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Crossover from Singular to Regular Behavior of the Transport Properties of
Fluids in the Critical Region
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We present a solution of the mode-coupling equations for the dynamics of critical fluctuations which
incorporates the crossover from the singular behavior of the transport properties of fluids asymptotically
close to the critical point to the regular behavior of these properties far away from the critical point.
Good agreement is obtained with experimental thermal diffusivity, thermal conductivity, and viscosity
data for carbon dioxide at all temperatures and pressures where critical effects in these transport proper-
ties are observed.

PACS numbers: 05.60.+w, 05.70.Jk, 64.60.Ht

It is well known that the thermal conductivity and the tion length, and R=1.01 £0.04 a universal amplitude.

viscosity of a fluid diverge at the critical point.! The The viscosity satisfies an asymptotic power-law diver-
singular critical behavior of the transport properties gence
arises from the long-wavelength fluctuations of the order o s
parameter and the other relevant hydrodynamic modes n=1(Q¢)?, )
of the fluid.>® In the treatment of the behavior of trans- where Q is a system-dependent amplitude and z =0.06
port properties in the critical region, it is customary"? to +0.01 a universal critical exponent.! However, the va-
separate the thermal conductivity A =A+AA and the lidity of the asymptotic equations (1) and (2) is restrict-
viscosity n=n+ An into normal or l?ack.ground contribu- ed to a very small range of temperatures and densities
tions A, 77 and singular critical contributions Ai, An. The near the critical point. In practice critical enhancements
critical part AL of the thermal conductivity is related to of the viscosity, and in particular of the thermal conduc-
the critical part ADt of the thermal diffusivity which tivity, are observed over a much wider range of tempera-
close to the critical point satisfies a Stokes-Einstein rela- tures and densities. In this paper we present theoretical-
tion of the form ly based equations that include the nonasymptotic criti-

AD7=AM/pc, =RkpT /611, 0 cal behavior and the crossover to the regular behavior of

these transport properties.
where p is the density, ¢, the isobaric specific heat, kp The mode-coupling theory of dynamic critical phe-
Boltzmann’s constant, T the temperature, & the correla- | nomena? yields two coupled integral equations for the
thermal diffusivity D7 and the viscosity n:
aDr(g) =BT (%3 tla=kD) sin’0 , 3)
(27)3p eolg)  k2n(k)/p+ |q—k|2Dr(lq—k])
_ 1 kgT (o , _ 1 1 ? k2sin®6sin’p

@)= Gmrd Cka®allakD| 0~ TS T | o+ @-oordak” P
where g is the wave number and 6 and ¢ are the polar |
and azimuthal angles of k in a coordinate system with Dr<n/p near the critical point, we neglect the term
the polar axis in the direction of q. Following earlier with Dr. (c) Since ¢, > c,, we take ¢, to be proportional
work of Bhattacharjee et al.* we have neglected any to the (symmetrized) compressibility x=1(8p/du)r,
frequency-dependent effects on the transport properties where p is the chemical potential. (d) For the depen-
and retained a cutoff wave number gp for the long-range dence of ¥ on the wave number we use the Ornstein-
fluctuations. Zernike approximation x(g) =x(0)/(1+¢2&%). With an

The asymptotic solutions of the mode-coupling equa- infinite cutoff this procedure yields the well-known re-
tions originally obtained by Kawasaki® correspond to sult>¢ AD7(q) = (kgT/67n&) Qx(g&), where
gp&— o=. To obtain solutions for all gp& we try to solve _ -
the mode-coupling equations by an iqtcrative pyrocedure ak(x) = /4x Dl +x7+(x* = x 1) arctan x]
while retaining a finite cutoff gp. is commonly referred to as the Kawasaki function. With
As a first iteration we evaluate (3) by introducing into a finite cutoff, the integral (3) cannot be evaluated

the integrand the following approximations: (a) Since analytically, but we have found that the numerical solu-

An < n we neglect the k dependence of n=7. (b) Since tion is well represented for g& < gpé& by an analytic ap-
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proximant of the form’

ax(q&qpé), (5)

_ kgT
ADT(q) 6rne
with
axGexp) =2 Q0 +x)2yp+ys(1+x2) 2],
Here x =q¢&, xp =qp&, while the functions yp and y; are
given in Table 1.

(cos?y+y,)?

In the second iteration we retain approximations (a)
and (d), but substitute in the integrands of (3) and (4)
Dr(q)=AD7r(q)+Dr(q), where Dr(q)=k/pcy(q),
while ADT(q) is given by (5). For ¢,(q) we take

pep(q) =pc.(q)+Tp ~2(8P/8T) 2x(q),

but neglect the wave-number dependence of the isochoric
specific heat ¢,. In the limit g— O the mode-coupling
integrals then become

kBT YD
ADr= 6rné rz(1+y )f

(cos?y —1)2cos*y

(6)

cos“y +yaypcos’y + (v, +ysty.Ysdcos?y +ypaypcosy +yyays

(7

4 Yp
An= "15y f dy

TABLE 1. Crossover functions for A and 7.

Yy = pkBT/ 8117;25; vg = x/ ﬁ(c <, ); vy = ¢ /(c )
2.1
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?(cos 2y+y,)(cos’y +y,cos?y +y,cosy+y,)’

with the functions y., yg, ¥, Vs and y, as defined in
Table I. In this form the mode-coupling integrals can be
evaluated analytically.

For the thermal diffusivity we obtain

M _ RksT
pcp  6mng

with the functions @ ({y;}) and Q¢ given in Table I. The
presence of the subtracted term Qg in (8) requires an ex-
planation. Far away from the critical point the mode-
coupling integral (3) yields a small but finite result as
part of the so-called long-time~-tail contributions to the
transport properties of dense fluids.® In order to identify
A with the experimentally observed thermal conductivity
far away from the critical point, this part needs to be in-
corporated into the background X (or D7) and to be sub-
tracted from AD7.
For the viscosity we obtain

n=qexplzH{y;})], 9)

with the function H({y;}) also defined in Table I. The
derivation of (9) involves an exponentiation*® to recon-
cile the predictions from the mode-coupling theory for
An <17 with the asymptotic power-law behavior (2). We
identify z in (9) with the critical exponent in (2), al-
though strictly speaking we find z =4/15zyp which only
assumes a universal value 8/1572 in the limit gp&— oo.

We have made a comparison of the crossover formulas
(8) and (9) with experimental data for the transport
properties of carbon dioxide. For this purpose we have
used the universal values R =1.01 and z =0.06 quoted
earlier. The thermodynamic properties have been calcu-
lated from the scaled equation of Albright et al.'” in the
near-critical region and from the equation of Ely,
Magee, and Haynes elsewhere. We estimate the corre-
lation length & by relating it to the critical part AX of the
dimensionless compressibility !

AD7 = [oUy})—aol, €]

e=&(Ax/T) V7,

with Ax=x(T,p) —x(T,,p)T,/T, where X =xP./p} and
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where the background compressibility X(T,,p) is related
to a reference temperature 7, =1.57, far above the criti-
cal temperature T.. For the critical exponents y,v and
amplitudes I',&y we use v=0.63, y=1.2415, I =0.052
implied by the equation of Albright et al,'© and
& =0.15 nm as deduced from light-scattering data.'* To
represent the background transport coefficients A and 7 it
is noted that the excess functions A —Xio and 7 — 7o,
where Ao and no are the transport coefficients in the
dilute-gas limit at the same temperature, are to a good
approximation functions of the density only.”'* In prac-
tice we use

A=2(T) +r1p+Asp2+2Aspd, (10)
7=n0o(T)+nip+np+np*, (1

with  1,=3.09896x107° 1, =5.57821x10"%  As
=2.59898x10 "', and n,=5.5934%10 "% n,=6.1757
x10 7" 54=2.643%x10 ~'7 with A in watts per meter per
kelvin, n in pascals per second, and p in kilograms per
cubic meter. The cutoff gp in our crossover formulas (8)
and (9) is treated as an adjustable parameter determined
from the experimental thermal conductivity data.'> We
find gp '=0.23 nm which is indeed a microscopic dis-
tance.

In Fig. 1 we present a comparison of our crossover for-
mula (8) with the thermal diffusivity data obtained by
Becker and Grigull'® and with the values deduced from
the thermal conductivity data of Michels, Sengers, and
van der Gulik.'> The coefficients in Eq. (10) for the
background thermal conductivity were determined from
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FIG. 1. The thermal diffusivity of carbon dioxide in the crit-
ical region as a function of density at various temperatures.
The experimental data for the thermal diffusivity Dr are those
measured by Becker and Grigull (Ref. 16) and the thermal-
conductivity data A are those measured by Michels, Sengers,
and van der Gulik (Ref. 15). The solid curves represent the
values calculated from (8).

the experimental thermal conductivity of Michels,
Sengers, and van der Gulik'’> at p<10 kg/m® and
p= 1000 kg/m? and from the data of Le Neindre et al.!’
at temperatures above 450 K where any critical enhance-
ment of the thermal conductivity can be neglected.
Equation (10) represents these thermal-conductivity
data outside the critical region with a standard deviation
5=0.7%.

Viscosity measurements near the critical point of CO,
have been reported by Iwasaki and Takahashi'® and by
Bruschi and Torzo,'® but the data sets are mutually in-
consistent.” We have accepted the data of Iwasaki and
Takahashi as the more reliable, since at lower densities
they are in excellent agreement with independent viscosi-
ty measurements of Kestin, Korfali, and Sengers.?® Ex-
trapolation of the available experimental viscosity data?!
outside the critical region to obtain the background
viscosity cannot be done with an accuracy better than
2%. Since the critical viscosity enhancement is very
weak, a more accurate determination of the background
viscosity 7 is desirable. In the case of the viscosity we
therefore reversed the procedure. Assuming that (11) is
appropriate in the small temperature range 298.15 K
< T =<30495 K where an anomalous behavior of the
viscosity is observed, we subtracted the predicted critical
viscosity enhancement An from the experimental viscosi-
ty data of Iwasaki and Takahashi'® and Kestin, Korfali,
and Sengers?® and represented the background viscosity
data thus obtained in terms of (11). In the temperature
range mentioned our equation for 77 represents the 7
from Iwasaki and Takahashi with a standard deviation o
less than 0.3% and the data of Kestin, Korfali, and
Sengers with 0=0.7%. In Fig. 2 we present a compar-
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FIG. 2. The critical viscosity enhancement An of carbon
dioxide in the critical region as a function of density at various
temperatures. The data points are deduced from the measure-
ments of Iwasaki and Takahashi (Ref. 18) and the solid curves
represent the values calculated from (9). To separate the iso-
therms the values of Anx 107 at 304.65, 304.35, and 304.25 K
have been displaced by +5, +10, and 15 Pa-s, respectively.
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ison of our crossover equation (9) with the critical
viscosity An deduced from the data of Iwasaki and
Takahashi. The critical enhancement in the viscosity is
quite small and to obtain adequate resolution we give in
Fig. 2 a comparison with the critical enhancement An
directly.

From Figs. 1 and 2 we conclude that we have obtained
crossover formulas which represent the thermal
diffusivity, thermal conductivity, and viscosity at all tem-
peratures and densities where critical effects on these
transport properties are observed.
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