated shock waves will also show

coherent Larmor-loop structure when cr~ ) cr & 0.2. Less
electromagnetically dominated flows should show a more
chaotic structure.

Our simulations used the electromagnetic particle-in-
cell code zoHAR, ' in a single spatial dimension. All
velocity and field components are included in the calcula-
tion, but in our transverse geometry, velocities in the
plane perpendicular to the background magnetic field are
uncoupled from motions parallel to B. Particle motions,
currents, and the electric field are all perpendicular to B,
while the induced magnetic field is parallel to the uni-

form magnetic field applied upstream.
The simulations are initialized by injection of a uni-

form upstream plasma from the left which travels toward
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positive x with speed v . At the injection boundary
x =0, the plasma carries a uniform magnetic field B
In order to minimize transients, the initial field was as-
sumed to be uniform on the left two-thirds of the grid,
and then was allowed to drop linearly to zero in the
remaining one-third of the box. The properties of the in-

coming stream and its embedded magnetic field at x =0
are held fixed throughout the calculation. Particles
which would cross the downstream boundary at x =L,
during the time interval (t„,t„+1)are removed from the
system if they do not bounce off a hypothetical moving
elastic wall located at L =L„+P(t —t„),or if they
reflect from the wall but have positions x„+]&L, at
time t„~i. It can be shown that this procedure forces the
bulk flow speed of the plasma to be equal to cP at
X=L„.We set F. =P„8at the right boundary, so that
magnetic flux escapes with the bulk flow speed at L„.

Initially, the incoming stream bounces off' the right-
hand moving wall of the computational grid. A well
defined shock forms as the reflected stream encounters
the incoming stream. The shock propagates back to the
left toward the injection wall, leaving a hot plasma
behind. We have studied shocks for the cases et=13.3,
1, and 0.1.

We expect, from the structure of reflected particle sol-
itons, that the o ~ 1 results should show a single, well

defined Larmor loop of magnetically reflected particles
at the front of the shock structure, while the et=0. 1 cal-
culation should show a more chaotic structure. "
Momentum conservation requires the peak field ampli-
tude in the layer of reflected particles to be 8 „/
8 = [I+(2/a)]'t . Therefore, when o is large, the
streaming momenta can be absorbed by the magnetic
field with a relatively small enhancement above 8, so

that the Ex B drift remains large and the loop is close to
a simple cycloid. When ty« 1, the shock jump condi-
tions show that B,„))Bd,„„,t„,, the relativistic cyclo-
tron frequency at the peak is co, ~,k= J2to~, the thick-
ness of the peak field region becomes -c/to~, and the
drift velocity near the peak is small, leading to multiple
overlapping loops near the field maximum. The dividing
line between steady single-loop behavior and unsteady
multiple-loop formation occurs at cr =0.2.

These general expectations are confirmed in our de-
tailed simulations. The phase-space plots in Figs.
1(a)-1(c) show the particles' momenta p„/mc as a func-
tion of x well after the shock separates from the wall.
For a=13.3 and o =1, in Figs. 1(a) and 1(b), a single
coherent loop of reflected particles has formed at the
leading edge of the shock. For these highly and
moderately magnetized cases, the shock velocity is al-
most constant, and is in accord with the speed expected
from the shock jump conditions. The loop structure
shows a small oscillation of its amplitude on a time scale
of =a fewxmcy /e8 . A superluminous precursor in
the electromagnetic field is associated with this oscilla-
tion.

By contrast, in the weakly magnetized flow (0 =0.1)
the resulting shock structure, shown in Fig. 1(c), is much
more scrambled than is the case when o) 1. Because
the overlapping loops are time dependent in the shock
frame, the propagation speed is unsteady. However, the
average speed remains in good accord with the jump con-
ditions.

The magnetic fields associated with these snapshots of
the shock structure are shown in Figs. 2(a)-2(c). The
first main peak of the magnetic ramp in the o =13.3 and
1 cases [Figs. 2(a) and 2(b)] shows the "double-horned"
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FIG. 1. p„-xphase space for the three simulations. The Latmor radius rL is based on the parameters of the upstream flow. (a)
Left panel, a =13.3. Phase space at t,b, = 250t„where t, =mey /eB, is the cyclotron time based on the upstream flow, with sepa-

ration time t, = 70t, . The plasma thermalizes in a time tt], = 10t, after the passage of the reflected particle loop in the shock front.

(b) Middle panel, a= 1. Here, t,b, =44t„t, =9t„and tth=8t, . (c) Right panel, et=0. 1, with t,b, =13t„t, =8t„and tth=3t,
When measured relative to the cyclotron time at the magnetic peak of the leading loop of reflected particles, the thermalization time

is approximately constant, with t th = 14t, , I .k.
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FIG. 2. Magnetic field as a function of position for the three
simulations, at the same observation times as in Fig. 1. Note
the large magnetic overshoot when a=0.1, and the residual

magnetic "ramp" left over from the initial conditions in the
o =13.3 case.

structure characteristic of reflected particle solitons,
which arises because the turning points of the cyclotron
orbit correspond to infinities in the density of a cold
stream. " These large particle densities give very large
current densities at the two turning points. For small cr,

there is a pronounced oscillation of the leading phase-
space loop along with a superluminous precursor advanc-

ing into the plasma ahead of the main shock, as shown in

Fig. 2(c).
After a few looping motions, the unsteady flow looses

gyration phase coherence and "thermalizes" by phase
mixing downstream of the loop. The downstream distri-
butions have a quasi-Maxwellian form in p, and p~. The

electromagnetic field still retains a substantial com-
ponent of the shock's total energy in extraordinary-mode
fluctuations. In Table I, we give the fractions of the en-

ergy left downstream in the forms of steady fields, rms
amplitude of the fluctuating extraordinary modes, and
two-dimensional thermal energy, all in the proper frame
downstream.

We also give the magnetosonic Mach numbers in the
shock frame, and the critical Mach numbers for the ex-
istence of magnetosonic solitons: If Mq & M ~, there
would be flow without reflected particles, while if
M i & M~ & M2 =JSy', the soliton contains a single
loop of reflected particles. The simulations presented
here are of supercritical shocks: Reflection of particles
from the shock front plays an essential role in the shock's
structure. The structure of the leading loop in our simu-
lations is in accord with that of the soliton theory of Ref.
11.

The mechanism of particle reflection is one prominent
difference between these results and simulations of non
relativistic magnetosonic shocks. In nonrelativistic
electron-ion shocks, reflected ions forming a large-scale
Larmor loop in the shock front have a prominent role in

maintaining the magnetic ramp. Reflection, however,
depends on the electrostatic field formed because elec-
trons have smaller Larmor radii than the ions. In our
strongly relativistic environment, reflection is entirely
magnetic.

Another new feature of these relativistic shocks is

their ability to thermalize the particle spectra even

though spatial variation occurs in only one space dimen-
sion. Nonrelativistic, one-dimensional transverse shocks
can be sustained by particle reflection, but with the
downstream "thermal" pressure replaced by continued
coherent Larmor gyration of the ions. ' Instabilities
which transform downstream gyration into heat appear
only when spatial variation along B is included in the
model. '7 In our relativistic simulations, the plasma is
thermalized in the plane perpendicular to B entirely by
processes operating in one dimension; processes analo-
gous to the cyclotron maser instability's are promising

TABLE I. Parameters and derived quantities for the shock models. v is the flow velocity at the right-hand boundary. v, is the

measured shock speed. The Mach numbers Mg, MI, and M2 are discussed in the text. Ug, U,t„dy, and UpIasma are the energy densi-

ties of the extraordinary-mode fluctuations, the steady fields, and the thermal energy of the plasma, all measured in the proper frame

of the downstream plasma. The energy density of bulk flow is negligible; Utot I Ufl+U t dy+UpI ~ Bpe k is the maximum ampli-

tude of the magnetic field associated with the leading Larrnor loop. There is a discrepancy between the measured and predicted

values of 8~,+8 in the cr=13.3 run because the flow has not "forgotten" the initial profile of the magnetic field as a function of
position in the plasma filling the box at t =0.
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candidates for the thermalization mechanism.
Within the limited simulation time for the shock to

cross our grid, we have not observed the formation of a
suprathermal distribution of particle momenta down-
stream. However, as is clear from Table I, while the
plasma has relaxed to an approximately Maxwellian dis-
tribution in two velocity dimensions, the downstream
state still includes substantial nonthermal power in waves
when rs is small. Therefore, it is possible that in

plasma-dominated shocks, a significant suprathermal tail
may form on time scales long compared with the Larmor
time, through resonant and nonresonant interaction be-
tween waves and particles in the downstream region.

We conclude from the simulations presented here
(0.1 ~ tr ~ 13.3) that relativistic, collisionless transverse
shocks exist and are steady, in electron-positron plasmas.
The shock transition is dominated by coherent Larmor-
loop structure in the cold flow, accompanied by a spike
in the self-consistent magnetic field. Particle heating be-
gins only after the cold flow has traversed the leading
loop structure. Significant energy is left in the form of
downstream and upstream electromagnetic fluctuations.
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