
VOLUME 61, NUMBER 18 PHYSICAL REVIEW LETTERS 31 OCTOBER 1988

Conservation Laws and Transport in Hamiltonian Chaos
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Experiments are presented which demonstrate the conversation of certain integrals of motion during
Hamiltonian chaos ~here the conservation of some of the integrals has been broken by the overlap of
resonances. Experimentally, conservation laws are demonstrated through the observation of restrictions
on transport, in phase space, of chaotic trajectories. Transport of plasma ions during stochastic motion
in an electrostatic wave is followed by means of laser-induced Auorescence on metastable "test particles"
produced by optical pumping.

PACS numbers: 05.45.+b, 52.25.Fi

Chaos, in classical Hamiltonian systems, is a reversible
process. However, it is also true that intrinsic stochasti-
city may resemble a classical stochastic process under
certain circumstances. ' In plasma wave-particle interac-
tions, phase decorrelation between a particle and wave
frequently result in very similar particle energy gains (in
the plasma frame) whether the decorrelation is brought
about by an intrinsic or extrinsic (e.g. , collisional) pro-
cess. This similarity is even closer if an average is taken
over an ensemble of particle initial conditions. Never-
theless, intrinsic stochasticity can be distinguished by a
threshold, by a fast time scale, and by details in the par-
ticle distribution function. In addition, a Hamiltonian
description of wave-particle interaction generally con-
tains symmetries (conservation laws) which would not be

present for a competing classically stochastic process.
However, because of the inevitable self-consistent effects
of chaotic particles on the plasma waves, it is not evident
a priori that the Hamiltonian picture of single-particle
motion should correctly predict the wave-induced trans-
port above the stochasticity threshold. This Letter
presents measurements of ion motion in phase space,
during stochastic interaction with an electrostatic wave,
which suggest the conservation of three integrals of the
motion. Of the six integrals which exist for low wave

amplitudes, three are no longer conserved when the wave

amplitude is sufficient for "resonance overlap. "
The Hamiltonian of specific interest to the interaction

of a magnetized particle with an electrostatic wave has
been given by Smith and Kaufman,

H =Pz/2m+ Pt Q+ e@ocos [k ~~~Z+ k ~R —k ~p sin(ttt+ 8)],

80/Bt = (k /k t ) (m QR ) 8P /Bt, (2)

where Q is the gyrotron frequency and, in contrast to
Ref. 3, we are considering a cylindrical wave. The
definition of canonical variables is the same as in Ref. 3

[(Z,Pz) and (ttt, Pt, —,
' mQp )] with the addition of

the cylindrical variables R =(X + Y ) 't and 0
=tan '(X/Y) to replace the Cartesian coordinates X, Y
of the guiding center. This is a canonical transformation
between the old canonical variables (Y,mQX) and the
new variables (O,Pe= —,

' mQR ).
Immediately it can be seen that H itself is a constant

of the motion because 8H/Bt =0. This means that the
particle energy is constant in a frame of reference mov-

ing with the wave along the magnetic field [Eq. (1) is ex-
pressed in this frame). In addition, it is evident that
tlH/Bt, BH/t18 This is beca.use the wave form is circu-
larly symmetric. The particle angular momentum about
the wave axis —,

'
rn Q(R —p ) is therefore conserved. So

long as p((R, i.e., the Larmor radius is small compared
to the radial coordinate of the guiding center, then R will

be constant during the motion. From the canonical
equation for 0,

we see that, in the same limit (R constant), the motion
of the guiding center in the 8 direction is linked to the
acceleration along the magnetic field. Stated otherwise,
the symmetries of the wave-particle Hamiltonian will re-
strict (for p«R) motion of the particle guiding center to
the ExB 8 direction, and link this motion to changes
in the parallel momentum.

Integration of the dynamical equations which follow
from the Hamiltonian [Eq. (1)] indicates the conserva-
tion laws clearly. Figure 1 shows results from this in-
tegration. The three pairs of frames in Fig. 1 are Poin-
care section plots (see Ref. 3) demonstrating the behav-
ior of particle orbits both below [Figs. 1(a), 1(c), and
1(e)] and above [Figs. 1(b), 1(d), and 1(f)] the thresh-
old for stochastic motion. Below threshold, subsequent
intersections of particle orbits with the plane of section
are very close to the initial conditions and indicate regu-
lar motion. In Fig. 1(c) a series of particles have been
started along a vertical chord (in real space) which is
normal to 8. This is done for the purpose of comparison
with the experiment. The circle indicates the symmetry
axis of the wave fields.
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FIG. 2. Experimental configuration. (a) Fluorescence may
be performed on the ground state (transition A I-Bl) and on
the metastable (transition C-B2). The former may be used to
populate the metastable, the latter to detect it. The wave-

lengths in A are the following: Xl 4934, F2=6497, F3=5854,
24=4554. (b) A pump beam is used to create metastable test
particles and a search beam, on a movable carriage, is used to
detect them.
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FIG. I. (a),(c),(e) Calculated ion motion for wave ampli-
tude below and (b), (d), (f) above threshold. Poincare sections
are shown in (a), (b) momentum space, (c),(d) configuration
space, and (e), (f) a mixed space . y is the azimuthal angle
subtended by the particle about the wave symmetry axis, it
differs slightly from the guiding center coordinate 0. Mass,
length, and time are normalized to m, kii ', and 0

Conservation of 0 during chaotic motion is illustrated
in Fig 1(b). The arc 2 mPz+ —,

' mQ p corresponds to
the particle kinetic energy in the wave frame. A finite
width is observed to this are because of the contribution
of the potential energy of the wave. An important conse-
quence of the conservation of 0 is that, in the laboratory
frame, chaos will change Pz primarily in the direction of
wave travel provided that the particle initial perpendicu-
lar velocity is less than the wave parallel phase velocity.
In the velocity plane, the particle motion is restricted to
lie on arcs centered on the wave parallel phase velocity.

For a group of particles with the initial conditions
shown in Fig. 1(c), conservation of R (angular momen-
tum) results in the formation of a ring in physical space.
We note that for particles off the wave axis, if the wave-
particle interaction causes p to increase, R increases only
slightly. The link between guiding center motion in the

A A A

Ex B=8 direction and parallel acceleration implied by
Eq. (2) is shown in Fig. 1(f). Note that in Fig. 1, we

plot the particle position (y, r) which differs slightly
from the guiding center position (B,R), but is what we
measure experimentally. Each of the three conservation
laws of the wave-particle Hamiltonian has the effect of
constraining the phase-space excursion of particles even

during chaotic motion.
Experimental observations of wave-particle interac-

tions, of the type described above, are performed at the
Alfred P. Sloan Laboratory for Mathematics and Phys-
ics Q machine with use of barium plasma and capacitive-
ly coupled electrostatic ion cyclotron waves. 4 The plas-
ma is a 475-cm length, 5-cm-diam cylinder in a uniform
magnetic field 8 ~ 0.3 T. Temperatures of T, —T;
-0.15 eV and densities of n, —10 cm are typical.
Low-density barium Q plasmas are ideal for studies of
collisionless plasma physics because the ionic spectrum
permits extensive use of laser-induced fluorescence diag-
nostics on the ions with visible radiation.

The experimental setup and ionic transitions used are
shown in Fig. 2. Laser-induced fluoresence yields a mea-
sure of the ion velocity distribution function, along the
laser beam, which is resolved in space and time. The
distribution function parallel to the magnetic field is
measured by introducing the laser beam through a fine
mesh at the end plate. Because barium ions have long-
lived (-I sec) metastable states, "test particles" can be
created by selective optical pumping. An ion in a meta-
stable state [C in Fig. 2(a)], though it has the same
charge and mass, is easily distinguished because it will
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FIG. 4. Density profiles on a horizontal chord. Long-dashed
curve indicates electron density. Test particle density (X10) is

given by the short-dashed curve (below threshold) and the
solid curve (above threshold).
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FIG. 3. Ion distribution functions as a function of antenna
current (wave amplitude). 1.5 A corresponds to k(e4/mQ
-0.2. (a) Perpendicular energy distribution and (b) parallel
energy distribution.

Auoresce on diA'erent transitions than will an ion in the
ground state. The creation of metastable test particles
by optical pumping provides a way to follow ion trajec-
tories in phase space. For these experiments, a pulsed
laser is used to quickly (-10nsec) create metastable
particles along a vertical chord at a given axial position,
and a cw laser beam on a movable carriage is used to
detect test particles as a function of position, time, and
velocity [Fig. 2(b)].

Propagating electrostatic ion cyclotron waves are
launched from an insulated capacitor plate antennae.
The dispersion relation is measured with probes as well
as through laser measurements of the linear perturbation
of the ion distribution function. Stochastic heating of
plasma ions is observed when the wave amplitude is
sufficient to exceed the stochasticity threshold. In ear-
lier experiments, measurements were made of the ion ve-
locity distribution functions perpendicular to the mag-

netic field.
Measurements of the ion distribution function in bari-

um plasma (Fig. 3) indicate the threshold of Smith and
Kaufman for accelerations of plasma ions parallel to the
magnetic field. Broadening of the perpendicular distri-
bution function shown in Fig. 3(a) is seen at a slightly
lower wave amplitude (antenna current). In Fig. 3(b)
there is evidence for the conservation of the first of the
three integrals mentioned above; the particle energy in
the wave frame (H). Parallel to B, particles are ac-
celerated primarily in the direction of wave travel ( —Z).
Furthermore, particle acceleration along arcs in velocity
space centered on the wave parallel phase velocity
(-1.8X10 cm/sec) is consistent with the range of ener-
gies observed in Fig. 3(b) (e (4.5 eV).

Information on the spatial excursions of particles is
necessary in order to test the conservation of R. With a
pulsed dye laser to create an off-axis vertical chord of
test particles, the distribution of subsequent particle posi-
tions is investigated with a cw search laser. The volume
interrogated by the search laser, defined by the intersec-
tion of the search beam and the viewing volume of the
detector telescope, is scanned along a horizontal chord
which passes through the plasma symmetry axis (which
is also the wave symmetry axis). Figure 4 shows the re-
sults from such a scan both below and above the stochas-
ticity threshold. Below threshold, particles move along
the straight field lines. The long-dashed curve in Fig. 4
is the plasma electron density profile. Short dashes are
used on the same figure to indicate the excess metastable
density profile at a distance of 27 cm (sensitivity X10)
produced by the pump laser in the presence of a low am-
plitude wave whose amplitude does not exceed the
threshold for chaotic acceleration.

Finally, the excursions of the guiding centers in the 0
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FIG. 5. Time-of-fiight spectra (ensemble average) at
R 1.5 cm and y 0 (solid curve), y tr (dashed curve).

direction should be linked to changes in parallel velocity.
Thus, a change in 8 of tr rad should be correlated with a
change in Pz given approximately by the following:

APz = (kt/ki)m QRtr .

A nearly linear relationship is seen in Fig. 1(f) which
agrees with this formula. Experimentally, this correla-
tion is most easily seen through changes in the time of
flight of test particles as they move between the pump
and search laser beams. Although the motion is chaotic,
the parallel velocity is not unbounded and, given the net
APz for a particle, the change in time of flight can be ap-
proximated by the following:

ht -h Z/Vo —4Z/ [VD+ —,
' &Pz/mlj,

where Vo is the nominal parallel drift of the Q plasma. 5

Using 68 tr, one obtains ht-20 psec. Figure 5 shows
two time-of-flight spectra at diametrically opposed points
on the horizontal chord. Those which remain at %'-0
(see definition in Fig. 1 caption) have a longer time of
flight, on the average, than those which have been trans-
ported to O-tr. The peaks of these spectra are separat-
ed by the 20 psec predicted above.

Each of the three measurements presented above ar-
gue for the conservation of 0, R, and Pz (kii/
k j )m QRO, respectively. Despite the broadening of the
distribution function which results from exceeding the
stochasticity threshold, the individual particle motions
continue to observe the basic symmetries of the wave-
particle interaction Hamiltonian. Chaos during wave-
particie interaction is seen to produce rapid, though con-
strained, transport of particles in coordinate space as
well as in velocity space.
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