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Collective Dynamical Properties of Liquid Water
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A theoretical and computer simulation analysis suggests that two collective modes can propagate in
liquid water for wave vectors k )0.64 A '. The low-frequency mode (ordinary sound) turns out to be
associated with the oxygen density fluctuations, whereas the hydrogen density fluctuations are found to
be governed by both modes, thus indicating that the high-frequency collective motion is related to fast li-
brational oscillations. This allows a simply physical interpretation of the existing experimental and com-
puter simulation data.

PACS numbers: 61.20.Ja, 62. 12.Bt

The study of collective dynamical properties of liquid
water has received great attention in recent years. The
dynamical structure factor of D20 has been measured by
Bosi et al. ' and Teixeira et al. Moreover, a computer
simulation (CS) has been used to evaluate the density-
density correlation function by adopting different poten-
tial modes, and its Fourier transform has been com-
pared with the experimental data. The present seeming-

ly confused situation is summarized in Fig. 1, where the
peak frequency of S(k, co) is reported as a function of
the wave vector k (dispersion relation).

Rahman and Stillinger, using a four-point-charge po-
tential model superimposed to a Lennard-Jones interac-
tion between oxygens, found that the calculated S(k, co)
(Fourier transform of the center-of-mass density correla-
tion function), presents two distinct peaks, which yield
two branches in the dispersion relation, the lower one
corresponding to ordinary sound propagation. These
data are in quantitatively good agreement with the be-
havior of co(k) measured by Bosi et al' in a neutron-
scattering experiment performed with low incident flux,
which prevented any measurement at high frequencies.
The second branch found by Rahman and Stillinger at
higher frequency, on the other hand, lies on the curve re-
ported by Teixeira et al. , who measured S(k, co) with

an experimental setup which allows only the measure-
ment of the high-frequency region of the spectrum. The
fourth set of data was obtained by Wojcik and Clemen-
ti, who performed a CS using the so-called Matsuoka-
Clementi- Yoshimine (MCY) potential which consists of
three atom-atom potentials supplemented by the electro-
static interaction between charges —

—, Q at the H sites
and Q placed on the main symmetry axis at a distance 8
from the 0 atom. In extracting S(k, co) from the same

correlation function evaluated by Rahman and Stil-
linger, by a suitable version of the maximum entropy
method, MCY found that only one peak is present,
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FIG. l. Peak frequency of S(k, co) as a function of the wave

vector k; filled circles: experimental data from Ref. 1, open
squares: experimental data from Ref. 2, open triangles: CS
results from Ref. 3, open circles: CS results from Ref. 5.
Lower and upper dashed lines represent the results of the
present theoretical investigation, col (k) and ~2(k). The arrow
indicates the smaller k value (k;„=0.64 4 ') accessible to
our CS.
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whose k evolution lies on the upper branch (higher fre-
quency). This result is in agreement with a CS reported
by Impey, Madden, and McDonald (obtained by using
the same MCY potential), as well as with the experi-
mental findings of Teixeira et al. The physical interpre-
tation of these results, given by various authors, leads to
two distinct pictures of the collective properties of liquid
water. From one side, Rahman and Stillinger and Teix-
eira et al. assert that their results indicate the presence
of a fast sound mode (c = 3300 m/s) associated with the
density fluctuations of the light species (H). Similar be-
havior has been found in a different context by Bosse et
al. in a LipsPbp2 alloy. Their CS and theoretical
analysis has shown that an additional propagating collec-
tive mode (which is supported by the light particles
alone), confined to high frequencies and large wave vec-
tors, can exist. On the other side, Wojcik and Clementi
interpreted their results in the framework of generalized
hydrodynamics, concluding that the tp vs k dependence
can be understood as a consequence of positive disper-
sion. However, this interpretation overlooks the experi-
mental data of Ref. 1.

In order to shed some light on the physical interpreta-
tion of the existing data and eventually arrive at an
unambiguous view of the dynamical processes involved in
neutron scattering from liquid water, we have performed
a theoretical and a CS study to ascertain: (i) whether a
high-frequency mode can propagate in liquid water and
(ii) what is the physical nature of such a mode.

The theoretical approach is based upon the Mori-
Zwanzig formalism applied to a two component dynam-
ical variable

(o)(t )
Pk(t) (H)(t),Pk

d C(k, t) =-
dt „,drC(k, t —r) K(k, r),

where K(k, r) represents the memory function matrix.
In terms of a Laplace transform Eq. (1) reads

C(k, z)

= [zI+ (zI+K'(k, z)) ' K(k, 0) 1
' C(k,0), (2)

with K'(k, z) the Laplace transform of the memory func-
tion matrix of K(k, t) and I the unit matrix. In Eq. (2),

K(k, 0) =(pk(0) pk(0)) (pk(0) pk(0))

The evaluation of these matrix elements, although
lengthy, is straightforward, and details of this calculation
will be reported elsewhere. C(k,0) expresses the t=0
value of the correlation matrix, which is given in terms
of the partial structure factors, namely,

where pk (t) and pk" (t) are the spatial Fourier trans-
forms of the density fluctuations of the 0 and H atoms,
respectively, i.e.,

pi, (t) =g;exp[ —ik r.; (t)}—(2z) N/Vb(k),

pk"'(t) =g;(exp[ i—k r "'(t)}+exp[—ik r "'(t)})
—(2') 2N/V6(k),

where r (t), r ' (t), and r ' (t) represent the vector(H, ) (H, )

positions of the individual 0 and H atoms of molecule i.
The sum runs over the N molecules of the system
confined in a volume V. In the following calculation, as
well as in the CS, the molecule is supposed to be rigid
and its geometry is schematically shown in Fig. 2.
Within this theoretical framework, the correlation func-
tion matrix C(k, t) =(pk(t) pk(0)) obeys the general-
ized Langevin equation

C(((k,0) =&pk (0)p —k(0)) =NSpp(k) =N 1+(N/V) d rexp[ik r}[gpp(r) —1]

C(2(k, 0) =C2((k, 0) =(pP (0)p-k (0)) =2NSpH(k)

(3a)

sin(kr oH)
=2)V +(N/V) d rexp[ik. r}[goH(r) —t]

kroH U
(3b)

fO

C22(k, 0) =(pk" (0)p —"k (0)) =4NSHH(k) =4N —+ + (N/V) d rexp[ik r} [gHH(r) —1]
2 2ka

(3c)

In (3a)-(3c), the g,s(r) represent the various pair distri-
bution functions and the other symbols are defined in

Fig. 2. By neglecting the damping [i.e., K'(k, z)—:0],
one can obtain the eigenfrequencies of the system by
finding the solutions to((k) and tp2(k) (with z =icp) of
the secular equation det[K(k, O) —Ico ]=0.

In order to understand the physical nature of the two
solutions, we perform the limit as k 0 (hydrodynamic

regime); one obtains:

tp((k) = k
kaT 1

M SO

to2(k) =— h „+constk2 kit 2 1 2

3 I S (0)

(4.)

(4b)
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FIG. 2. Schematic representation of the water molecule. Xl
and X2 represent the two coplanar principal axes. P indicates
the position where the negative charge of the TIP4P potential
model is located. The values of the parameters are: a =1.51

A, h =0.586, A, roH =0.957 A, and rop=0. 15 A.

In Eq. (4a) M is the mass of the molecule and S(0)
=Spo(0) =SHH(0) =SpH(0) is the k=0 value of the
partial structure factors, which are all coincident, and
related to the isothermal compressibility gT [S(0)
=pkaTgT]. The first solution col(k) gives the
ordinary-sound dispersion law with a velocity of sound

co=[~pgT] ' dependent on the isothermal instead of
adiabatic compressibility because energy fluctuations
have not been taken into account. In Eq. (4b) one has
I '=I) '+I3 ', where Ii, I2, and I3=Ii+I2 are the
moments of inertia referred to the principal axes of the
molecule (see Fig. 2), and S"(0) is defined as

Sop (0) +SHH (0) —2SpH (0), where S,"tt (0) indicates
the second derivative of S,p(k) with respect to k, evalu-
ated at k =0. Therefore, in this limit, the second solu-

tion has a finite value which depends upon the moments
of inertia of the molecule, thus indicating that the second
mode is related to the collective rotational motion of the
molecules in the system. This second propagating mode

will be shown to be connected with the motion of H

atoms, having negligible influence on the collective dy-

namics of the 0 density fluctuations.
In order to find the k dependence of the two solutions,

we have performed a CS of liquid water to evaluate the
partial structure factors. The interaction potential
(TIP4P ) used in the simulation is modeled by two posi-

tive charges over the H atoms (q =0.52e), a negative
charge (q = —1.04e) on the site P shown in Fig. 2, plus

a Lennard-Jones interaction between the 0 sites (o
=0.3154x 10 m, e =0.1077 x 10 J). The simula-

tion is carried out on a system of 256 molecules at a tem-

perature T =309 K and a density p =103 Kg/m, so that
the cubic box length is L =18.71 A. The time step is

10 ' s and the averages are obtained over a run of
10000 steps.

The results for rul(k) and ru2(k) are reported in Fig.
1; the lower k value accessible to our CS is k;„=0.64

' so that the extrapolations to lower wave vectors are
somehow arbitrary and have been indicated by dotted
lines. As is apparent the lower frequency branch co&(k)

follows closely the experimental values of Bosi et al. ' as
well as the Rahman and Stillinger CS data. It extrapo-
lates to zero k with a slope which is in good agreement
with the ordinary sound velocity co=1500 m/s. The
high-frequency branch ru2(k) appears to be markedly
distinct from the lower one, reaching a plateau value at
k =2 A ' which is 4 times higher than the plateau of
col (k). Although the comparison with the existing high-

frequency data shows only qualitative agreement, the
present calculation, in any case, demonstrates that a
high-frequency mode can propagate in the system. This
conclusion is reinforced by the analysis of the contribu-
tions of the two modes to the 0 and H density correla-
tion functions. If one writes

C 1 1 (k, t ) = (pk (t )p —k (0)) =NS pp(k) [Iop (k)cos [ru1 (k) I ] +Iop (k) cps [ru2 (k) r ]],
Cz2(k, t) =(pk" (t)p —"k (0)) =4&SHH(k) [IHH(k)cos[rol(k)t]+IHH(k)cos[cuz(k)t]],

the quantities I,p (k) give the relative weight of the jth
mode to the particular density correlation function and

can be easily evaluated from Eq. (2). Again it is

worthwhile to examine their behavior as k 0: One
finds that IQ(k 0) =IHH(k 0) =0. This exact re-

sult is encouraging since it is physically plausible.
Indeed, at long wavelengths the position of the reference
point over the molecule becomes inessential and one re-

gains the hydrodynamic results: only one mode with

ro(k~ 0) =cok can propagate, since the higher-

frequency one is completely depleted. The k dependence
of the intensities, which is reported in Fi . 3, is also il-

luminating. First of all we notice that Ip (k) is virtual-

ly zero at all k's, thus indicating that the 0 density fluc-

tuations are propagating according to the lower-

frequency mode rol(k). On the contrary, IHH(k) in-

creases as k increases, so that a fast modulation of the H
density fluctuations becomes of major importance at
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FIG. 3. k dependence of the amplitudes of the two modes in

the oxygen (dashed lines) and hydrogen (solid lines) density
correlation functions for the low-frequency mode I")(k) and

the fast-frequency mode It i(k).
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larger wave vectors [and, of course, is detected in the ex-
perimentally measured S(k, ru)]. This result naturally
leads to the physical interpretation that the high-
frequency mode is related to the rapid collective libra-
tional motion of H atoms, which can exist only on a
finite length scale and cannot be present at long wave-

lengths.
In conclusion, the analysis of collective dynamical

properties of liquid water in terms of a two-variable
theory, which accounts for the density fluctuations of the
two species (oxygen and hydrogen) forming a water mol-
ecule, suggests that two collective modes can be support-
ed by the system, one of which is strictly related to the
number density fluctuations and gives the proper behav-
ior of the system in the hydrodynamic regime (k 0).
The second one involves a higher-frequency oscillation
and is related to the faster collective librational motion
of hydrogen atoms, which occurs on a shorter length
scale. The possibility of detecting this fast sound mode
by a coherent neutron-scattering experiment is, of
course, much hampered by the fact that the damping of
this wave can be very high, as already stressed by the ex-
perimental results which show that the width at half-
height of the second mode becomes comparable with the
frequency shift at k=0.6 A '. Nevertheless, we be-
lieve that the present investigation allows one to interpret
the experimental and the CS data on physical grounds,
having pointed out the dynamical properties underlying

the propagating density fluctuations.
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