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Three-Dimensional Strong Langmuir Turbulence and Wave Collapse
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Results from the first fully three-dimensional simulations of driven damped strong Langmuir tur-
bulence and wave collapse are presented. Key results are that turbulence is maintained at least in part
by nucleation, the cores of most collapsing objects are pancake shaped in form, and the power spectrum
falls off approximately as the product of a power law and an exponential at large wave number.

PACS numbers: 52.35.Ra, 52.35.Mw, 52.65.+z

The mechanisms of wave collapse and strong Lang-
muir turbulence have been investigated both at a funda-
mental level (see the articles by Goldman' and the
references cited therein), and in connection with applica-
tions to the type-III events in the solar wind, 3 beams
in the Earth's foreshock, ionospheric modification,
beam-plasma experiments, ' and inertial confinement
fusion. ' Since the original analysis by Zakharov, "
much theoretical work on strong Langmuir turbulence
has centered on the understanding of the late stages of
the collapse of isolated wave packets, ' " ' while nu-
merical calculations have been confined to one-dimen-
sional (1D) and 2D systems or 3D cases under imposed
spherical or axial symmetry. In reality, strong turbu-
lence is intrinsically fully 3D in nature, has no spatial
symmetry, and does not consist solely of isolated collaps-
ing wave packets. Hence, it is of great interest to simu-
late fully three-dimensional turbulence directly.

In this study we present results from simulations of
driven damped 3D strong turbulence. To our knowledge,
these are the first such simulations to be carried out with

good spectral and spatial resolution (on a 64 grid) and
without any assumption of spherical or axial symmetry.
The spatial and spectral structures of fully developed 3D
turbulence are examined and comparisons are made be-
tween these results and those of calculations in 2D sys-
tems. Key results are the following: (i) The mechanism
of nucleation in residual density cavities's ' is responsi-
ble, at least in part, for maintaining strong turbulence in

the regimes investigated. (ii) The cores of collapsing
wave packets are predominantly pancake shaped, rather
than sausage shaped, a distinction that cannot be made
on the basis of 2D simulations. (iii) Quadratic damping
(in wave number k) is suScient to halt collapse, whereas
thermal Landau damping is not. (iv) The power spec-
trum has the form of the product of an exponential and a
power law at large k.

Zakharov derived the following equations to describe
strong electrostatic turbulence consisting of a mixture of
Langmuir and ion sound waves ":

V (i8(+V +iy)E=V (nE),

(tl +2atl, —V )n =V
~
E

~

where E, n, y, and a are the Langmuir electric-field en-
velope, the particle density perturbation due to ion-sound
waves, and the Langmuir and ion-sound damping opera-
tors, respectively. In these equations, length, time, n,
and the electrostatic energy density

~
E

~
are dimension-

less quantities, expressed in units of (9m;/4m, )' XD„
3m;/2m, tot„4m, no/3m;, and 4m, nokaT, /3m;eo, respec-
tively (eo is replaced by I/4tr in Gaussian units). The
quantities m„m;, XD„no, T„and top are the electron
mass, ion mass, Debye length, unperturbed ion densi-

ty, electron temperature, and plasma frequency, respec-
tively.

In the present work, Eqs. (1) and (2) are solved on a
64' grid of size = (500XD, ) ' [2D calculations use a 128
grid of size = (1000XD,) ] with m; =1836m, . A spec-
tral decomposition of the wave fields is employed, and is
coupled with a semi-implicit predictor-corrector method
to follow the time evolution of the spectral modes. The
grids used are sufficiently large to ensure that the spatial
periodicity implied by use of a spectral method does not
induce any preferential alignment of the turbulent struc-
tures (e.g. , parallel to the edges of the simulation
volume), and aliasing effects are verified to be at an
insignificant level. The system is weakly driven by nega-
tive Langmuir-wave damping centered at k =0, with
yq-p= —5.0X10 top. Negative damping gives way
smoothly to power-law (positive) damping above k
=0.05k D„corresponding to -400 driven modes.
Power-law damping (y/top =2k /kg, ) is assumed, cor-
responding physically, for example, to the presence of a
high-velocity power-law tail on the background plasma
distribution. Such tails are commonly observed in the
solar wind, ' and are predicted to occur in strongly tur-
bulent plasmas due to heating during wave col-

lapse. " ' At large k, power-law damping is used to
mimic the effect of transit-time damping and is
sufficiently strong to arrest 3D collapse. ' We em-
phasize that, even in the presence of nonthermal damp-
ing, kD, is defined unambiguously in terms of the as-
sumed dispersion relation to=to~(1+3k Xg,/2), which
leads to the dimensionless form (1) by means of the now
standard rescaling (e.g. , Ref. 1). The ion-sound damp-
ing is approximately of the form

~
im(to;)/Re(co;)

~

702 1988 The American Physical Society



VoLUME61, NUMBER 6 PHYSICAL REVIEW LETTERS 8 AUGUsT 19~8

=0.58, with Re(ro;) =kc, (ion sound speed =c,). This
(strong) damping corresponds to an electron/ion temper-
ature ratio of T,/T; =5, which is appropriate for the
physical situations mentioned above.

A central goal of strong-turbulence simulations has
been to model fully developed 3D turbulence. Figure 1

shows Langmuir-wave packets and their associated den-
sity wells in a 3D turbulent state calculated under the
conditions described above. This state is fully developed
in the sense that, having been driven from an initial state
consisting of low-level electrostatic noise, the simulation
has been run for many ion-damping periods following a
transient period dominated by modulational instabilities.
Furthermore, apart from small fiuctuations, the power
spectra have become stationary with respect to time. A
large number of randomly oriented collapsing wave
packets and density wells are present in the simulation
volume at any given time. Superposition of the two parts
of the figure reveals that the wave packets and wells are
not in one-to-one correspondence. This effect is due to
ion inertia during the collapse and subsequent evolution:
First, deepening of a well lags the increase in the elec-

(aj

(b)

tric field. Second, the electric field is observed to "burn
out" at short scales, dissipating most of its energy via
strong dainping at large k. Third, the well tends to per-
sist on the order of an ion time scale after the field has
burned out.

In 1D and 2D systems, the persistence of density wells
after burnout has been found to favor near-resonant nu-

cleation of new fields in these wells. ' ' If this process
plays a significant role in maintenance of the turbulence,
the pairwise separations between collapses occurring
within a given time interval should cluster toward small-
er values than if their locations were randomly distribut-
ed. The cumulative distribution of pairwise, center-to-
center separations x between collapses has been calculat-
ed in our simulations for a time interval containing 46
unambiguously identified collapses. Figure 2 shows the
ratio of this probability distribution to the corresponding
one calculated on the assumption that the collapses were
randomly located. There is seen to be a strongly
enhanced probability for separations between collapses
to be small, indicating that nucleation plays a significant
role in maintenance of 3D strong turbulence.

Examination of the cores of individual 3D collapsing
wave packets shows that most are oblate (pancake
shaped) during the early stages of collapse, rather than
being prolate (sausage shaped). This result could not be
inferred from 2D simulations, in which no such distinc-
tion is possible. In general, nand I E—

I are found to2

peak at the center of the wave packets, which have a typ-
ical aspect ratio of -2:1, in agreement with 2D simula-
tions. One further observation is that strong damping at
high k tends to remove short-scale structures, and can
reduce the eccentricity of the wave packet as collapse
proceeds into its final stages. Figure 3 shows the core of
a 3D wave packet at 3 times during the early stages of
its collapse. Surfaces of constant

~
E

~
are drawn at

64% of the instantaneous maximum at the center of the

FIG. 1. Langmuir-wave packets and associated density wells

in a state of 3D turbulence. (a) Surfaces of constant
~
E

~

' are
drawn surrounding the cores of collapsing wave packets at a
level of 16% of the maximum value (

~
E

~ m, x =0.51nokaTe/&0)
in the simulation volume. (b) Surfaces of constant —n sur-

rounding the cores of collapsing wave packets, drawn at 16% of
the maximum ( —n „=0.13no). The length of the box edge is

500KD,.
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FIG. 2. Ratio of the cumulative probability of the separa-
tion between collapses x (in grid spacings) to the corresponding
probability for uncorrelated collapses. Statistics are compiled
from all pairwise separations between 46 consecutive events in

fully developed 3D turbulence.
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FIG. 3. Collapse of the core of a 3D Langmuir-wave packet.
A surface of constant

~ E~ is drawn at a level of 64% of the
central maximum in each case. Each frame has edge length
=80XD, and shows & of the simulation volume, centered on

the wave packet.

wave packet. These pancake-shaped surfaces are seen to
contract as the collapse proceeds, while maintaining their
oblate form. The axis of (approximate) symmetry of an
individual collapsing wave packet is determined by the
precise conditions at the time of its formation, since the
driving and damping are isotropic. The collapsing wave

packets in the resulting ensemble are randomly oriented
and hence the turbulence is isotropic.

The time-averaged (over an interval containing many
collapses), angle-integrated electrostatic energy and dis-
sipation spectra of 3D turbulences are shown in Fig. 4.
The main features are shared by both the 3D spectra
and their 2D counterparts: Except at the smallest k,
the energy spectra behave approximately as

~ El, ~

-exp( —ak)lk, where a is a constant and d the di-
mension. The density spectra show similar behavior,
with nl, -exp( —bk)/k ', where b is a constant. Quali-
tatively similar spectra (power law, becoming exponen-
tially small at large k) have been theoretically predicted
under specific assumptions concerning the damping and
self-similarity of collapse. " ' The 2D and 3D dissipa-
tion spectra are also quite similar, with driving at small k
and a dissipation peak at k =O. IkD, . There is essential-
ly no inertial range. Theory implies that damping
must increase at least as fast as k ~ at large k to arrest
collapse before an unphysical singularity develops. "
Our results agree with this prediction insofar as we have
found that k damping is sufficient to halt collapse in 3D
and (in other simulations) that thermal Landau damping
(-k ink at large k) appears to be insufficient.

In summary, fully developed 3D strong turbulence has
the following key features in the regimes investigated:
(i) It is maintained, at least in part, by nucleation. (ii)
The collapsing wave packets are predominantly oblate.
(iii) Its energy spectrum falls oA' approximately as the
product of a power law and an exponential function at
large k. (iv) Its energy and dissipation spectra are simi-
lar to the 2D case. (v) Thermal Landau damping ap-
pears to be too weak to halt collapse in 3D, whereas k2

damping is sufficient. In future work, we will investigate
the dynamical and statistical features of 3D turbulence
in detail, including the connection between the theory of
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FIG. 4. Angle-interpreted energy and dissipation spectra for
3D strong turbulence. (a) Energy spectrum: 4nk

~ Ez~ . (b)
Dissipation spectrum: 8nk yq~Eq( . Here, k, )E( 2, and yq
are measured in units of ko„npkaT /ep, and rp~, respectively.
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