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We study the electromagnetic structure of the pseudoscalar Goldstone bosons (7,K) in the framework
of a generalized SU(3), Nambu-Jona-Lasinio model. Including vector-meson contributions beyond the
Hartree-Fock approximation the g2 dependence of the electromagnetic form factors in the spacelike re-
gion is well reproduced. We also find that (r2+) <{r2+), in agreement with the data.

PACS numbers: 13.40.Fn, 11.30.Rd, 12.40.Au, 14.40.Aq

The pion (r) and the kaon (K) play a special role in
the understanding of low-energy strong-interaction phys-
ics. They are the Goldstone bosons of broken SU(3)
flavor symmetry (together with the n), and their cou-
plings to other hadrons are determined by chiral-
symmetry constraints. A realistic model to describe the
spontaneously broken chiral symmetry of the strong-
interaction vacuum is the Nambu-Jona-Lasinio (NJL)
model.! Its generalization? to SU(3), accounts for the
properties of the pseudoscalar Goldstone bosons (r,K,1n)
as well as the n' and gives insight into the effects of
flavor mixing. It can furthermore be extended to de-
scribe the properties of mesons at finite temperature and
density, the quark condensates, and the chiral-restora-
tion phase transition. >

Recently, the electromagnetic form factors of the =

8
L= g—m)y+G Y, [(gr%y) 2+ (Fiysh ) 2] — K {det[F(1 4 ys)yl +detlg(1 — ys)yl}
a=0

with G and K coupling constants of dimensions [mass] ~2
and [mass] ~°, respectively. A¢ are the usual Gell-Mann
SUQ3), generators, and r =diag(m,,ma, my) is the
current quark mass matrix. In what follows, we will only
consider the isospin symmetric case m, =my,. The last
term in Eq. (1) is a determinant in flavor space, i.e., a
six-fermion interaction term. It breaks the global U(1)
symmetry, therefore giving the nn' mass splitting. The
form of this term is motivated by ’t Hooft’s instanton
contribution which breaks U(1)4 in QCD.® Since Eq.
(1) constitutes an effective quark Lagrangian, loop in-
tegrals are divergent and have to be regularized. For
that, we choose a Euclidean four-momentum cutoff
0(A%>—k2). Fixing the quark masses m, and m; as
given by Gasser and Leutwyler,® the remaining three pa-
rameters G'(G,K,A) can be determined by an overall
best fit to the pseudoscalar masses, the decay constants
of the pseudoscalars, and the vacuum expectation values
of the quark condensates, the latter being the order pa-
rameters of the spontaneously broken chiral symmetry.
In the broken phase, the quarks acquire a constituent
mass (M;) which is different from the current mass
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and the K have been measured very accurately* by direct
scattering of pions and kaons from electrons at the
CERN SPS in the spacelike g? range 0.015-0.20
GeV/c?. The values for the radius of the charged pion
and kaon extracted from a constrained best fit to the
form factor data are (r?)'/2=0.663+0.006 fm and
(rg)/2=0.58 +0.04 fm. The systematic error is mini-
mized for the ratio | Fx|?/|F.|? and gives (r2)—<(r@)
=0.10+0.045 fm2. It is our aim in this Letter to calcu-
late these charge radii and form factors at low ¢ within
the framework of a realistic SU(3); Nambu-Jona-
Lasinio model? and to test its limits of applicability.

The form factors F.(g2) and Fx(g?) measure the
modification from a pointlike interaction of the
photon-pseudoscalar-meson (yP) vertex. To calculate
then}, consider the generalized SU(3); NJL Lagrang-
ian,”

1)

(m;). The former is generated nonperturbatively in the
Hartree-Fock approximation, which leads to a momen-
tum-independent self-energy. All the dynamics are
determined by the propagator of the constituent quarks,
it reads

S (k) =So(k)ro+Sg(k)rs

=diaglS, (k),S, (k),S;(k)], )

with [S, ;(k)]1 "'=¥—M, ;. In Fig. 1(a), we show the
leading contribution to the photon-pseudoscalar (ry,Ky)
vertex in the Hartree-Fock approximation. Because of
the Ward identity, '

(p'—p) T (p'.p)=il@S "'(p)—S " '(PQl, )
with Q=+ e(A3+21g/+/3) the SU(3) charge operator, no
other diagram than the one shown in Fig. 1(a) contrib-
utes to the meson form factor in the mean-field approxi-
mation. Note that the Lagrangian (1) does not allow for
anomalous magnetic couplings since the Fierz transforms

of the two four-fermion terms give the same contribution
to o,,0" up to a sign.” The form factor Fp(g?)
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(P =r,K) can be easily read off from Fig. 1(a):

e(p+p),Fr(g?) =g134q {Trly,0S(k — + p)ysIpS(k+ § p)ysIfS(k — ¥ p'—¢)]

+Trly,0Sk+ 3 p'+q) ysIpS(k — 5 p ) ysIpSk+ £ p)H1} .

Ip are the SU(3) isospin matrices for the pseudoscalar
mesons [[(x*) =@, +ir,)/V2; I(K')=Qu+irs)/V/2]
and gp, are the pseudoscalar-quark coupling constants,
subject to the Goldberger-Treiman relation gp, =M/fp
(in the chiral limit). The “Tr” denotes traces over color,
spin, and isospin, as well as the four-momentum integra-
tion fd*k/(2x)*. Obviously, the kaon form factor can
be split into an isoscalar and an isovector part. The form
factor Fp(g?) is of course divergent if one does not regu-
larize the three propagators in (4). Charge conservation
then fixes the cutoff, which does not necessarily agree
with the cutoff in the two-point functions (cf. the discus-
sion in Ref. 2). The charge radius of the pseudoscalar P
becomes

de(qz)
d 2

rp)=—6 )
q q?=0

(5)

(4)

[

J

(r3) is, however, finite even in the limit A— oo, Along
these lines, our result should agree with the one-loop cal-
culation of Tarrach® for the same values of f fx, and
the ratio of the constituent quark masses.

In the Hartree-Fock approximation discussed so far,
one leaves out some important physics, namely, the cou-
pling of the photon through intermediate vector-meson
states. To incorporate them consistently, one would have
to introduce a momentum-dependent self-energy Z(p)
=M (p)+ ypB(p). Alternatively, one can get guidance
from the old vector-meson-dominance picture,’ in which
the pion and the isovector kaon form factors are dom-
inated by p-meson intermediate states, and the isoscalar
kaon form factor by intermediate w and ¢ states.!®!!
These contributions are shown in Fig. 1(b). The contri-
bution to the form factor Fp(g?) from the diagram
[1(b)] is given by

e(p+p"),Fp(g?) =2g5 Trly,0S(p+ + @)y, lyS(p— 3 ) 1Py(g?)
x{Trly,IyS (k= 5 p)ysIpSk+ 5 p ) ysIES(k — ¥ p'—¢q)]

+Trly lySk+ 5 p' +q) ysIES(k — 5 p)yslpS(k+ £ p)H1}

(6)

with ¥ ={p,w,¢} and Iy is the isospin matrix for the vector mesons, I,=k3, I,=(~2ro+Ag)/+/3, and I,=(r¢
—/218)/~/3, i.e., we consider ideal mixing for the w¢ system. my is the vector-meson mass (m,=m, =770 MeV,

Apu (Q/.L)
Pip)— — —é+ — —Fp)
(a)
A;.L (q;x)
V=p,w, ¢
P(p)— — — — = —P@®
(b)

FIG. 1. The photon-pseudoscalar-meson vertex. (a) The
contribution in the Hartree-Fock approximation, with P(p)
denoting pseudoscalar mesons (7,K) of momentum p. The
photon field A4, carries momentum g,. (b) The leading contri-
bution beyond the Hartree-Fock approximation via coupling
through intermediate vector-meson (V) states.

m,=1020 MeV) and gv,, its coupling to the quarks.
The momentum-dependent vector-meson propagation
function Py (g?) follows from a straightforward summa-
tion of ladder diagrams in the channels with the quan-
tum numbers of p, o, and ¢ mesons, respectively. Close
to the vector-meson pole g2 =m?, Py (q?) reads

Pv(qzzmﬁ)=gyw(q2)(m;3—q2)“‘, @]

i.e, it can be parametrized as a propagating vector
meson. For g% m$, the momentum dependence of
Py(qz) is, however, more complicated. This accounts
for the fact that one does not deal with mesons as funda-
mental (pointlike) but rather composite objects. At the
vector-meson poles, we have gpgy =guqq =6 and gy,
=2g,q0,'> close to the predictions of broken flavor
SU(@3),.!* Evaluating the trace Tr in Eq. (6), one has to
perform a subtraction to ensure gauge invariance leading
to Fp(0) =0. This is the well-known problem connected
to the self-energy of the photon in QED, which has al-
ready been stressed by Nambu and Jona-Lasinio.! Stat-
ed otherwise, F p(qz) does not renormalize the charge.
The total form factor is given by Fj'(g?)=Fp(g?)
+Fp(g?). The charge radius follows from Eq. (5) with
Fp(g?) substituted by F}*'(g?2).

Let us now discuss the results. For the parameters of
Ref. 2, which gives an overall good fit to m,, mg, m,,
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my, fo fk, {@udo, and (55, i.e., GA2=3.43, KA°=46.3,
A=1 GeV, m, =6 MeV, and M; =200 MeV, the square
of the pion factor | F,(g2)|? for 0=<¢2=<0.2 (GeV/c)?
and the square of the kaon form factor |Fx(g?)|? for
0=<g%=0.1 (GeV/c)? are shown in Figs. 2 and 3, re-
spectively. For comparison, we also show the data from
Ref. 4 and their best constrained fit [F,x(0)=1]
(dashed line in Fig. 2). For the kaon form factor, the
prediction of the NJL model and the best fit of Ref. 4
agree (on the scale of this figure). The pion radius,
(r2)'2=0.66 fm, comes out of the experimental value,
whereas the kaon radius, (rZ+)'/2=0.56 fm, is underes-
timated by 4%. These values amount to (r?)—{(rg)
=0.12 fm?, independent of m; and close to the experi-
mental value quoted in Ref. 4. The direct photon-quark
contribution [Eq. (4)] for the pion amounts to an “in-
trinsic” charge radius (r2)in=0.139 fm? (for m, =200
MeV), and the coupling via the p meson adds another
0.299 fm2. In the case of the kaon, the situation is rath-
er different. The intrinsic charge radius is (72)i, =0.178
fm?, i.e., larger than the pion one. However, because of
a destruction interference of isoscalar (w,¢) and isovec-
tor (p) contributions, it is only increased by 0.136 fm?
from the vector mesons [Eq. (6)]. The kaon radius is of
course sensitive to the ratio of the vector-meson-quark
coupling constants. Concerning the sensitivity of our re-
sults to parameter changes, we observe the following.
The intrinsic pion radius can be written as (r2)=(3/
an2f2)f(A/m) with f(A/m) a slowly varying function.
As A/m— oo, we have f(o0) =1 and thus we recover the
values (r2)2=1/3/2xf,=0.58 fm and similarly (rZ+)
=0.34 fm? quoted by Tarrach® from the direct photon-
quark coupling in the soft-pion limit. Note that in this
case the vector-meson contribution vanishes. We should
mention here that a purely mesonic theory with (vector)

1.0 ke

05

1
(0] 0.05 0.10 015 0.20

22
qz [GeV/c ]

FIG. 2. The pion charge form factor |F.(g?)|? in the

spacelike region for ¢?=0.2 (GeV/c)% The solid line gives

the prediction of our model, the data are taken from Ref. 4.

The dashed line gives the best constrained fit of Ref. 4 with
(r?)=0.431 fm2
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mesons as fundamental particles also describes well the
pion and the kaon radii.'® This is, however, not in con-
tradiction to the model presented here since it uses
different degrees of freedom in the underlying theory. In
our model, constituent quarks and their interactions
determine the properties of mesons, where as in pure
meson theories quarks are integrated out. Also, the
vector-meson-dominance principle used in the meson-
theory calculations has never been derived from QCD.

Let us now compare our results with a recent phenom-
enological description of the pion form factor in the
spacelike and timelike regions.'* Brown, Rho, and
Weise describe the pion form factor in a similar way as it
is done here, namely, in terms of a pion core and a p-
meson induced cloud contribution. The contribution
from the pion core is phenomenologically parametrized
with an intrinsic radius of (r2)/2=0.35 fm, and should
be the analog of the direct yx coupling to the model
presented here. Our intrinsic radius of (r2){}2=0.37 fm
agrees well with theirs and the one obtained in a model
which also includes confinement,'> where the direct yz
coupling leads to (r2)?=0.42 fm. The authors of Ref.
15 did not, however, consider the vector-meson contribu-
tion to the pion radius. Loosely spoken, we can say that
our model calculation justifies the phenomenological pa-
rametrization of Brown, Rho, and Weise in Ref. 14.

In summary, we have calculated the charge form fac-
tors of the pion and the kaon at low ¢ % within the frame-
work of a generalized SU(3); Nambu-Jona-Lasinio
model, with all parameters fixed and taken from a previ-
ous study of the low-lying pseudoscalar mesons.? The
form factors receive important contributions from the
direct quark-photon as well as vector-meson-photon cou-
pling. They are in good agreement with experimental
data.* We furthermore show that for a reasonable
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FIG. 3. The kaon charge form factor |Fx(g?)|? in the
spacelike region for g2=<0.1 (GeV/c)? notations otherwise as
in Fig. 2. In this case, the best constrained fit of Ref. 4 is iden-
tical with the model prediction within the accuracy of the
figure.
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choice of the input parameters (r2+) <(r2), in agree-
ment with experiment. These results indicate to us that
a systematic evaluation of meson properties (such as,
e.g., n decays, vector mesons,...) in the generalized
SU(3); Nambu-Jona-Lasinio model should be pursued.
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