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CP '-Fermion Correspondence in Three Dimensions
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We show that in three dimensions the effective electromagnetic actions of the CP' model and of a
charged fermion coincide in the vacuum and one-soliton sectors, to lowest order in inverse mass. This
implies equivalence between the fermion and CP' current operators. In the vacuum sector, the first-
order fermion-current—current self-interaction correction, required for equivalence at next-to-leading or-
der, is also obtained. In the soliton phase, the two next to leading order terms appear with coefficients
differing by simple numerical factors.

PACS numbers: 11.10.Lm, 11.30.Er, 75.10.Jm

The transmutation of spins and statistics in the one- between their respective coefficients, although these may
soliton sector of the CP' model in three spacetime di- be affected by corrections we have not included.
mensions, and the central role played by the Hopf- It is well known*> that a charged massive fermion in
Chern-Simons tern; 3have been known for some time.' D=3 in an external field V,,

Recently, Polyakov~~ has suggested that there is a more _ .
detailed fermion-boson cquifalencc to leading order in LW =yDxtm)y, D,=id,+V, D
the inverse mass in this sector. We discuss here a related leads to an effective action in the y-vacuum sector which

ed aspect of this equivalence: We shall compare the is
effective electromagnetic actions of the CP' and

charged-fermion theories in both the vacuum and one- W V1= —ilndet(B(¥) £ m)

particle sectors, and establish their equality to leading 1 52
order. This means that the ordinary Fermi current =t aWcslv] +T|—TIF3V(V)+0 — |
j*(y)=yy*y is equivalent to the CP! current Tim m

= — 2y * pu = — 2y cuva 03]

Jh= = (0/an") FH(A) =~ (0/4n") ™" 8, A, with Wcs[V] the Chern-Simons action
for the particular value of the 6 parameter in which the 1
spin transmutation was originally noted: Current corre- WeslV] =*——2fe“"“V#avVa_ 3)
lation functions are identical to lowest order in (8/m) in 8
the vacuum and one-particle sectors. In the vacuum sec- In D=3, the result (2) is finite and cutoff independent,
tor, we can also calculate the lowest-order fermion self- so the coefficients are precise. The sign of the Chern-
interaction ~m ~'j#j, which is required to obtain agree- Simons term is correlated to that of the parity-noncon-
ment of the next terms in the effective actions. In the serving fermion mass term, while that of FfV(V) is fixed
soliton sector, we find the same structure for the next (and opposite to that of the Maxwell action); the next
two terms, but there are factors of 2 and 3 differences | term is of order m _ZG“V“V#DBVV,,.

Consider now the CP! model,
LA =2DF (2D M)z~ S0zl za— D+ =2 e474,0,4 @)
z, 5D, Zq Zq 5 0(z4z, S € 1 0,Aq,
g0 8o 8r

where z, is a complex two-component field, D,=4, rrenormalizability for D=3, a similar phenomenon takes
+iA,, and A, is to be varied independently; the 6 term is place. That is, we calculate the effective potential V(o)
the Hopf-Chern-Simons invariant, while the Lagrange at one-loop order and show that o acquires a constant
multiplier o enforces the constraint z'z=1. Now in value which acts like a z-field mass to lowest order. In
D=2 this theory is renormalizable and it is well known terms of a cutoff A, we find that
that the one-loop corrections lead to dimensional 1 _ o 3 X ,
transmutation in which the z field acquires a mass [we —E'V(") —? _fd plin(p°+0) —Inp?]
shall follow Coleman’s approach (Ref. 6)1. For our vac- 0
uum-scct(.)r disgussion, we treat z as a field (rathf:r than =% __1_? Ao—E g3 +0(/A), (5)
consider its soliton aspects) and show that, despite non- g6 2= 3
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including in V(o) the linear o term in (4) and rescaling

z— z(go/~/2). Renormalizing the coupling constant g¢
by

1__1adv 1 _ A IM ©)
g} 2do|_,: gt 2n° Ar
leads to
3/2 3/2
~Lly)=2 Mo, 0" o NN (g

g 4r 6n 6n 4r

where op is the value of o at the stationary point of

V(c). [We require \/a=M—47r/g2>0, but /oo <0
might be the signal of a phase transition in the (2+1)-
dimensional CP' model.] Note that A has disappeared
in favor of the renormalized g? and the z field has be-

come effectively massive, with mass /oo. To get the
effective action in our external V,, we couple the model
to V), through a current which we take to be

20

sy =28 e a,= 28 xpuiy), @)
8 8r2

| Thus our Lagrangian becomes (in the approximation
where o contributes only a z mass)

L(z,4;V) =D} (4)z'D*(4)z — o0z 2+ (6/87%) €"*(A4,0,4,+2V,8,4,). 9

The change of variables 4, =C, —V, leads to

Lz, C=V:V)=L'(z,C,V)—

0 uva
5 €4V ,0, Ve,
T

(10)
L'(z,C,V) =D} (C—=V)z'DHC—V)z— ooz 'z + 892 €C,3,Ca;
pis
thus the effective action (choosing N so that Wcp[0]1=0) is
eMer =N “lexp(—ioWeslvD) [ (D2 D (D2) (@C)e! ), an

The z integration only produces a term of order (1/</oo)F2,(C—¥), and so the leading part of Wcp is
ch=_GWCslV]“‘O(FHZV/-\/O’Q). (12)

Comparing with the fermionic effective action (2), we see that Wcp =
the current correlation functions are equal in the vacuum sector,

GAQp(x ) - My Ge) N =TH (A )) - - THA(x,))), (13)

where J#(A) is defined in (8).
It is actually possible to go further and obtain the corrections to the free charged-fermion action which will give the

same nonleading (1/+/o0) F2[V] corrections to the lowest order W,[V] as those given by the CP' model, (9). On the
fermion side, consider

W, for (and only for) the value 6= F n. Hence

1l =Io+ L= [ FB—m)y+ (e/m)ju() j* (). (14)
Now
_ ity |, _ ic 3y 52 ily
f(Dy/)(Du/)e 1 __5V DV (o) f(Dy/)(Dw)e
I P 3x———z—— exp | XinWcslV] (V)
sV, (x)8V*(x) :

i N+——[rz
exp[ inWeslv] 24”mfF# (2]

iC 2
~|1+——— | FL(V)
l67r2mf K

~exp

(15)

+ L femay, 8, +i + FA(V
87rf€ K "1 24zm 16;: f (.

We have made the obvious expansions in 1/m to obtain the final W,[V] form, and we have dropped a V-independent
contribution. The calculation on the CP' side is straightforward: the vacuum polarization by the two charged scalar

1542



VOLUME 61, NUMBER 14

PHYSICAL REVIEW LETTERS

3 OCTOBER 1988

fields in (9) leads, upon integrating out the z fields and setting 6= F

M=y =1, i""WCS[V]f(DC)exp {iians[C] -

=N"le* i"Wcs[V]f(DC)exp( FinWcslCD)

24rn-/oo
+inWcslV] [

=N"le 11—

24~/ oo

Thus for ¢ = — (27/3)(m/~/oo+1) we have equivalence
also to the next order, thereby establishing an extended
correspondence between the models. Beyond this correc-
tion, nonrenormalizability renders the calculations un-
reliable, although it may not be so dangerous in a
specific condensed-matter model application, where the
lattice spacing (i.e., the cutoff) is established for some
physical reason.

Let us mention a few other aspects of our results so
far. First, the vacuum sector is really not very sensitive
(in leading order) to the detailed bosonic model (CP")
that we have used, as long as there is a conserved current
and hence a Hopf term, since it is the latter which has
produced the eV aV part of WIV]. That is, any
charged-bosonic theory will only yield (1/m)F? correc-
tions to eV 9V; this has also been noted in other con-
texts.® Second, our choice (8) of the current J* in CP'!
is motivated by several considerations: (a) it is con-
served (as is the equivalent quantity z 79z), (b) we know
the unique fermionic form of W, for which we must aim,
and (c) J* even resembles the bosonic current
J#=¢e""9,6 in the sine-Gordon-Thirring model for
D=2. Indeed, this resemblance to a truly fermionizable

—L[rRam+o

—LfFac-»
24rn~/ oo

([ F20 CAFOF N +FLW)

1
o0

) (16)

r

1

Icp— fm(X#X“)'/z-i-fd3y[J“(y)Au(y)+(9/87r2)6‘”"A;,avAa],

7o) = [ dex ()60 —x»),

model raises the question of whether Polyakov’s? associa-
tion z,(x)~zlexp(if*4-dx)<«>y, in the one-particle
approximation to CP' resembles the D=2 case®:
expli[*6+ Co(x,t)]: <>y (C is a constant given in Ref.
9). Perhaps a vortex picture’ would supply an associa-
tion between these phases. Finally, one might ask
whether other spins could be associated with other values
of 6 in the vacuum sector of CP'. An example is provid-
ed by replacing the fermion y by a charged vector field
B,. In order to have a parity-nonconserving action, the
B field must have an Abelian Chern-Simons mass term*
L(B)=— { F,,(B)F*"(B)+me""*B,} §,B,. (17)

Minimal coupling to V, clearly yields a lowest-order
effective action WilV1=0'¢*""V,98,V, with a different
value 0. Although we have not calculated 6', power
counting implies a unique value for it, and hence for the
6 parameter needed to match it in the CP' theory fhere
the current J*[Bl ~me***BB,+ 0(B'3B)}.

We come now to the one-soliton sector. In the spirit
of Polyakov’s scheme, we approximate this excitation by
a point particle, so that in this sector [cf. Ref. (7)]

(18)

where we have dropped the seagull (42) term in CP! and J- A corresponds to the z "d,,zA“ term in (4). We again cou-
ple the particle to an external ¥V, field in the same spirit, with a term €***V,,8,4,: Thus,

Iep=m [ de/Z2+ [ 74(C=V),+ (0/870) (#9C, 8,C0 = €7V, 8,V.).

Hence so we find, upon integrating out C,,,
dedee”C’==Np"e _iewcslyldee”X,

- 2
Iy=m [N+ 2 a3k, (e I’:;

(19)

L= = [,

with NV, a normalization constant; in this sector we take boundary conditions X (z;) =x and X(z,) =y for the particle.

This amplitude is to be compared to?

Ny f @ @p)e I gy ()1 =TS O g (0 y (),

(20)
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where
— 1 [dGe—yp)e D Pir —tr— — [ak v, 0t | ——p—— [+0o0?)
2fd(x ye (try () w())y tr”+m f P r [’+m}’ Sk m
Qp+k) +ie*pk./m
m a
=—" _4m|dkv, (k) +or?),
pl—m? mfakv, Gl=m)Ip+k)2—m?]

for the fermions with normalization /v,
On the particle side we find, after some calculation from (19) that

Ny le T a0 e TG, (x—y) @n

where

L1@p+k)“+ rie* p.k,/36m+0(p*/m?)]
—ilx— —_m 2 2
Jate—yre y)pGy(x—y)—;:n—z+mfdey(k) Py s +0(r?),

Thus agreement between (20) and (21) to lowest 8/m |
order requires 6 = to match the Wcs coeflicients, as in was supported by National Science Foundation Grant
the vacuum sector (a factor —m has been absorbed in No. 88-04561 and by the U.S. Department of Energy
N,,_'). Note that this bosonic system has given rise to a under Contract No. DE-AC02-76 ER02220.

term €*"*p,k, characteristic of the (parity violating) fer-
mionic sector. However, this choice of 6 gives a
discrepancy for the two terms linear in V). It is possible
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