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Band-inversion phenomena, found in a recent computer simulation and a real experiment of steady-
state gel electrophoresis, is theoretically analyzed by a simple model that describes the conformational
change of DNA reptating through a gel. The model predicts the distribution function of the end-to-end
vector and the steady-state mobility, which agrees quite well with the result of a computer simulation

without the use of any adjustable parameters.

PACS numbers: 87.15.He, 82.45.+z, 82.70.Gg

Gel electrophoresis is widely used to separate DNA
fragments with different molecular weight. If the molec-
ular weight of DNA is low, or if the electric field E is
sufficiently small, the migration velocity ¥V of DNA is
proportional to the applied electric field, and the mobility
1 =Vs/E decreases with the molecular weight M accord-
ing to u < 1/M. This behavior has been interpreted' by
the reptation model.? However, for high molecular
weights or for strong electric fields, a nonlinear behavior
is observed: The mobility increases with the electric
field, and becomes rather insensitive to the molecular
weight.

Lumpkin, Dejardin, and Zimm (LDZ)3 gave a first
theory for such nonlinear behavior. Assuming that DNA
moves towards the field, with its head segments (the seg-
ments pointing to the field) being aligned by the field,
they predicted that the mobility monotonically decreases
with the increase of M according to

p=C\(E)/M+Cy(E), (1

where C| and C, are positive constants which depend on
the magnitude of the applied field.

Noolandi and co-workers*~® formulated this idea into
a mathematical model which they call the biased repta-
tion model. By computer simulation, they found a rather
unexpected result: With the increase of M, the mobility
first decreases but then starts to increase again before it
approaches the limiting value. In the actual experiments
of gel electrophoresis, this means that the band moving
faster does not always correspond to smaller DNA: It
may be a band of larger DNA. Noolandi et al.® showed
that this band inversion phenomena is indeed observed
experimentally.

A phenomenological explanation for the band inver-
sion was given by Noolandi et al.® They noticed that al-
though the DNA in their computer simulation migrates

through gels mostly in an elongated conformation, it oc-
casionally takes a compact conformation which has small
end-to-end vectors. Once it takes a compact conforma-
tion, it is trapped in the conformation for a long time,
during which it moves quite slowly. The band inversion
occurs since very long chains take compact conformation
rarely, thus moving faster than the chains with inter-
mediate lengths.

In this paper we shall give a quantitative theory for
the band inversion. We shall take the biased reptation
model as the model of DNA motion. This model does
not account for certain aspects of DNA motion such as
contour length fluctuation and tube leakage,’ which, as it
was pointed out by Deutsch,®° might become important
for strong electric field or for very large DNA molecules.
However, for a certain range of experimental conditions
that is discussed in Ref. 6, the use of the reptation model
would be justified at least in the first approximation.

Starting from the model formulated by Noolandi et
al., we shall derive a simple equation which approxi-
mately describes the time evolution of chain conforma-
tion. Though the theory is simple, it can reproduce the
result of the computer simulation quite well without us-
ing any adjustable parameters.

In the biased reptation model, it is assumed that the
chain is made up of IV segments of length a (the average
pore size), and can move only along its own contour. If
there is an electric field E in the x direction, the chain
moves along itself with the mean curvilinear velocity?

vi=QEh,/LE, )

where Q is the total charge of the chain, A, is the x com-
ponent of the end-to-end vector h, L =Na is the total
contour length, and ¢ is the friction constant of the chain
(6 M). The average velocity is superimposed on the
Brownian motion of the chain which is characterized by
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the curvillinear diffusion constant D; =kgT/é&.
The average velocity of the center of mass is related to
the curvillinear velocity by?

Vox =(hyv))/L . 3
Thus the mobility u =V, /E is given by
u=0h2/L*=3uelh})/L?, (4)

where uo=Q/3¢& is a segmental reptation mobility, which
is independent of molecular weight.

Equation (4) indicates that the nonlinear behavior of
the mobility is caused by the change of {(k2) by the elec-
tric field. If the field is very weak, (h2) is equal to the
equilibrium value Na?/3, so that gy« 1/N < 1/M. With
the increase of the field, (h2) increases, and so does the
mobility. Thus we shall now consider how A, changes
with time.

As the chain moves along the tube, the head segment
leaves the tube and creates new tube segments. The
biased reptation model assumes that the new tube seg-
ments are aligned toward the field: The distribution of
the unit vector u a long the new segment is given by

QaE

X = X £ 5
2NkBTu exp(Bu,) (5)

P(u) xexp

where ® =QaFE/2NkgT is the scaled electric field. From
Eq. (5), it follows that

{u,)=coth(8) —1/6=P(8) 6)
and
() —(u,)?=1/6%*—1/sinh*(8)=0(8) . 7

We shall now set up an approximate equation which
describes the time evolution of A,(¢z). First we consider
the case of strong electric field and disregard the effect
of Brownian motion. In a time interval A¢, the chain
moves the distance v;Az along the tube, so that the head
creates An=vAt/a tube segments:

At hy
ol =3uoEAt. 8)

An=

Thus the change of h,(z) may be written as
hy(t+A1) —h (1)
=aP(©)An—[h,(t)/N1An+ARG). (9)

The first term on the right-hand side is the mean end-
to-end vector of the new tube segments created by the
head. The second term represents the mean end-to-end
vector of the segments which have disappeared in the
time interval Arz. [Here we have assumed that if the
end-to-end vector of a chain is h, the mean end-to-end
vector of a segment is h/N. This approximation will be
good as far as the orientational distribution of segments
is homogeneous along the chain.] The last term in Eq.
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(9) represents statistical fluctuations of the vectors which
have been created or destroyed in the time interval Ar:
AR(2) is a Gaussian stochastic variable characterized by
the moments

(AR(2))=0,

0, if |1—1'| >At, (10)

<AR(t)AR(t'))={a2Q(6)An, if |[t—1'| <A

The second moment of AR(z) is determined by the fact
that the mean square end-to-end vector of the new tube
segments is (aPAn)?+a’QAn.

Equation (9), supplemented by Eqgs. (8) and (10) is a
stochastic difference equation. Unfortunately, this equa-
tion becomes invalid for weak electric fields where the
effect of Brownian motion becomes important. Particu-
larly, it fails completely for zero field: If E =0, An and
AR(t) are identically zero according to Egs. (8) and
(10), so that A,(z) does not change with time. To re-
move this failure, we shall modify Eq. (8).

It is known’ that for E =0, the time evolution of A, (¢)
is approximately described by the stochastic equation

h,(2)

Trep

hy(t+At) —h (1) =—

At+AR(), (68))

where trep is the reptation time:
Trep =EN2a?/n’kpT . (12)

We modify Eq. (8) such that Eq. (9) reduces to Eq. (11)
in the case of E =0. A simple choice is

An=QuohyE/L+ N/1wp) At
=1, [(2/7*)NOh,/a+1]At (13)

Obviously there are other choices, but the essential
feature of our conclusion [such as Eq. (1)] is insensitive
to the actual form of An.

Equations (7), (10), and (13) are the stochastic equa-
tions which approximately describe the time evolution of
h.(t) under an arbitrary electric field. The equations
can be rewritten in a standard form of stochastic
difference equation:

he(t+At) =h () +gAt+o'?Ar (1) , (14)
where
- _hjan An
g(h,) = |aP(8) N | °@ o) AL (15)

and r(¢) is a Gaussian random number satisfying

(Ar(¢))=0,
(16)
0, if |t —1'| > At,

It is known that if h,(z) obeys the stochastic equation



VOLUME 61, NUMBER 16

PHYSICAL REVIEW LETTERS

17 OCTOBER 1988

(14), its distribution function ¥ (h,,?) satisfies’

v _ 9 v | oU

o on | |on, Tom V|| (17
where

U __ 1| _ 8o

oh. - (g oh. ] (18)

Equation (17) is a diffusion equation for a Brownian

particle moving in a potential U, with a diffusion con-
stant o. From Egs. (13), (15), and (17), we have

o(hx)=ml(2/n2)zvelhx/a+1], (19)

Trep

Uhy) =In(o(hy))
—[2Na?Q(©)]1 7 '[| b, | — NaP()12, (20)

where h, has been replaced by || since o(h,) and
U(h,) must be even functions of h,. The steady-state
solution of Eq. (17) is

Vo (hy) cexpl —Uh )] [(2/2)NO | hy | /a+1] " 'expl — (2Na?Q) ~'(| h | —NaP)?]. (1)

For E =0, P and Q are equal to 0 and 1, respectively, so
that Eq. (21) reduces to the correct Gaussian distribu-
tion function. For nonzero E, Eq. (21) consists of two
factors: The exponential factor represents the Gaussian
distribution whose peak position and variance are given
by the LDZ theory. The front factor, on the other hand,
has a peak at h,=0. This weighs the compact confor-
mation, and gives rise to the self-trapping in the compact
conformation. Figure 1 shows typical distribution func-
tions. The parameters here correspond to Fig. 2 in Ref.
6. Self-trapping is most conspicuous for NV =70, which is
in accordance with the qualitative observation made in
Ref. 6.

Given the distribution function, the mean square end-
to-end distance can be easily calculated. If NP?/Q>1,
(h3) can be evaluated analytically, and the result is

(h))=Na*INP(®)2—0(©)]. (22)

Notice that the sign in front of Q(6) is minus, not plus
as it is assumed in the LDZ theory. The minus sign
comes from the fact that the weight of the compact state
is large. From Egs. (4) and (22), it follows that the mo-

N=400

q’ét(hx)
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FIG. 1. Distribution of the end-to-end vector in the steady-
state electrophoresis. The scaled electric field is =0.5 and
N =8, 70, and 400. These values correspond to Fig. 2 in Ref.
6. Notice that the distribution function for V=70 has double
peaks.

bility increases with /V at very large /V:
u/uo=3(P2*—Q/N), for NP?/Q>1. (23)

In the general case, the mobility can be calculated from
Egs. (4) and (20) by numerical integration. The result
is shown in Fig. 2. The calculated mobility agrees well
with the result of the computer simulation especially
when both © and N are large. (Notice that no adjust-
able parameter has been used in this comparison.) The
agreement becomes less satisfactory at small N (because
the discrete nature of the simulation model becomes im-
portant), and at low field (presumably because the effect
of Brownian motion, which we accounted for rather arbi-
trarily, becomes important). On the other hand, the re-
sult of the LDZ theory, shown by the dot-dashed lines, is
considerably different from the result of the simulation.

In Fig. 3, the value of NV which gives the minimum
mobility is plotted against ©. The experimental value
for N* in the figure is approximately described by

N*(©®)=14.4/82. (24)

1/N

FIG. 2. Relative mobility u/uo plotted against 1/N for vari-
ous values of scaled electric field. Dashed lines, results of the
computer simulation; dash-long-dash lines, results of LDZ
theory; solid lines, results of the present theory.
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FIG. 3. Minimum mobility u*/uo and the corresponding
value of N* at the minimum is plotted against . Circles
denote the value obtained by a computer simulation. Solid
lines are the result of the present theory.

The band inversion takes place if N exceeds this value.
We have proposed an approximate kinetic equation
[Eq. (17)] for the distribution function of the end-to-end
vector. The equation, together with Eq. (4), can predict
the nonlinear behavior of gel electrophoresis for arbi-
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trary electric field. (Generalization of the equation for a
three-dimensional field is trivial.) It works quite well for
a steady field. However, perhaps a more interesting ap-
plication of the equation can be found in the case of an
alternating field, which has now become technologically
quite important. Research toward this direction is now
in progress.
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