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Existence of Long-Range Order in the XXZ Model
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The method of Kennedy, Lieb, and Shastry is applied to the antiferromagnetic XXZ model to examine
the existence of long-range order (LRO). On the 3D simple-cubic lattice LRO is proved to exist for any
S~ 2 and 6~0 at low temperature. On the 2D square lattice LRO exists in the ground state for any
6=0 if S=1 and for O=d & 0.13 and 6 & 1.78 if S —.The existence of LRO in the ground state of
the S —, XY model (LL 0), therefore, has been confirmed, in agreement with the conjecture by Nishi-

mori et al. The ground state of the S 2 antiferromagnetic Heisenberg model in two dimensions still

remains to be clarified.

PACS numbers: 64.60.Cn, 05.30.-d, 75.10.Jm

The rigorous proof for the existence of a phase transi-
tion in the Heisenberg ferromagnet or antiferromagnet
in three dimensions has stood as a challenging problem
for theoretical physicists for many decades. The proof
for the antiferrotnagnet was given for S~ 1 by Dyson,
Lieb, and Simon (DLS)' and the proof for S —,

' was

given quite recently by Kennedy, Lich, and Shastry
(KLS). The proof for the ferromagnet is still not
known. On the other hand, the ground-state properties
of the two-dimensional quantum spin systems are at-
tracting intense interest which is inspired by a possible
relation to the mechanism of the recently discovered
high-T, superconductors. Although no long-range or-
der (LRO) exists in two dimensions at a finite tempera-
ture in the system with a continuous symmetry, the ex-
istence of LRO in the ground state is a nontrivial prob-
lem. Many numerical works have focused on the spin- —,

'

antiferromagnetic (AF) Heisenberg model on the square
lattice. The question of whether the ground state of
that system has LRO or not seems to be not yet clarified.
The existence of LRO in the spin model with anisotropic
exchange interactions is also an interesting problem.

The fundamental method for the proof of the existence
of phase transitions in the quantum spin systems with a
continuous symmetry was established by DLS. ' They
proved existence of LRO at a low temperature in the
spin- —,

' isotropic XYmodel and the AF Heisenberg mod-

el with spin S= 1 on the 3D simple-cubic lattice. Neves
and Perez applied the method of DLS to the ground
state of the AF Heisenberg model on the 2D square lat-
tice and proved the existence of LRO for S~ 1. ' Quite
recently, several works appeared and extended the proof.
AfHeck et al. showed the existence of antiferromagnetic
LRO in the ground state of the AF Heisenberg model on

the 20 hexagonal lattice. Kubo analyzed the XYmodel
to show the existence of LRO at a low temperature for
S~ 1 on the simple-cubic lattice and also in the ground
state of the square lattice for S» 2 . Nishimori et al.
generalized the analysis to the antiferromagnetic LLZ
model with the anisotropy parameter 6 (~0) on the
simple cubic or the square lattice. They also conjectured
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FIG. 1. Bold lines show the values of S and h, for which the
existence of LRO was proved prior to the present work (Refs.
l, 2, and 6-9). (a) 3D simple-cubic lattice: The whole region
h, ~O for S~1, and two regions O~h, &0.29 and h, &1.19 for
S 2 have LRO at a low temperature. For the isotropic point

I, it was also proved (Ref. 2). (b) 2D square lattice: The
whole region 5~0 for S~ 2, three regions 0~5&0.032,
071&6 &1 30, and 6&1 80 for S 1, and h &193 for
S 2 have the ground-state LRO.

the existence of the ground-state LRO in the S —,
' XY

model on the square lattice, relying on strong numerical
evidence. Kennedy, Lieb, and Shastry proved this for
the S —,

' AF Heisenberg model on the simple-cubic lat-
tice. They also conjectured the existence of the ground-
state LRO in two dimensions, making use of the numeri-
cal data of a Monte Carlo calculation by Gross, San-
chez-Velasco, and Siggia. We summarize in Fig. 1 the
values of S and d, for which the existence of LRO has
been proved so far. The cotnplete proof is still lacking
for S —,

' in three dimensions, and both the S 1 and —,
'

cases remain to be understood in two dimensions.
In this Letter we apply the method of KLS 2 to the

XXZ model (6~0). The model we consider is described

by the Hamiltonian
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where a denotes a lattice site on a finite-size square (or a
simple cubic) lattice with periodic boundary conditions.
The second summation runs over two (three) vectors to
the nearest-neighbor sites along x, y (and z) axes on the
square (simple cubic) lattice. Positivity of A corresponds
to antiferromagnetic interactions.

Let us define

[m$ ] = lim g$
1

= lim fA[ 'ze '~'s'. '),A~ oo a

where Q denotes (tt, )r) or ()r,x, )r), depending on whether
we are considering two or three dimensions. As was
shown by the theorem 3.2 of DLS, ' there exists an upper
bound on gp('), if there exist Bp(" and Cp' satisfying

and

(Sp,S'—p) ~P 'Bp',

&[S',, [H,S',]]&~ C,".

(3)

gp' &SpS'—p)
~ 0 (i x,y, z),

with

S' =~A~ '/ g e 'P' S'
aEA

~here the angular brackets denote the thermal average,
A is the set of lattice sites with its total number ~A~,
and p belongs to the dual lattice defined by the periodic
boundary conditions. We define the antiferromagnetic
LRO as and

Cp" = —2 g (1 —6cosp )&xx) —2 g (5—cosp )&zz),
m 1 m 1

(9)

where Ep g"-)(I+cosp ), and the notation &xx)
—=&S",S",ys) and &zz)—=&S;S;~s) is used for nearest-
neighbor correlations. The condition (7) is then written
as

—2&xx) & ( —&xx) —A&zz)) ' h„(r)), (10)

where

where the integration on the right-hand side is done over
the region where 0 ~p ~ 2z and the integrand is posi-
tive. We take the zero-temperature limit before taking
the limit A ~ in the derivation of inequality (7) in or-
der to discuss the ground-state LRO, as was first done by
Neves and Perez. Then the hyperbolic cotangent factor
of Eq. (5) drops off and all the thermal averages appear-
ing in the following discussions should be replaced by the
ground-state expectations. If the ground state is not a
singlet, the average over the ground states should be tak-
en. In three dimensions, the existence of the ground-
state LRO assures the existence of LRO and a phase
transition at suSciently low temperature. '

In the XI region (O~d, ~ 1), we examine the inequal-
ity (7) for i =x. As was shown in Ref. 9, we have

Bp"' (2Ep) ' for p&Q,

The symbol (A, B) denotes the Duhamel two-point func-
tion

~(+)
h„(x) =„

2K "
V

——g cosp
Vm 1

Fp(x)

Ep
t 1

(A,B)=Z ' Tr(e "P"Ae " "'P"B)dx,
aP

where Z is the partition function and P is the inverse
temperature. The upper bound g&' is given by

-(i) i (B(i)C(i)))/2coth[ i P(C(i)/B(i)))/2] (5)

V

Fp(x) g (1 —x cosp ),
m 1

KLS used the sum rule for the nearest-neighbor corre-
lation given by

&S',S',~s&= ggp' g cosp
1

p m 1

where v denotes the lattice dimensionality. Here we
have used the fact that the nearest-neighbor correlation
does not depend on the direction of the vector 6 connect-
ing the neighbors. Using gl' ~g~' ~0, we can easily
see that LRO exists, i.e., m& & 0, if

&zz&+a&xx)r1=
&xx&+A&zz)

—&xx) ~ S'/(2+A) . (12)

One can easily see that h„(x) is a monotone increasing
function of x. In the XY region we have the inequality
—&xx) =

~
&zz) ~, which implies —1 = r = 1. We may

therefore replace h„(r)) by I,=h, (1) in (10). The vari-
ational wave function with a Neel order in the x direc-
tion gives the lower bound on —&xx) as9

lim [—&S',S'+s&] &
A~ oo

-~+~ d.
gp~ g cosp

(2n)" ' vm-)

(7)

As a result we obtain the following proposition:
Proposition 1.—Long-range order [m$" ] is finite at

a sufticiently low temperature on the 3D simple-cubic
lattice and at T=O on the 2D square lattice, if 0~8,~ 1
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and

2s & r„[(2+~)(i+~)]'" (i3)

where

and

i/2-~+i dp ——g cosp(2x)' v m 1 E&
(i4)

V

Ep g (1 —cosp ).
m 1

(is)

C(' —4E (xx) (i7)

we rewrite the condition (7) as

—(zz) & ( —(zz&/2h) ' 'r„.
The inequality

—(zz) ) —(xx&) 0,

(18)

which holds for d, )1, and the variational wave function
with a Neel order in the z direction give the lower bound

on —(zz) as'

—(zz& )BS /(6+ 2) . (i9)

As a result we obtain proposition 2.
Proposition 2 Lon. g—-range order [m$)] is finite at

a sufficiently low temperature on the 3D simple-cubic
lattice and at T 0 on the 2D square lattice, if 5& 1 and

~S & r„[(2+~)/2] 'i' (20)

It should be noted that in the Ising region a phase
transition at a finite temperature is expected to occur
even in two dimensions since the expected LRO does not
have a continuous symmetry. The present method, how-

ever, cannot predict a phase transition at finite tempera-
ture in two dimensions. The conditions (13) and (20)
have the same form as conditions derived in Ref. 9 with

I „replacing vE,. The two propositions give the same
condition, i.e., S & ( —', )'i I, for the isotropic model
(h=1) where the condition of the existence of LRO is

most tight. If we use the numerical estimate I 3=0.350,
we see that the condition is satisfied for S= —,

' and 5 =1
as was shown by KLS, and therefore for any S~

2 and
h, » 0 in three dimensions.

In two dimensions I 2 is estimated as 0.646, which

Next we examine the Ising region (5& 1) where LRO
in z components is considered. Using

Bp' (2m ' ) ' (for pwQ),

and

leads to the existence of the ground-state LRO for
0(6 & 0.13 and for 5 & 1.78 if S= —,

' . The region close
to the isotropic model remains unresolved. The ground
state has LRO for any 6)0 if S~ l.

In summary, we have shown the existence of LRO at
low temperature in the whole region of the antiferromag-
netic XXZ model (5)0 for any S) in three dimensions.
In two dimensions the ground-state LRO has been shown
to exist for S~ 1 and 6)0. For S —,

' the proof has
been given except for a region 0.13&6&1.78. The
proof includes the XY model (d 0) which attracts spe-
cial interest because of the controversy among numerical
works on the triangular lattice. '

We would like to thank Professor M. Takahashi for
calling our attention to the preprint by Kennedy, Lieb,
and Shastry. We are indebted to Mr. K. Saitoh for his

assistance in numerical calculations.
Note added. —After submission of this work, we re-

ceived a preprint from Kennedy, Lich, and Shastry re-
porting the existence of LRO in the S —,

' XY model in

two dimensions. "
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