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Emittance Growth and Image Formation in a Nonuniform
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An experiment was designed to check theoretical predictions of charge homogenization and emittance
growth in nonuniform space-charge-dominated beams due to conversion of field energy into transverse
kinetic energy. Five beamlets were masked out of a solid 5-keV electron beam and injected into a
periodic solenoidal focusing channel. Phosphor screen images showed that the beamlets merged into an
almost uniform density single beam. Images of the five-beamlet configuration were observed at a dis-
tance of 7-8 lens periods. Experimental results on merging distance and emittance growth were com-
pared with theory and simulation and good agreement was found.

PACS numbers: 52.40.Mj, 29.15.-n, 52.25.Wz

Recent theoretical work and particle simulation stud-
ies on transport of intense beams in linear focusing chan-
nels have identified nonuniform charge distribution as a
major cause of emittance growth. ' This effect is of
fundamental importance in advanced accelerator appli-
cations requiring intense high-brightness beams, such as
free-electron lasers, H linacs, heavy-ion fusion, relativ-
istic klystrons for future e+e linear colliders, etc. Re-
cent studies at Berkeley on the merging of four ion
beams indicate the significance of this effect in heavy-ion
fusion and show good agreement between theoretical es-
timates and preliminary measurements of emittance
growth.

According to the theory, a nonuniform beam has
higher field energy than the equivalent uniform beam,
and the particle distribution will become uniform. The
difference in field energy U is converted into transverse
kinetic energy and hence emittance growth. Simulation
and theory show that this effect occurs in a distance of
X~/4, where A,~ 2ttv/co~ is the beam plasma period and

cot, (q n/enymo) 't is the plasma frequency, with

y = (1 —P ) 't the relativistic mass factor, v the parti-
cle velocity, c the speed of light, P=v/c, mo the rest
mass, and q the charge of the particles.

Consider a continuous nonuniform beam with current
I, particle kinetic energy (y —1)mac, rms width x =y,
and rms emittance 8 =Z~ =8 launched into a linear
focusing channel with a conducting tube of radius b.
Compare it with the equivalent uniform beam having the
same parameters. In a periodic channel with period
length S, the particle motion is pseudoharmonic and
characterized by the phase advance per period a of the
oscillation wavelength X defined as cr=2ttS/A. with self-

fields and era 2trS/ko without self-fields.
It will be convenient to introduce the effective radius

R 2x, and the effective emittance e =48, and to use the
generalized perveance defined as It: = (I/Io)(2//3 y ),
where Io =4treomoc /q = 1.7X 10 A for electrons.
From the smooth-approximation theory for periodic
focusing of intense beams one obtains the relationship

&/2

, +~~2 U
&i 2e; wp2 (3)

where wo=poI /16ttP and U/wo is a dimensionless
quantity that depends only on the shape of the nonuni-
form distribution. Equation (1) was obtained by Struck-
meier, Klabunde, and Reiser in Ref. 1. The differential
equation for this emittance growth was first derived by
Lapostolle and independently by Wangler et al. (in Ref.
2).

The charge homogenization distance z~ =kp/4 can be
expressed as

XV
Zp= '=
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(4)
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According to the theory of emittance growth, the ratio of
final emittance ef to initial emittance t. ; is given by

-
&/2

(2)
i 2wp

or, in view of (1) in the alternate form
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Our experiment was conducted in the beam transport
system at the University of Maryland in which a 5-keV
electron beam from a 1-in. -diam thermionic cathode is

transported through a periodic channel of 38 solenoid
lenses, the first two being used to match the beam. The
length of one lens period is 13.6 cm. Five small beamlets
were masked out of the full 240-mA beam at the anode.

Figure 1 illustrates the experimental setup near the
electron gun of the system. The measured current was
44 mA corresponding to K=1.88X10 . The emittance
is measured at the end of the channel by a slit-pinhole
system with a Faraday cup. A trolley can move a phos-
phor screen along the entire channel to within 3 cm of
the aperture plate. The screen picture is recorded with a
charge-coupled video camera.

The initial effective radius R; and initial emittance |.;
of the five-beamlet configuration shown in Fig. 1 are cal-
culated to be
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FIG. 1. Schematic of the multiple-beam experiment.

where kT =0.12 eV is the cathode temperature and eV0=5 keV is the electron energy, a =1.19 mm is the beamlet ra-
dius, and 8 =3a is the beamlet separation (see Fig. 1).
For the nonuniform field geometry factor U/wo, one obtains the result

5 4 ' 12.5
U 6 1

—s t +16s=0.16 & 5 —ln — '
~ =0.2656,

wO a 4 S 2

where s =8/b, I =a/b, and b =14 mm is the pipe radius.
The phase advance was set at oo =70'. From the
smooth-approximation theory one then calculates an
effective mean radius of R =4.88 mm and a phase ad-
vance with self-fields of o' =0.15o'o 10.6' for the
equivalent uniform beam. With these values, one finds
from (2) for the emittance growth ef/e; =2.6 and from
(4) for the merging distance z~ =12.4 cm.

Self-consistent particle-in-cell simulations have been
performed with the two-dimensional SHIFT-xY code de-
scribed elsewhere. The magnetic field was represented
by an analytical fit to the measured field profile on axis
and by a fourth-order Taylor expansion for the off-axis
components. Adequate accuracy was obtained with 32
time steps per lens period and = 32x10 particles on a
256 &256 mesh.

Figure 2 shows phosphor-screen pictures of the beam
and the corresponding point plots from the simulation for
the five beamlets at z =3.4 cm, the beam after charge
homogenization at z =17 cm, and the image at z =101
cm. Note that the central beamlet in the experiment has
lower density than the outer beamlets whereas the simu-
lation assumed a constant-density beam. Figure 3 shows
the magnetic field profile B(z) on the axis (top), and the
simulation results for the beam radius and the emittance
over a distance of about ten lens periods (bottom). The
peak field in the periodic channel at o0 =70 was 83.2 6,
and the Larmor rotation per lens was 45'. The radius

oscillations show that the beam was not perfectly
matched. The emittance growth in the simulation is

ef/e; 2.6 ~ 0.1 and occurs over a distance of about 15.5
cm. Experimental pictures and simulation plots show
that the five beamlets merge into an almost uniform sin-

gle beam at a distance of 14-17 cm. As can be seen
from Fig. 2, the structure of the original beamlet
configuration is still faintly visible at z =17 cm.

An unexpected effect was the appearance of images of
the initial five-beamlet configuration at a distance be-
tween about 85 and 115 cm from the aperture plate, cor-
responding to approximately 6.5 to 8.5 lens periods. The
best image was obtained at z =101 cm, or z = 7.5S, and
is shown in fig. 2. The simulation runs also show some
evidence of image formation but much fainter than the
screen picture. We believe that the agreement can be
improved by more detailed modeling of the experimental
conditions. It is interesting to note that the smal; dip in
the emittance curve of Fig. 3 near z =100 cm correlates
with the image.

The image formation indicates that despite the charge
homogenization and emittance growth, the beam retains
some phase coherence and information about its origin.
(The relationship between emittance, information, and
entropy in charged particle beams was pointed out in a
paper by Lawson, Lapostolle, and Gluckstern. ' Furth-
ermore, the image location provides information on the
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FIG. 2. Phosphor-screen pictures and simulation point plots showing separate beamlets at z =3.4 cm, merged at z 17 cm, and

image at z =101 cm.

r (z ) = rp cos(kz) + r pk
' sin(kz), (8)

where k =2'/k=a/S. The image location z; is defined

by sin(kz;) =0 or

mz mzS
CF

In our experiment, we observed only the first image
(m =1) which occurred at z;/S =7.5 ~ 1.0. This corre-
sponds to a phase advance of o.=24.5'+ 3.0'; hence
a/crp =0.35 ~ 0.04. Given this result for a/op, we can
use Eq. (1) and the relation R =KS /~ to determine
the effective emittance of the beam. One finds ef =84
~12 mm-mrad, i.e., ef/e; =2.6+ 0.4, which fits well

wavelength X of the particle oscillations and of the
eff'ective emittance of the beam. The trajectory of a par-
ticle launched at point ro with slope ro can be approxi-
mated by

with the theoretical and simulation results.
The actual measurement of the emittance at the end

of the channel (at z =524 cm) by the sl!t-pinhole tech-

nique described elsewhere" yielded a value of & =108
~ 6 mm-mrad, i.e., a growth factor of ef/e; =3.3+ 0.2
which is about 20% higher than the simulation results.
The higher value can be attributed to matching errors
and beam off-centering due to lens misalignments. We
conclude, therefore, that the effect has been confirmed
experimentally and that there is good agreement between

theory, numerical simulation, and experiment.
Finally, we note that charge homogenization and emit-

tance growth occur not only in a focusing channel, but
also in drift space. This was, to our knowledge, first

pointed out by Blewett' in a theoretical study on the ex-

pansion of a drifting laminar beam with nonuniform den-

sity profile. More recently, Lee, Yu, and Barletta'
studied this effect in a ballistically focused, drifting
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panding beam hits the drift wall in a distance of about
20 cm, we could not measure the emittance growth in

this case.
ent of En-This research was supported by the Department o n-
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beam and derived an emittance growth formula analo-
ous to Eq. (3). In our experiment we also observegous to q. . n

beamlet merging and charge homogen'nization when the

magnetic e wasfi ld turned off. However, since the ex-

' Electrical Engineering Department.
De artment of Physics and Astronomy.

'J. Struckmeier, J. Klabunde, and M. Re
epar

eiser Part. Accel.
15, 47 (1984).

T. P. Wangler, K. R. Crandall, R. S. Mills, and M. Reisner,
1EEE Trans. Nucl. Sci. 32, 2196 (1985).

30. A. Anderson, Part. Accel. 21, 197 (1987).
41 H f nn and J. Struckmeier, Part. Acce.el. 21 69 (1987).

orna

mith and5C. M. Celata, A. Faltens, David L. Judd, L. Smi
M. G. Tiefenback, in Proceedings of the ae 1987 Particle Ac-
ce era oi tor Conference, Washington D 16-19 March 1987,
edited by E. R. Lindstron and L. S. Taylor (IEEE,E New York,
1987), pp. 1167-1169.

i. 18 1105 (1971).P. M. Lapostolle, IEEE Trans. Nucl. Sci. 18, 1105
7M. Reiser, Part. Accel. 8, 167 (1978).

M Ad E. Chojnacki, P. Loschialpo, K. Low,
2 2632M Reiser and J. D. Lawson, IEEE Trans. Nucl. Sci.

9I. Haber, in High-Current, High-Brightness, an ig-
Dut Factor Ion Injectors —1985, edited by G. . i. H. Gillespie etDuty ac or

139 American Instituteal. , AIP Conference Proceedings No. 139
of Physics, New York, 1985), p. 107.

' J D Lawson P. M. Lapostolle, and R. L. Gluckstern, Part.
Accel. 5, 61 (1973).

cel. 20 133''M. J. Rhee and R. F. Schneider, Part. Accel.
(1986).

ense Particle'2J. P. Blewett, "On the Rate of Blow-Up of Dense a
Beams, " Brookhaven National Laboratory Internal Report No.
AADD-98, 10 February 1966 (unpublished).

' E. P. Lee, S. S. Yu, and W. A. Barletta, Nucl. Fusion 21,
961 (1981).

2936




