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Orientational Distribution Function in Nematic Tobacco-Mosaic-Virus
Liquid Crystals Measured by X-Ray Diff'raction
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Orientational distributions of the rod-shaped tobacco-mosaic-virus particle in magnetically aligned
nematic solutions (0.05M borate buffer, pH 8.5) were measured by analysis of the angular spread of x-
ray diffraction patterns. We measured Gaussian orientational distributions with order parameters vary-
ing between 0.77 in a solution with coexisting nematic and isotropic phase, to 0.95 in the single-phase
nematic solution at higher concentration. Our experimental results are in good agreement with model
calculations based on a modified Onsager theory for suspensions of hard rods.

PACS numbers: 61.30.6d, 61.10.—i, 61.30.Eb, 64.70.Md

Aqueous suspensions of the tobacco mosaic virus
(TMV) are regarded as an ideal model system of hard
rods interacting via a screened Coulomb potential. On-
sager developed the first theoretical model ' for the
isotropic-to-nematic phase transition in suspensions of
long rods. The ordering was described by an anisotropic
orientational distribution function of the rods which
tends to be parallel to a common axis in the nematic sus-
pension. In this Letter we present measurements of the
ordering of TMV particles to test Onsager's theory. We
have measured the particles' orientational distribution
function by analyzing the angular spread of the equatori-
al x-ray diffraction from magnetically aligned nematic
solutions of TMV. Previous studies of anisotropic x-ray
scattering from thermotropic and lyotropic liquid crys-
tals have measured the degree of orientational order by
the evaluation of the arcing of diffraction features aris-
ing from interference effects between different particles.
Furthermore, the angular spread of diffraction patterns
of low-molecular-weight liquid crystals is greatly
affected by the finite width of the diffraction features of
the single molecule. In contrast, the intrinsic width of
the equatorial layer line of the TMV diffraction pattern
is much narrower than the highly collimated x-ray
beams used to measure the scattering; furthermore, in-

terparticle interference effects are confined to very small
scattering angles, so the independent-particle scattering
can easily be measured to high resolution. Therefore,
the angular spread of our diffraction patterns can be in-

terpreted directly in terms of the orientational distribu-
tion of the rods in the nematic phase. Our analysis can
be applied to other polymer liquid crystals and ordered
phases of highly anisotropic particles.

Monodisperse stock solutions of the 300-nm-long
TMV particles in 0.05M borate buffer, pH 8.5, were
prepared by Cahoon according to procedures described
elsewhere. Stock solutions were checked for particle
composition by ultracentrifuge analysis and were found
to be monodisperse. Nematic TMV suspensions were

TABLE I. Measured values of the TMV concentration c,
the birefringence h, n, the order parameter S, and the width a of
the Gaussian orientational distribution [Eq. (2)] of nematic
TMV suspensions with 0.05M borate buffer, pH 8.5.

Sample
No.

1(iso)
l (nem)
2
3
4
5

6
7

c
(g/cm')

0.106
0.123
0.124
0.150
0.151
0.161
0.162
0.173

hn
(lo-')

1.84
1.97
2.66
2.70
2.92
2.90
3.20

0.77
0.82
0.91
0.92
0.94
0.92
0.95

a
(radian)

0.261
0.233
0.170
0.159
0.135
0.157
0.124

obtained by the dilution of stock solutions with the same
buffer. In the sample with an average concentration of
0.116 g/cm, a birefringent phase settled out in equilibri-
um with an isotropic top phase (volume ratio V;„„,v;,/
V„,,t,,=0.71). TMV concentrations were measured by
uv absorption using a specific extinction coefficient of
OD, v 3.06 cm /mg (Ref. 6). Nematic specimens for
x-ray diffraction measurements were oriented in thin-
walled cylindrical quartz capillaries (diameter 0.7 mm,
length about 8 cm) which were sealed with wax and
stored in a vertical position.

We exposed nematic TMV suspensions to a magnetic
field of 2 T, which induces a uniform alignment of the
nematic ordering parallel to the magnetic field. The
findings of the magnetic alignment and the polarizing
microscope study are reported elsewhere. Bire-
fringences h, n of uniformly aligned samples were mea-
sured with a Berek compensator in the light path of the
microscope (see Table I). Using the nematic order pa-
rameter S, measured by x-ray diffraction experiments
presented below, we obtained the specific birefringence
hn, v of nematic TMV suspensions: l),n, v =l),n/Sc
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=1.94 && 10 cm 3/g.

The sample capillary with a permanent magnet was
mounted on a small-angle x-ray camera consisting of a
double-mirror focusing system which provided a highly
collimated, intense x-ray beam from an Elliott rotating
anode x-ray generator with a Cu target. ' The beam
had a cross section of about 200x200 pm and was fo-
cused on the film plane located 380 mm behind the sam-
ple. The guard slits were set such that diffraction into
angles larger than 0.16' were free of parasitic back-
ground scattering. The angular width of the beam was
0.06'. X-ray diffraction patterns of nematic TMV sus-
pensions were recorded on several films, which were ei-
ther stacked in sequence or exposed separately for
different time spans, to obtain a large dynamic range of
the intensity measurements. Subsequently the optical
density of each film was scanned with a 50-)t)m raster,
and the density readings were corrected for film sensitivi-

ty, saturation effects, and film background" and con-
verted to a two-dimensional array of intensity data.

The small-angle diffraction patterns of magnetically
aligned, nematic TMV suspensions showed two intensity
maxima at Bragg angles 8=0.15' and 0.43' (see Fig.
1). The radial position of the maxitnum at 8=0.15'
shifted to larger Bragg angles with increasing TMV con-
centration, while the position of the subsidiary maximum
at e 0.43 was independent of TMV concentration.
We checked for the presence of interparticle interference
effects in the subsidiary maximum by computing the
single-particle scattering function using a cylindrical
shell model for the TMV particle. ' ' The computed
scattering function fitted exactly the intensity distribu-
tion in the subsidiary maximum of the recorded
diffraction patterns, indicating that this maximum was
the superposition of intramolecular scattering of TMV.

The angular spread of the maxima increased consider-
ably with decreasing TMV concentration because of in-

creased particle disorientation. A single TMV particle
scatters x rays into a thin line of angular width X/

(L sinco), L being the length of the rod and cu the angle

between the rod axis and the x-ray beam (x-ray wave-
length X =0.154 nm). With the range of values for co in
our specimens and L =300 nm, the linewidth is smaller
than the angular width of the x-ray beam. The superpo-
sition of the scattering of rods with a continuous orienta-
tional distribution leads to a spread of the total intensity
into concentric arcs. G(+) is the intensity distribution
along an arc described by the angle + from the equator
(see Fig. 1). We find the following integral equation re-
lating G(@) with the orientational distribution f(I ) of
the rods:

f(I ) =A exp[ —sin (I )/2a ] . (2)

The substitution of (2) in Eq. (I) and our fitting the in-
tegral expression with two adjustable parameters (A and
a) to the measured intensity distributions gave us excel-
lent agreement with the experitnental data (see Fig. 2).
Values of the width a obtained by the fitting procedure
are listed in Table I.

We note that for small enough a the following expan-

m

m

G(% ) =- I, (co)f(I )sincodco. (I)

I, (cu) is the single-rod scattering intensity, which is pro-
portional to I/sinco. f(I ) is the probability density of
finding a rod axis tilted at an angle I with respect to the

.mean axis of the nematic ordering. With the nematic
mean axis perpendicular to the x-ray beam, the angles +,
I, and co are geometrically related by' cosI =cos+ sinn.

The integral equation (1) cannot be solved analytically
for f(I ). As a trial function we have assumed f(I ) to
be a Gaussian:
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FIG. 1. Small-angle x-ray-diA'raction patterns from magnet-
ically aligned, nematic phase of sample No. 1; left: short-time
exposure, right: 20 times longer exposure time.

FIG. 2. The angular intensity distribution of the subsidiary
maximum. Data sets for the least and most concentrated sam-
ples are shown. A datum point is the intensity integrated in a
sector with the angular width 5,@= 1 and extending in the ra-
dial direction between e=0.32' and 0.64'. The continuous
lines represent the best fit of the integral equation (1) with ex-
pression (2). The instrumental resolution is about k+=1',
which was estimated from the width of the central beam and
the radial position of the second maximum.
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sion for Eq. (1) with the Gaussian orientational distribution (2) can be found:

G(+) =C'exp( —sin +/2a' )[I/cos++a'/2cos W+ . . ]. (3)

S = f(r) [-,' (3cos I —1)]dI .

Nematic TMV suspensions were uniaxially aligned by
the application of a magnetic field. From observations
made with the polarizing microscope we concluded that
defects in the alignment remained only in a thin layer
close to the container walls. The thickness of that layer
is about equal to one magnetic coherence length. ' We
estimated the magnetic coherence length to be 3 pm, us-

ing the reported values of the critical fields of the twist
and splay Frederiks transitions in a nematic TMV sam-

ple and the diamagnetic anisotropy of the single TMV
particle' (Ago=2. 3X10 J T ). Therefore, the
fraction of the sample in the misaligned layer was negli-
gibly small. Conversely, the suppression of long-wave-
length orientation fluctuations by the magnetic field'
produces only a negligible increase in the order parame-
ter"

The measured intensity distribution function G(%')
was well fitted by the Gaussian orientational distribution
of the rods in the nematic phase. Using Onsager's
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FIG. 3. Order parameters of nematic suspensions vs TMV
concentration. The sample with an average TMV concentra-
tion of 0.116 g/cm' separated into an isotropic and a nematic
phase with TMV concentrations indicated by the vertical lines.
The continuous line was computed with a hard-rod model
(Refs. 20 and 21).

We also adjusted expression (3) to the measured intensi-

ty distribution using the first term in the expansion series

only. The best fit was only slightly worse than for the
full integral expression and the width a' was higher than
a by about 1%.

Values of the nematic order parameter S listed in

Table I were obtained from the orientational distribution

f(I ) with use of the definition '6

theory' for the ordering of very long rods (aspect ratio
=length/diameter~ 25) Lee and Meyer' have found a
numerical solution for f(I ) which is somewhat more
peaked than the Gaussian distribution. Lee introduced
a scaling concept to extend Onsager's theory to smaller
aspect ratios and found that the numerical solution for
f(I ) for particles with smaller aspect ratios comes closer
to a Gaussian distribution. '

The charges on the surface of the TMV particles in-

crease the effective diameter of the rods. " We es-
timated the effective diameter by equating the volume
fraction of TMV in the nematic phase of sample No. 1

with the critical volume fraction obtained by Lee for
systems of hard spherocylinders with finite length. The
volume fraction of TMV was derived from the TMV
number density, multiplied by the volume of a sphero-
cylinder representing one TMV particle. The length of
the spherocylinder including the radii of the hemispheres
at each end was assumed to be close to the 300 nm

length of the particle and its diameter was adjusted self-
consistently until the experimental and theoretical vol-

ume fractions were equal. The hard-rod diameter was
found to be 21.4 nm for TMV in 0.05M borate buffer,

pH 8.5, corresponding to an axial ratio of 14.3. Hence,
we estimated that the effective radius of the TMV rod is
larger than the bare radius of the protein shell by about
1.7 nm, which is close to the Debye screening length of
1.4 nm.

In Fig. 3 the measured increase of the order parameter
with increasing TMV concentration in the nematic phase
is compared with the predicted increase of the order pa-
rameter ' in the system of hard spherocylinders with the
dimensions given above. The measured order parameters
are comparable to those of Onsager's theory (0.79 at the
phase transition), and larger than the simple, hard-rod

theory predicts, indicating that the hard-rod model may
not be quite an adequate representation of the interac-
tion between particles with a soft repulsive potential.
Furthermore, the hard-rod theory takes only the two-

particle excluded volume into account, neglecting the
higher-order terms in the viral expansion. Our samples
possibly contain small amounts of end-to-end aggregated
TMV particles (undetected by sedimentation analysis ),
which could also increase the order parameter.

Recently, structural phase transitions in systems of
hard rods have been analyzed by computer simulations,
which can also be used to determine the angular distri-
bution of rods interacting by repulsive potentials. The
simulations provide the possibility for exploring the
eff'ects of soft or hard repulsive potentials, leading to use-

ful comparisons with theory and experiments such as
these.
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