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The masses and mixing pattern of neutrinos are long-
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We reanalyze the constraints on atmospheric v. and v, fluxes due to three-neutrino oscillations and in-
vestigate the anomalous neutrino fluxes recently observed at Kamiokande. We find that it is difficult to
explain the data by v.+> v, oscillations alone. We also show that models of three neutrino flavors with
neutrino-mass-squared differences of order 10 ~2 eV ? can solve both the solar and the atmospheric neu-
trino problems simultaneously.
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simplicity we neglect the CP-violating phase.

Weak

standing problems in particle physics.! In the light of
this, the anomalous atmospheric neutrino fluxes recently
observed at Kamiokande are very interesting.? While
the number of electronlike single-prong events is in good
agreement with the prediction of a Monte Carlo calcula-
tion, the number of muonlike single-prong events is
(59 +7)% (statistical error) of the Monte Carlo predic-
tion. In this Letter we investigate the possibility of ex-
plaining the data in terms of neutrino oscillations. We
focus our attention on the compatibility of this explana-
tion with the solar neutrino problem, and derive con-
straints on parameters such as the masses and mixing
angles of neutrinos.

Let us consider a model of three neutrino flavors. For

J

N, =foep(E”)cu(Ev,Eﬂ)[F,,(EV,OV)P(V,,—> v,)+F.(E,8,)P(v.— v,)IdE,dE,dé,,

eigenstates v, (a=e,u,t) are related with mass eigen-
states v; (mass m;) (i =1, 2, 3) by v,=V,;v;, where

ciC3 §i1€3 53

V=|—s1ca—C15253 cC1C2—515283 §2¢3], (1)

§1827C1€283 T C1827 51C283 €2C3
s; =sinf; and ¢; =cos@; (i =1, 2,3). Without loss of gen-
erality we can impose a condition that the largest com-
ponent of v, is v;, which is expressed by ¢¢= § and
si<ci/+cep) =<+

The numbers /N, and NN, of the observed muon and
electron events expected in the presence of oscillations
are given by

()

Ne =k, [ €.(E) 0. (B EDIF,(E,,0)P(v,— v.) +F.(E,.0)P(v.— v.)VdE. dE,db,

v

where x =(number of nucleons) X (time), €,(E,) is the
detection efficiency for a-type charged leptons with ener-
gy Eq, o, is the differential cross section of v,, F, (E,,8,)
is the incident v, flux with energy E, and zenith angle 6,,
and P(v,— vg) is the time-averaged oscillation probabil-
ity. We define

r

where

(€40aFp) =Z_fe,, (E.)o(E,,E)Fs(E, 6,)dE, dE,d6,.

Then Eq. (2) reduces to
U, =Pv,— v)+f1P(ve— v,),

U,= N - Ne ()]
okl F) ¢ Kkl€ea o Fy)’ Ue=f2P(ve— ve) +P(v,— v,).

3) Using the theoretical estimates of F,, and F, for Kamio-

fi= (€,0,Fe) - (€caeFe) ka,? the data of neutrino cross sections, and the detection

U e 0 F) " 7 (€0l F)’ efficiency of the detector, we obtain (e,0,F,)=2.65
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x10 73 (events/sec)/nucleon, (e,0.F,)=3.63x10"%

(events/sec)/nucleon, and f,=f,=0.44=f. The esti-

mate of f; and f, has < 5% error due to the theoretical
uncertainty in the F./F, ratio.> In the case of
Kamiokande, x =5.45% 10%® nucleons sec (2.87 kton yr).
Note that in the case where f) =f, Eq. (4) is equivalent
to the Eq. (4) of Ref. 5.

Using Eq. (4) with f,=f,=0.44 we derive the al-
lowed region in the (U,,U,) plane in two typical cases.

Case I.— Three neutrino flavors have executed many
oscillations before being detected. For a typical energy
E,~200 MeV and a typical minimum distance ~30 km
this corresponds to ém;; = |m,—2—mj~2| 21.7x10 72 eV?
for all pairs 1 <i=<j=<3. This value is slightly lower
than the current upper limit obtained from reactor ex-
periments.® The oscillation probability is given by
P(v,— vg) =X7=VZVj in this case. The allowed re-
gion which is evaluated numerically is depicted in Fig. 1.
We find that the allowed region is slightly larger than
that obtained in Ref. 5 for the same value of f.

Case II1.—Only one oscillation mode dominates the
neutrino oscillations, i.e., ém{ <7.7x10 > eV? and
dml =6m321.7x10 "2 eV?2 so that the mode corre-
sponding to 6m{; is frozen in the range of the Earth’s ra-
dius. In this case the oscillation probability is given by

P(va— vg) =845 —2VA (85— V).

The lower bound on U, for f2=U,=(1+/f)/2 is
determined by

U,=f(—2x+2x3)+2z(1 —x),

(5)
U,=(—=2z+2z2)+2fz(1 —x),
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FIG. 1. Plots of U, vs U.. The value f is taken to be 0.44.
The seven regions of interest are as follows. (i) The point A
corresponds to no neutrino oscillations. (ii) The line AB corre-
sponds to ve«>v, mixing. (iii) The line AC corresponds to
vu+v; mixing. (iv) The line AD corresponds to ve<>v; mix-
ing. (v) The region ABCD (solid line) corresponds to three
flavor mixing (case I). (vi) The region ABCD (dashed line)
corresponds to three flavor mixing (case II). (vii) The region
allowed by Eq. (7) is represented by the hatched area.
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where
z=z+=1{4fx+U—-2/)]
+[—8f(1—fx+U+4f—4r)1"3  (6)

and ¥+ <x=<1. Here z=z_ for f2<U,<f, and z
=z4 for f=<U, < (1+f)/2. The lower bound is repre-
sented by the dashed line in Fig. 1. The upper bound is
the same as that in case I.

From the Kamiokande data, we can deduce the values
of U,, U,, and U,/U,. Taking into account the statistical
errors of the data, the theoretical uncertainty in the ex-
pected neutrino fluxes of % 20%, and the experimental
error in the neutrino cross sections of *+ 10%, we obtain

U,=0470%+0.116, U,=0.588£0.146

@)
U./U,=0.798 +0.120,

for momentum cuts of p.> 100 MeV/c and p, > 205
MeV/c. We plot the region allowed by Eq. (7) in Fig. 1.
From this figure we find (i) that the point (U,,U,)
=(f,1) corresponding to no oscillations is excluded at
the 99.5% C.L. and (ii) that it is possible to explain the
Kamiokande data by the three-neutrino oscillations of
both case I and case II. The quantity U, +U, provides
the most stringent criterion for the two-neutrino oscilla-
tions ve<>v,. The line U,+U,=1+f=1.44 corre-
sponds to the two-neutrino oscillations. From the data,
we obtain U, +U,=1.06 £0.25. Thus the two-neutrino
oscillations are excluded at the 87% C.L.

We can deduce the region of the mixing angles of Eq.
(1) corresponding to Eq. (7). First we consider case 1.
We are interested in the compatibility of the solution
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FIG. 2. (a) The iso-U., (b) iso-U,, and (c) iso-U./U, con-
tour plots in the (s%,5%) plane for the three-flavor-mixing mod-
el (case I) with s? =% for which s% is restricted by the im-
posed condition s < §. The region allowed by Eq. (7) is rep-

resented by the hatched area in (c).
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with the solar neutrino problem.”® As possible solutions
to this problem with vacuum oscillations favor large mix-
ing angles, it is reasonable to take 6, as 45° and find
constraints on 6, and 6;. The iso-U,, iso-U,, and iso-
U./U, contour plots with 6, =45° are shown in Fig. 2,
where the condition s?=< 1 is imposed without loss of
generality. The region allowed by Eq. (7) is represented
in Fig. 2(c). Note that the region contains the s =}
line. For sf=1% and s$=1, the average probability
P(v,— v,) takes its minimum value § which is margin-
ally consistent with the ratio (observed solar v,
flux)/(predicted solar v, flux). Hence solving both the
atmospheric and solar neutrino problems simultaneously
requires the angles 8, and 0; to take the values 6,=45°
and 03=35.3° almost uniquely. Here we note that there
is no Mikheyev-Smirnov-Wolfenstein (MSW) effect®'°
in the Earth on the atmospheric and solar neutrinos for
6,=45°, 6:==35.3°, and Sm3~10 2 eV?

Case II is of particular interest for the compatibility
with the solar neutrino problem which may possibly be
solved by the MSW effect on v,<«>v, or v,<+>v, oscilla-
tions, since the condition dmf; <7.7x10 "3 eV? is com-
patible with the MSW region 107 eV2<Sémi 5104
eV? in the two-generation model. In this case, U, and
U, do not depend on 6. In Fig. 3, we represent the iso-
U,, iso-U,, and iso-U,/U, contour plots in the (s3,5$)
plane, where the condition s $ < %+ is imposed. We also
plot the region allowed by Eq. (7) in Fig. 3(c). A large
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FIG. 3. (a) The iso-U., (b) iso-U,, and (c) iso-U./U, con-
tour plots in the (s7,5¢) plane for the three-flavor-mixing mod-
el (case II) where sf is restricted by the imposed condition
s} =< . The region allowed by Eq. (7) is represented in (c) by
the hatched area.

mixing angle 6, (28° < 8, < 73°) is required to explain
the data, implying that v,<>v, oscillations play an im-
portant role in solving the atmospheric neutrino problem.
In the three-generation model, the region in the
(6m#?,,6,) plane that could solve the solar neutrino prob-
lem'' is substantially larger than that in the two-
generation model.'> For example, consider one of the
case-1I solutions with m{~0 eV2% m?~10 "> eV? and
m$~10"2% eV? (which satisfy a condition m{<m#
«m3), and —n/4<63;<n/8. This three-generation
model reduces to the effective two-generation model,'!
which ensures the compatibility of our atmospheric neu-
trino solution with the solar neutrino problem.

We have found possible solutions of the atmospheric
and solar neutrino problems in terms of neutrino oscilla-
tions. One of them (case I) resolves the solar neutrino
problem by the vacuum oscillations, and the other (case
I1) by the MSW effect. Both solutions assume that the
largest of the 8m ?’s is of order ~10 2 eV 2, which is not
excluded by current laboratory experiments. If this is
the case, the oscillation effect will cease for high-energy
neutrinos with E,Z 100 GeV. The observed flux of
upward-going muons produced by high-energy neutrinos
((E,)~100 GeV) is consistent with theoretical predic-
tions of no oscillations.'® Therefore high- and low-ener-
gy atmospheric neutrino fluxes can be explained con-
sistently by assuming the neutrino-mass-squared differ-
ences of order ~10 "2 eV?2

After completing this work, we received other papers
on this topic.'*
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