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Spontaneous and Induced Emission of Soft Bosons: Exact Non-Markovian Solution

Benjamin Fain '
School of Chemistry, Raymond and Beverly Sackler Faculty of Exact Sciences,

Tel-Aviv University, Ramat Aviv, 69978, Tel-Aviv, Israel
(Received 6 July 1988)

An exact solution of the time-dependent problem has been obtained for a degenerate two-level system
interacting with a harmonic boson field. Unlike the Weisskopf-Wigner solution this solution takes into
account various many-boson processes and is non-Markovian. There is no exponential decay and the
asymptotic behavior explicitly depends on the initial conditions. Both spontaneous and stimulated pro-
cesses have been considered.

PACS numbers: 42.50.Md

Here, P„ is the probability that the system is in the state
n once W„k is a probability of transition (per unit time)
from state n to state k. This equation is derived in the
Markovian approximation (or in the Weisskopf-Wigner
approximation for spontaneous radiation'). The neces-
sary condition of this approximation is that the eigenfre-
quency co „has to be much larger than the transition
rate W „(see, e.g. , Refs. 2 and 3). For spontaneous
emission of phonons or photons, the transition rate W „
is typically proportional to

~
co „~ . This means that the

condition

W „/)to „)«I

can be satisfied at very low frequencies, even for the de-
generate levels with

mn =0. (3)

On the other hand, at very low frequencies the processes
of induced emission and absorption of bosons may pre-
vail over the spontaneous emission. The transition rate

In many applications it is assumed that the relaxation
process can be described by the master equation

P„=—gk(W„kP, —Wk, Pk) .

W„ for typical one-boson processes has the form

Z l&kl'~(E. —E ~h~k)(nk+ 2 +'
k

(4)
where Bk is the interaction parameter and nk is the num-
ber of bosons in the kth mode. For thermal equilibrium,
and at low frequencies, one gets

nk =kTi'hatk.
In this case expressions for W„are finite and propor-
tional to T (see, e.g. , the so-called direct process in spin-
lattice relaxation ).

In my previous paper, it was shown that a condition
of type (2) is a necessary one, but it is not sufficient.
The interaction between bosons and the subsystem of in-
terest (say, a two-level system) may lead to the creation
of exact nondissipative discrete states (such as "super-
conducting states"). In this case the Markovian-type
master equation (1) cannot be derived. Therefore a new
kind of necessary Markovian condition emerges: The
exact spectrum of the whole system should not contain
nondissipati ve discrete levels

The concrete system which was considered in Ref. 5
and will be analyzed here comprises a two-level system
described by the effective spin (r t, r2, r3) which interacts
with a harmonic boson field:

( t +r3) h coo+ 2 Zl(pk +toktlk ) 2 htok~ rlZ Bktlk
I 2(2tok )

k iK
= ( 2 + r 3)h coo+ Z ak ak h cok (r + + r —)XBk (ak +ak ) .

k k

The effective spin —,
' has the usual components in r3 representation:

r

0r~=—
1

1 1 0 —i 1 1 0
0' 2 i 0 '

2 01r2= r3= r+ =r +ir
j

(7)

The operators akt and ak describe creation and annihilation operators of bosons (phonons, photons, magnons, etc.).
In the earlier paper, an exact solution has been obtained for the truncated Hamiltonian, without a~r+-type terms

(see also Davidson and Kozak ). This corresponds to the so-called rotating-wave approximation. Terms of r+at type
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have been treated in the perturbation approach. It has
been shown that when cop is smaller than a certain co„

N (Xk 1 ~k I /~ Nk =N. ,

an exact discrete nondissipative level emerges and the
usual Markovian treatment is not valid anymore. On the
other hand, the case of very low frequencies cannot be
treated by such an approach since many-boson processes
cannot be neglected.

In this Letter, I present exact solutions for the system
described by the Hamiltonian (6) when N0 0.

Exact probability amplitudes. —The eigenfunctions
and eigenenergies of Hamiltonian (6) (with N0=0) can
be written as

I/2, 4j 0 I/2IIk e.„(qk —
q lk, 2k)

(9)

energy; p~ I/2 are eigenfunctions of the operator r I,

1
rig ~ I/2 ~

2 0'~ I/2~ Pl/2 (Pl/2 P —I/2) ~

2
(io)

1
ltl —I/2 (4 I /2 0 —I/2) i

p+ ]i2 are eigenfunctions of r3, and

q lk q2k (2/h Nk ) ~k . (ii)
Following usual procedures, we can find the probabili-

ty amplitudes c for the unperturbed states

e(t) =g c (t)e e (i2)

It is assumed that at t =0 the system is in one of the un-

perturbed states +p. Then, one easily gets

c (t)e ' " '=(e, e(t))
=g„(e,e„')(e„',+0)e ' " "'. (13)

I/2, l j Znk ilNk Z
k k ANk

We assume that initially (t=0) the system was in the
state

Here P„(q) are eigenfunctions of the harmonic oscillator
with spin rl = —,

' . Then we get

l p lc~ I/2 {„lexp ig(Nk —nk)Nkt =
2 (N i exp — gqlkp—k(t) exp gqlkpk-

k k & k

where

IN) =flkltN„(qk); lni=IIke. , (qk)

and

~ exP —'g q—2kPk (t) exP —'Z q2kPk
& k

(is)

pk(t) =pkcos(Nkt) Nkqk Sill(Nkt) .

When Nk forms a quasicontinuum, and qlk 2k cx'N ' (with N ~, when approaching the continuum), we obtain for
C]/2, IN

cl/2 {lvj =exp —g [(2Nk+1)[1 cos(Nkt)—]+isin(Nkt)}
k A N

Relaxation via spontaneous emission of bosons: Nk =0.—In this case, the wave function of the system can be writ-
ten in the form

where

c I/2 0(t)+I/20+ Zk c —I/2k+ —I/2 ke
'"" + 2 cI/2k, k,+ / I, 2 ,kkPe[xi (Nk, +—Nk, ) t] +

kl, k2
(i9)

+I/20 AI/2II 40(qk ) +—I/2k' —I/24, 1(qk ) II I/P0(qk» +I/2, k, k pl/2&I (k I )yI (k2) Q 1110(q ), etc.
k k'(~k) k(~ki, k, )

(20)

The probability amplitudes appearing in (19) can be easily found from (1S) and (18),
2n+ 1

cl/20=exp 1
—g (1 —e ), c I/2k, k, „exp —i g Nk, t=cI/20(t) . II [I exp( INk, t)]

2n Bk
cI/2k, k, exp —i g Nk, t =c /20(t) U [1 exp( —iNk—,t)].j=] j=] A COk.
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Thus we have found all the probability amplitudes for various multiboson processes appearing in (19). The probabili-
ties for the system to have spins 4-

2 can also be easily found:

P1/2 Ici/2, 0 I
+ g I c~/2 k k, I + =e ' cosh'(t),

k lk2

(22)
P —&/2 2 I c —I/2 k I

'+ 2 I c-»2 k, k k, I
'+ =e '"'»nh&«),

k k lk2k3

where

Z(t) =2+ [1 c—os(cokt)] .
|rt Cvk

(23)

i sons: N/t » 1.—When NkWO (induced emission, absorp-
tion) the expression for cl/2/v is given by (18), and in the
case

We can find the asymptotic values of P ~1/2 if we note
that Nk»1, (27)

lim Z(t) =2+
6 'tv k

For the weak interaction,

Z«1, Pl/2(~) =1—Z, P 1/2=Z—
while for the strong interaction,

(24)

(2S)

this expression obtains the form

c ~ /2 /v
=exp [ —

—,
'

Z/v (t ) ];

Z/v(t) =4+
2

[1 cos(c—okt)] .
I ~k I

'Nk

k (Atvk)

(28)

Z» I, Pl/2( ) =P —1/2( ) =— (26)

Relaxation via induced emission (absorption) of bo

Expressions for the probability amplitudes cl/2/v„~l
can be found in the same way as expressions (21). It is

easy to find that in the case (27), when one can neglect
unity in comparison with Nk, we get

(29)

We also obtain expressions similar to (22),

Pl/2(t) =e coshZ/v(t), P 1/2(t) =e sinhZtv(t), (30)

where Z/v is given by Eq. (28). Again, for large N when

Z~(~) ~4+
2

&& 1,
k (fl tvk )

(31)

we get asymptotically

~1/2 ~ —1/2 2 ~ (32)

In the general case, the asymptotic values essentially de-

pend on the initial condition Pl/2(0). Thus for the weak
interaction [Z~(~) && 1],

Pl/2 1 ~N( )~ P —1/2 ~N( (33)

Conclusions. —In case of the degenerate two-level sys-
tem interacting with a harmonic boson field, we have ob-
tained an exact solution of the time-dependent problem.
Unlike previous exact solutions ' it does not employ a
truncated Hamiltonian corresponding to the rotating-
wave approximation. The probabilities of various
many-boson processes have also been obtained. The
solution behaves in an explicitly non-Markovian way.
Expressions (22) and (30) do not decay exponentially

like Weisskopf-Wigner solutions, or solutions of the mas-
ter equation (1). Another striking difference with a con-
ventional behavior is an explicit dependence on the initial
condition. As mentioned, it is connected with the ex-
istence of the discrete nondissipative levels in the exact
energy spectrum of the system. In the present model
these levels are doubly degenerate, with the eigenenergy

E i/2, 0 E —1/2, 0 Z
k ~k

which follows from (9).
Indeed, all the implications of this exact solution are

also valid for nonvanishing but small energy differences
A. coo. This can be verified by a comparison with the cor-
responding solutions in the region of their overlap.

I believe that possible experimental applications exist
in the field of radiationless transitions, such as spin-
lat tice relaxation.

Currently (1988-1989) on sabbatical leave at the Chemis-
try Department of Arizona State University, Tempe, AZ
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